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1 Introduction 

1.1 The expanding universe: A brief historical overview 
It is almost unbelievable to realize that just a century ago we did not know that 
galaxies outside Milky Way exist let alone th e Universe is expanding. After Ein-
stein formulat ed his th eory of General Relativity , it became appar ent to him, the 
theory does not seem to describe the static universe most scientists at the time 
thought we lived in. This prompted him to introduce a cosmological constant 
in his equations to make the Universe, as described by his equations, stati c JI]]. 
Alexander Friedmann and Georges Lemaitre, from solving Einstein's equations , 
independently predicted that the Universe is expanding and the recession velocity 
of galaxies is proportional to the distance between them 121, 131]. This predicti on 
was later confirmed by Edwin Hubble who measured the distance from Earth t o 
multipl e galaxies by measuring the distanc e to Cepheid variable stars in th ose 
galaxies [W. 

A Cepheid variable is a type of star that changes its brightness with a well-
defined period and amplitude. The period-luminosity relation of these stars was 
first measured by Henrietta Swan Leavitt who showed that there is a direct propor-
tionality between the per iod and brightness of these stars 151]. Thus, by measuring 
the period of pulsation of a Cepheid variable star, we can determine the abso-
lute magnitude of the brightness of the star and by relating this brightness with 
its apparent brightness as measured from the earth using the distance modulu s 
relati on, one can infer the distance to the star. 

Hubble used the measurement of Cepheid variable stars in "sp iral nebulae" 
to calculate the distances to these objects. He found that the distances to th ese 
objects were very large for them to be in the Milky Way ~ - Using his distanc e 
measurements of these galaxies and earlier measurements of their redshift, Hubbl e 
formulated his famous law which showed a direct proportionality between the 
redshift of a galaxy and its distance and thus its distance and recession velocity 
El. This relation is given by 

v = HoD, (1) 

where v is the recession velocity of the galaxy, H0 is the value of the Hubble 
parameter today, and D is the distance t o the galaxy. This discovery of an ex-
panding universe pro mpted Einstein to drop the cosmological constant from his 
equations JZll. 

Until the 1990s, the expa nsion of the universe was assu med to be slowing 
down due to t he gravitational attraction of non-relativistic matter. However, in 

4 



Matiwos Mebratu DeepCIP. April 6, 2021 

1998, the High-z Supernova Search Team and the Supernova Cosmology Project , 
using Type Ia supernovae as a standard candle, independently found that the 
expansion of the universe is actually accelerating instead of slowing down El, 19l]. 
Ironically, this prompt ed some models, including th e standard model of cosmology, 
to reintroduc e the cosmological constant to explain this accelerated expansion. 

1.2 ACDM model 
ACDM is a six parameter model that has been a result of recent advances in 
observational cosmology over the past few decades. It can be successfu lly applied 
to interpret a range of cosmological observations. The A in ACDM stands for a 
cosmological constant which is used to explain the accelerated expansion of t he 
universe and CDM stands for cold dark matter which only intera cts with other 
types of matter through th e gravita t ional force. One of the main assumptions 
of ACDM model is that the universe is homogeneous (i.e., there is no privileged 
location) and isotropic (i.e., there is no privileged direction) at larges scales. The 
metric for a homog eneous and isotropic universe is given by Friedmann Lemaitr e 
Robertson Walker (FLRW) metric which for a flat universe is given by 

(2) 

where 
d0.2 = d02 + sin2 0drj}, (3) 

a is the scale factor and c is the speed of light. Solving Einst ein's equations for 
a homogeneous and isotropic universe gives us a dynamical equation relating the 
matter density and pressure of different types of species that fill the universe to 
the scale fact or describing the expansion of the universe. Thes e equations are 
called the Friedmann equation and the acceleration equation and are given by 

a 
a 

81rG K 
-3-p- a2 ' 

41rG 
--3-(p + 3p), 

(4) 

(5) 

where p and p are the density and pressure of different species that fill the universe 
respectively, G is the gravitational constant, and r;, = + 1, 0 or -1 depending on 
weather the universe has positive curvature, is flat or has negative curvatur e, 
respectively. To fully explain the expansion history of the universe, in addition t o 
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the Eqs. HI and ~ we need an equation of state relating the density and pressure 
of each species. This is given by 

p=wp, (6) 

where w is the equation of state parameter. For non-relativistic matter w = 0 and 
for relativistic matter w = ½-For ACDM model, which assumes a flat universe 
with a cosmological constant which has an equation of state given by w = -l , 
the Fredmann and acce lerat ion equations redu ce to 

(7) 

where H(a) is the Hubble parameter as a function of scale factor and f2x,o is the 
density of species x evaluated today divided by the critical density needed for a 
flat universe which is given by 

(8) 

The matter density in the universe (Om) is given by the sum of cold dark matter 
density (Oc) and baryon density (Ob). These make two of the six paramet ers of 
ACDM. Although the radiation density of the universe, Orad, was the dominant 
comp onent in the early univer se, its value today is very sma ll (Orad,o ~ 10- 4 ). The 
density of the cosmological constant, 011., is not a parameter of ACDM because 
for a flat universe Om+ Orad + 011. = 1 and since we know Orad, once we know Ob 

and Oc we can ca lculate 011.. 
The primordial scalar perturbations in the universe are characterized by ACDM 

as power-law given by Askn, - l where ns is the scalar spectral index and As is 
the primordial curvature amplitude. The anisotropies in the Cosmic microwave 
background an d formation of large-scale structures in the universe are seeded 
by these primordial scalar fluctuati ons. In ACDM, these primordial fluctuations 
are usually assum ed to be the result of perturbations in the scalar field that 
drives inflation: th e theory of the exponential expansion of the very early uni-
verse ('.':::'. 10- 36 - '.':::'. 10- 33 seconds after the big bang). The primordial curvature 
amplitude and the scalar spectral index make up two of the other four ACDM pa-
rameters. The scalar spectral index characterizes the scale dependence of the pri-
mordial scalar perturbations and thus the scale depe ndence of other observations 
that depend on the primordial perturbations including the Cosmic Microwave 
Background (CMB) anisotropies. A value of n s = l gives a scale invariant pri-
mordial perturbation. Ref. [III]] determined the a value of ns = 0.9603 ± 0.0073 
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which is consistent with inflation which predicts ns slightly less than one due to 
a slowly varying inflation potential l[Ilj . 

The density of matter and radiation in the universe decreases with time. This 
mea ns, early on, th e universe was denser and hott er. Th e formation of neutral 
atoms was not possible at the time as high-energy photons destroy neutral atoms 
as soon as they form. This came to end during the period of recombination where 
the energy of photons was sufficiently low that neutral atoms start to form releas-
ing photons in every direction. These photos are now measured as the Cosmic 
Microwave Background ( for more on this see Section [II) . The universe then en-
tered the era commonly referred to as the "Dark Ages", where the universe was 
mostly compos ed of neutral atoms and is not visible t hrough the electromagnetic 
spectrum. This period came to an end with the formation of the first stars whose 
radiation reionizes the intergalactic medium releasing free electrons. Reionization 
affects our ability to observe the CMB since the free electrons produced durin g 
this period serve as a source of opacity. The re ionization optical dep t h, T , is a 
unitl ess quantity that measu res th e opacity due to free electrons along the line of 
sight. The reionization optical depth (T) and th e value of the Hubble parameter 
today (Ho) constitute the last two parameters of ACDM. 

ACDM cosmological parameters (Plank 2018 results) 
Parameter Value 
Och~ 0.02233 ± 0.00015 
Obh2 0.1198 ± 0.0012 
ln(l0 10 As) 3.043 ± 0.014 
ns 0.9652 ± 0.0042 
T 0.0540 ± 0.007 4 
H0 [kms- 1 Mpc- 1] 67.37 ± 0.54 

Table 1: ACDM cosmological parameter s from Planck temperature and E-mode 
power spectrum using combined Plik likelihood and CamSpec likelihood results 
with equal weight !lI2l. 

ACDM is consistent with several cosmological observations includin g the age of 
the universe measured using the oldest stars [[31, the observed abundances of light 
elements in the universe II3I, formation of large scale structures llill], and charac-
teristics of the CMB O]lj. The model also successfully predicted baryon acoustic 
oscillations (i.e., fluctuations in the Byronic matter in the universe) which was 
discovered in the predicted locat ion 2005 l[5lj, the statistics of weak gravitational 
lensing O]]j (i.e., the bending of CMB photons by the int erven ing matt er distribu-
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tions), and the polarization of the CMB U]j . The six parame ters of A CD M can be 
well constrained by CMB temperature and polarization power spectra. Table. II] 
shows the parameters of ACDM determined by Plank from CMB temperature and 
polarization power spectra fI2l. 

1.3 Extending ACOM model 
As we have seen in Section 11]1, the ACDM model is successful in explaining a host 
of cosmological observations and has made many successful predictions about the 
universe. However, the model has a set of challenges including the particle natur e 
of dark matter whose experimental search has not yet led to a fruitful result UBI], 
the disagreement between the observed value of the cosmological constant and the 
theoretical predictions of quantum field theory W]], problems with the predicti on 
of structur e formation on sub-galaxy scales where ACDM predicts too many dwarf 
galaxies and dark matter [l2TII, and the disagreement between the predicti on of H0 

from distance ladder measurements and the CMB [12]l. All could these motivate 
extensions beyond the ACDM model. 

In this work, we are interested in going beyond ACDM by investig ating the 
assumptions regardin g the initial conditions provided by inflation. Inflation was 
first introduced to explain the problems associated with the standard big bang 
scenario l12:21- These problems include the horizon problem where the size of the 
current comoving horizon is much great er than the size of the horizon even at 
photon decoupling (the difference gets larger for earlier times ) . The horizon size 
at the time corresponds to about 1 ° on the last scattering surface. This mea ns 
observations on scales greater than this come from causally unconn ected regions. 
However, observations of th e CMB and galaxy surveys show that the universe is 
nearly isotropic and thus homogeneous. This presents a fine-tuning problem for 
big bang cosmology unless t he observable universe was causa lly connected early 
on. 

Anoth er probl em with big bang cosmology comes from the fact that the uni-
verse today appears to be flat. If we solve Eq. IT!, for a radiation-only or matte r-only 

1 2 
universe we will get a e<: f2 and a e<: Us respectiv ely. Thus, the comoving horizon 
distanc e for such universe is proportional to 

(9) 

where 1 > n > 0. If we divide Eq. with the critical density, Pc, it reduce s to 
K, 

Otot - 1 = (aH) 2 , 

8 
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where f2 tot is the ratio of the total density and the critical density. This combined 
with Eq.12J gives us 

(11) 

Since 1 > n > 0, according to this model, as time goes on , the universe should be 
increasingly curved. 

Both the horizon and flatness problems are solved if the universe went through 
a period of accelerated expansion as predicted by inflationary models of cosmology 
[l22lj. If this is the case , then the comoving horiz on will be shrinking in t ime and 
this means homogeneous and isotropic patches of the univers e whose size was less 
than the comoving horizon before inflation can be larger than the comoving hori-
zon after inflation solving the horizon problem. Shrinking comoving horizon also 
means that according to Eq. inflation will drive the universe towards flatness. 

ACDM is usually accompanied by single field inflationary models which re-
sults in adiabatic initial conditions with a nearly scale-invariant power spectrum. 
However, as will see in Section HJ, this is not the only possibility and the search for 
other models for initial conditions is very well justified. Some of these alternative 
models predict primordial isocurvature perturbations in addition to the primordial 
adiabatic perturbations. Though most isocurvature perturbations are ruled out 
by CMB data some models predict a particular type of isocurvature perturbation 
known as Compensated Isocurvature Perturbations (CIP) which is not detectable 
from the CMB at linear order ( see Section ~ . In this thesis, I will present the work 
we did in simulating these perturbations on the CMB and the future application 
of using these simulations to predict CIP from CMB using machine learning by 
taking advantage of higher-order correlations in the CMB multipoles created by 
CIP. 

The thesis is organized as follows. In Section rn I will discuss the physics of 
the primary anisotropies of CMB including both temperature a nd polarization. 
In section @I, I will discuss th e lensing of th e CMB by the int ervening matt er and 
its effect on the CMB an isotro pies. In Section ffi CIP and its effects are discussed. 
In Section ~ I will discuss the current method of estimating lensing and CIP and 
the propos ed method of estimating lensing and CIP using machine learning. In 
Section 1§1, I will discuss how our simulation works and in Section !TI I will discuss 
the tests we run on our simulations to make sure they are working as expected. 
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2 The physics of CMB 

2.1 Introduction to the CMB 

Temperature 

April 6, 2021 

telescope 

Figure 1: Illustration of the expansion of the universe and formation of the CME. 
Figure curtsy of Prof. Tristan Smith. 

Most of the light in the universe comes from the Cosmic Microwave Background 
(CME): a relic black-body radiation produced during the Big Bang with an av-
erage temperature of about 2. 7 K today. The CME is nearly isotropic with 
anisotropies on the level about one part in 10- 5 . Robert Dicke and his research 
group at Princeton University predicted that a universe that started in a hot 
big bang scenario will be filled with microwave radiation today ~ - The first 
experimental observation of the CME was made by Arno Penzias and Robert 
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Wilson who were not sure what to make of this signal until they heard about the 
prediction made by Dicke and his group ~ -

So how can the CMB be predicted from the big-bang mode l? To answ er this 
question, we need to examin e th e process of recombination and photon decou-
pling. Recombination is th e process by which baryons go from being hot ionized 
plasma to neutral atoms, while photon decoupling is the process by which photons 
decouple from baryonic matter. As we can see from Figur e [Il the early universe 
is filled with dense opaque plasma. The energy of the photons was well above the 
ionization energy of hydrogen, effectively preventing the formation of hydrogen 
atoms by ionizing the neutral atoms formed during this period. As the universe 
coo ls, however, the energy of the photons decreases allowing more and more neu-
tral atoms to form. The period in time where the number dens ity of ions is more 
or less the same as the number density of neutral atoms is known as the epoch of 
recombination. 

The early universe was also opaque. Thi s is because the photo ns in the early 
universe were coupl ed to the free electrons through th e process of Thomps on 
scattering. This made the mean free path of photons so small that the early 
universe was essentially opaque. However, as the universe cools down, neutral 
atoms begin to form and the number density of free electrons starts to decrease. 
This, combined with the fact that the Thompson scattering cross-section of neutral 
hydrogen is much lower than electrons, mea ns that as the universe cools down the 
scattering rate of photons decreases. The time about 380, 000 years after the 
big bang where the scattering rate of photons is about the same as that of the 
expansion rate of the universe is known as the epo ch of photon decoupling. 

After photon decoupling, the universe is filled with transparent gas such that 
most of the photons that last scattered from electrons at that epoch are freely 
streaming throughout the universe ever since. These photons are what make up 
th e CMB. Th e photons from th e CMB are heavily redshift ed du e to the expansi on 
of the universe and their energy today lies in the microwave part of the electromag-
netic spectrum. Thus the name cosmic microwave background. Every observer 
in the universe is surrounded by a surface from which CMB photons have last 
scattered and have been streaming freely ever since. This is known as the Last 
Scattering Surface (LSS). The time where a typical photon last scattered from 
electrons is called the epoch of last scattering. 

Photon decoupling is not an instantan eous process . Thus, th e last scatt ering 
surfac e has some thickn ess. We use th e visibility function to measure the probabil-
ity of a photon last scattering between redshifts z and z + dz . As we can see from 
Figure ~ CMB photons most ly last scattered between z '.::::'. 900 to z = 1200 with 
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the peak scattering redshift being z '.:::::' 1010 g5]]. The epoch of photon decoupling 
roughly lasted about 115, 000 years. 

The anisotropy of the CMB and its power spectrum gives us a wealth of infor-
mation about other cosmological processes including structure formation in the 
early universe. CMB photons are also polarized due to quadrupolar anisotropies 
around electron clouds at the LSS. In what follows I am going to discuss the 
physics of the primordial CMB. It is important to note here that in our simula-
tions we work in the flat sky approximation; i.e., we are going to assume that the 
section of the sky we are considering is small enough that we can essentially treat 
it as a flat surface rather than a spherical one. Some of the expressions in this 
section are also derived in the flat sky approximation. 

600 

0.8 

:::,.. 0.6 

0.4 

0.2 

800 
z 

1000 1200 1400 

0 b:===t===__L_ _ ___L _ __[_ _ __JL___.L.._____::~ _ ___L_______: 

Figure 2: The CMB photon visibility function. Figure from i:zm. 

2.2 Transfer function 
The early universe is filled with both relativistic matter (photons and neutrons) 
and non-relativistic matter (baryons and dark matter). The different species are 
assumed to be homogeneous and isotropic at the zeroth-order. In addition to 
the uniform background pressure and energy density, there are fluctuations in the 
energy density and pressure of these species. Ignoring the second and higher-order 
effects, the evolution of the different constituents of the universe can be described 
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by 
pi(x,t) = Pi+ Jpi(x,t), (12) 

where Pi is the uniform background density of a species, 6pi = Pi(x, t) - Pi is the 
linear order perturbation of the density of a species, and i = { 1 , v, c, b} ( 1 stands 
for photons, v neutrons, c for cold dark matter, and b for baryons). 

The perturbations in the early universe come from two different sources, a 
random amplitude set by some process in the early universe and the deterministic 
evolution of those random perturbations. In Fourier space, we can characterize 
the density perturbations as 

(13) 

where ((k) is the random initial amplitude and 6p(k, t) is known as the transfer 
function and it accounts for the deterministic evolution of the initial random 
fluctuations. Currently, the best model we have for the initial perturbation is 
inflation, from which we can calculate the statistics of the initial perturbations. In 
the inflationary model, if we calculate the power spectrum of the initial amplitude , 
we get: 

(((k)((k')) = (21r)3 Pprim(k)63 (k - k'), 

where Pprim(k) is the primordial power spectrum given by 

(14) 

(15) 

The pivot number kv = 0.05 Mpc- 1 and from experiments that measure the galaxy 
matter power spectrum and from measuring th e cosmic microwave anisotropies 
we know that As '.::::' 10- 9 and ns '.::::' 1. 

The t ransfer function, 6p;( k, t), describes the evolution of the different species 
that fill the early universe. We can treat these species as fluids whose dynamics 
involve the interplay between collapse due to gravity and expansion due to fluid 
pressure. In addition to gravity and fluid pressure, we need to take into account 
the expansion of the universe which acts as a drag force on the fluid. For non-
relativistic species, we can use the continuity and force (Euler) equations with the 
Newton gravitational potential to solve for 6p;(t, k). For relativistic species (pho-
tons and neutrons), a full treatment includes using general relativity to calculate 
the gravitational potential energy and using collisionless Boltzmann equation in-
stead of the fluid treatm ent , which becom es insufficient for modeling th e behavior 

13 



Matiwos Mebratu DeepCIP. April 6, 2021 

of radiation after decoupling. We also need to take into account gravitational red-
shift which produces additional anisotropies due to t he difference in gravitational 
potential from place to place. Doppler shift due to the difference in velocity of the 
photon-baryon coupl ed fluid and the damping of photon energy at sma ll scales 
as they pass through baryons are also other sources of anisotropy. The transfer 
function contains all this information. In our simulations, we use CLASS ~[12Blj to 
calculate the photon transfer functions for both temperature and polarization. 

We measure the CMB temperature rather than photon density. We can use 
the fact that P--y ex T 4 to express th e density fluctuations in terms of temperature 
fluctuations. Thus, 

6 = 6P--y = 46!---+ 6T = !6 T. 
' P, T 4 ' 

(16) 

Recombination is not an instantaneous process , thus we have to integrate the 
photon visibility function to get the temperature tra nsfer function. The visibility 
function is the measure of the probability of a photon last scattering between the 
conformal time 77 and 77 + d77. Thus 

rY/o 
T(n) = Jo T(x, nx, 77)g(77)d77, (17) 

where T(x, nx, 77) is temp eratur e at th e last scattering surfac e that depends on 
space and time, x is is the co-moving distance, 770 is the conformal t ime today , 
and g is the visibility function. Using Eq. [§1 and taking account of the fact that 
the photon density is also a function of space and time we can get temperature 
fluctuations using 

(18) 

If we approximate photon decoupling as an instantaneous process, we can write 
the visibility function with Dirac delta function and we get 

(19) 

where XcMB is the co-movi ng distanc e to th e surface of last scattering and 77dec is 
the conformal time at photon decoupling. It is clear from th e equations Eqs. 
and [21 that we can also separate the temperature fluctuati ons in the CMB int o 
initial primordial perturbations and a temperature transfer function. 

1available at http://class-code.net 
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2.3 Temperature power spectrum 

Line-of-Sight Integration to find the temperature power spectrum 

Measurements of the CMB give us two-dimensional spherical maps of the tem-
perature values. Thus, we can decompose the values into spherical harmonic 
coefficients as 

(20) 

As we have seen in Section 12.21 if we take the visibility function to be a Dirac delta 
functi on , the CMB temperature values are only a functi on of t he distance to the 
LSS and the time of photon decoupling. We can write the Fourier transform of 
temperature as 

(21) 

If we combin e Eqs. ~ and ~ and use the plane wave expansion 

(22) 

we get 

(23) 

where Sr,k is the temperature transfer function. Here, as we have seen in Sec-
tion !2.2l we separated the temperature funct ion into the amplitude of initial per-
turbations ( and the temperature transfer function Sr,k- Thus, if we take the fact 
that 

(24) 

we get 
(25) 

where f2! 2 . 2 C1 = B1r k dkPprim (k) [Sr,k (tcMB) Jz (kXcMs)] . (26) 

The line of sight integral method is a method of calculating the cosmic microwave 
anisotropy by int egrating sources along th e line of sight. This method of cal-
culating the anisotropy is efficient because it decomposes the power spectrum 
calcu lation into a source term Sr,k, which doesn 't depend on £ and a geometric 
term that doesn't depend on the cosmological model and can be calcu lated once 
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and stored for future use ml. Since the spherical Bessel function oscillates much 
faster than the source term, by separating the two, this method decreases the 
number of wave modes we need to sample to accurately calculate the power spec-
trum ml. This met hod is used to calculate th e CMB power spectrum in standard 
cosmological pa ckages like CMBFAST and CAMB [l2Elj. 

2.4 Polarization of the CMB 
Stokes parameters 

The CMB can be fully described by both its intensity (i.e. temperature) and 
polarization. We can use stokes parameters to characterize the intensity and 
polarization of CMB photons. Stokes parameters are four parameters, I, Q, U, 
and V which are used to represent the polarization of an EM wave. I represents 
the total intensity of light, Q and U are used to represent linear polarizati on 
and V represents the circular polarization of the EM wave. Their values depend 
on the orientation of the coordinate system we use. In the Cartesian coordinate 
system, for a wave traveling in the 2 dir ect ion, the Stokes parameters are defined 
as Ref. ll2ltl] 

I 
Q 
u 
V 

1Exl2 + 1Eyl2
, 

1Exl2 
- 1Eyl2

, 

2Re(ExE;), 
-2Im(E;Ey), 

(27) 
(28) 
(29) 
(30) 

where Ex and Ey are the x and y components of the electric field. A four-vector 
representation of the Stokes parameters (i.e., [I, Q, U, V]) can be used to represent 
the polarization of a given EM wave. For example, a linearly polarized wave in the 
x direction can be described using the four vector [1, 1, 0, 0]. Using the Eqs . 
we can easily see that this leads to Ey = 0 which means the light is only polarized 
in the x direction as we expected. Similarly, the four vectors [1, 0, 1, 0] can be 
easily shown to give Ex = Ey and thus the light is linearly polarized at 45°. 

Coordinate transformation of Stokes parameters Q and U 

Since Stokes parameters are based on a fixed coordinate system, they are coordi-
nate dependent. Under a counter-clockwise rotati on of the x-y plane by an angle 
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cos(¢)x + sin( ¢)y, 
- sin(¢)x + cos(rp)y, 

and the Stokes parameters transform as , 

Q' 
U' 

cos(2¢)Q + sin(2¢)U, 
- sin(2¢)Q + cos(2¢)U. 

April 6, 2021 

(31) 
(32) 

(33) 
(34) 

This is because the linear Stokes parameters are components of a spin-2 field and 
not a vector. Thus, they transform as a matrix. The linear Stokes parameters 
can be written as a 2x2 trace-free tensor Pab which is given by [l3I]j 

__, 1 [Q(0) U(0) ] 
Pab(0) = 2 U(0) -Q (0) . (35) 

Since Q and U depend on the coordinate system used, when we are trying to 
calculate or measure the polarization of the CMB, we need to define a fixed co-
ordinate system on the sky. It is also easier to define Q and U in a coordinate 
system in which 2 points in t he k direction (i.e., the direction t he photon is trav-
eling). Therefore , we would like to be able to calculate Q and U in a coordinate 
system in which 2 points in the k direction and transform it back to the fixed 
coordinate system. To make this transformation less complicated , we can restrict 
our attention to photons near the pole ( 2 :::::: n). By restricting our attention to 
near the pole, we can calculate the Stokes parameters in the ph oton's frame and 
rotate it using Eqs. ~ and ~ where ¢ is the azimuthal angle of k around the z 
axis. 

Source of polarization at the LSS 

Imagine an unpolarized photon incident on an electron at the LSS. The Thomps on 
scattering cross-section of this photon is going to be given by l3I]] 

(36) 

where ei and es are th e dire ct ions of the incident and scattered waves, respectively. 
Without loss of generality, we can take e8 = 2. Since the incident light is unpo-
larized (i.e., QI = UI = VI = 0), the Stokes vect or S, for th e incid ent photon, 
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as defined in Appendix l1.3ps going to be given by SI = I{½,½, 0, O}. Using the 
phase matrix calculated in Appendix l1.3l we can easily see that the Stokes vector 
ss = i!1r O"r I { cos2 ( 0), 1, cos( 0), cos( 0)} for the scattered phot on. Therefore, the 
Stokes param et ers for th e scattered photon are given by 

JS 3 
- O"rlI(cos 2 (0) + 1), 
167r 

(37) 

3 Qs -O"rlI sin2 (0), (38) 16-rr us 0, (39) 
vs 0. (40) 

The above calculation is just for single scattering. For multiple photon scattering , 
we would have to integrate over the solid angle of the scattering surfac e. However , 
as we have seen before, Stokes parameters are coordinate dependent. Thus, the 
integrati on for multipl e scattering has to be done in a fixed coordinate system. The 
problem is even though we can keep the scattering direction as 2 by considering 
only the photons that scatter in that direction, the photons incident to the electron 
cloud can come from multiple directions (this is because for a single 2 direction we 
can have infinite choices over the directions of x and fj). Thus, for each photon, we 
might have a different x 1 -y 1 axis that is rotated from the fixed axis we defined by 
the azimuthal angle ¢. We know that for each scattering the Stokes parameters 
are given by the calculation above (this is true as long as we choose the x and 
y-axis parallel and perpendicular to the scattering plane respective ly) and we also 
know that for a rotation by an angle ¢ about the z axis Q and U transform as 

[
Q

1
] = [cos(2¢) sin(2¢)) ] [Q] 

U 1 sin(2¢) - cos(2¢) U · ( 41) 

Therefore, after transforming th e Stokes parameters to the fixed coordinate system 
(xr, yr, z) and integrat ing over the solid angle gives us 

I8 ~O'T j JI(cos 2 (01
) + l)dO, 

167r 
( 42) 

Qs l!1rO"T j II cos2 (01
) cos(2¢ 1)dO, ( 43) 

us ~O'T j II cos2 (01
) sin(2¢ 1)dO, 

l61r 
( 44) 

vs 0. (45) 
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If we do a harmonic expansion of JI in spherical coordinates, we get 

II ( 0, ¢) = L, a{mYim- ( 46) 
l,m 

If we plug this in the above equations and take account the fact 1 + cos2 (01
) 

v'47rYoo + ½(/1¥½0 + v'47rYoo) and ei'21' = Y22/¥f we get 

( 47) 

(48) 

Thus, we can only have polarization due to Thompson scatt ering if we have a non-
zero quadrupole moment in the incident radiation. At the LSS, these quadruple 
moments are due to the hot and cold temperature distributions surrounding a 
given electron cloud. 

E and B mode polarization 

As we saw in the last Section, Stokes parameters can be used to characterize 
the intensity and polarization of the CMB. However, Q and U are coordinate-
dependent. We would ideally want to work with scalar quantities that do not 
depend on our (arbitrary) choice of coordinates. In this section, I am going to 
outline how we are going to transform Q and U Stokes parameters t o E and B 
which are scalar quantities. 

If we take a vector field in any number of dimensions, we can decompose it 
into a gradient and a curl component. For example, in two dimensions, we can 
decompose a vector filed Va into [l3I]j 

vu+ V X w 
OaU + EabObW, 

(49) 
(50) 

where E is the antisymmetric tensor. In a similar manner, we can decomp ose the 
tensor Pab into a gradient and curl component such that 

(51) 

and 
(52) 
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In Fourier space, this transforms to 

v2E(0) 

v2 B(0) 

If we take the inverse Fourier transform, we get 

-z2E(l) 
-z213([) 

Plugging Eq. into Eq. we get 

j d2§92 E(B)e;fe, 

f d2§92 B(0)e;fe_ 

-l2E(t) !J d20(cPQ - cPQ 2__§__ 8U) in! 
2 802 802 + 80 80 e ' X y X y 

-f2 E(t) ! f d2§°2Q e;f.(f - f d2§°2Q eif.U + 2 / d2§_!!_ 8U e;U 
2 80~ 80; 80x 80y ' 

-l2 E(l) -1 [Z:2 Q([) + z;2 Q([) - z:z;u (0 J, 
-2 -2 - - - - ~ ---. E(t) ! (lx - ly )Q(l) + 2lxlyU(l) 

2 [2 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

On the last step we used the fact that the F - 1 (¥a) = ifJ([). If we take the same 
procedure above for the curl component we get 

(63) 

-2 - 2 - -
By realizing that (l,, ~ly ) = cos(2¢r) and 21

~
1
Y = sin(2¢i), where ¢ is the angle of 

i measur ed from the x axis, we can write the relationship betwee n Q and U and 
E and B in Fourier space as 
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[E(Q] = [cos(2¢ 1) sin(2¢ 1)) ] [Q(Q] 
B(l) sin(2¢ 1) - cos(2¢ 1) U(l) · 

Whose inverse Fourier transform gives us 

(64) 

(65) 

(66) 

From Eqs. @}] and it is straightforward to show that E and B are invari ant 
under rotation around the z-axis. 

2.5 Polarization power spectrum 

Line-of-Sight Integration for polarization power spectrum 

As we did for temperature in Secti on !2.3l the polarization of the CMB can be 
written as 

/ 

3 -X(fi) = d k((k)b.x (t = t0 , k, µ), (67) 

where X = Q, U, µ = k.fi, t0 is the the proper time today, and 

(68) 

where f(µ) = ¾(1- µ2), Sp is the polarization tra nsfer function and x = k(t0 -t). 
Using the plane wave expansion for eixµ we can write 

Therefore, the spherical harmonic coefficients are given by 

C {to J 3 -Xtm = 41ri Jo dt d k((k)f(µ)jc (k [to - t]) Sx(k, t)Yc;,,(k). (70) 

Using the instantane ous recombination approximation gives us 
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3 CMB lensing 
As CMB photons travel from the LSS to the point of observation, the angle of 
the photons gets deflected by the gravitati onal potential of the intervening mass 
along the line of sight. Lensing only shifts the position of photons on the sky from 
where they were on the last scattering surface, so the frequency distribution and 
brightness of the photons are not affected by lensing. Thus, the lensing effect can-
not be observed with t he zeroth-order isotropic and homogeneous perturbations 
of the CMB. Instead, the lensing effects are observable on the CMB temperature 
and polarization anisotropies. 

The angular deflect ion of a photon's trajectory du e to lensing is given by 

(72) 

where 'v 1_ is the perpendicular gradient along the line of sight and 1/J(fi) is the 
normal projection of the gravitational potential along the line of sight given by 

(73) 

Th e quantity <I>(r, nr) is the gravitational potential of the intervening mass, r18 is 
the distance to the LSS, and dA(r 1 , r2 ) is the angular diameter distance between 
r 1 and r2 . 

If we ignor e late time sourc es, we can describ e all the information about lensing 
including the deflection angles using a 2D map of th e lensing potentia l. For scales 
where the statistics of <I> are Gaussian, the lensing potential is Gaussian and its 
statistics can be fully described by its power spectrum. On scales where <I> is not 
Gaussian ( on small scales), non-linear evolution can introduce non-Gaussianity to 
the CMB which has t o be taken into account for the full treatment of the lensing 
potential. In the following sections, since we are only interested in scales where <I> 
is linear and Gaussian, we are going to safely assume the lensing potential is also 
linear and Gaussian. 

3.1 Effect of lensing on CMB anisotropy 
As discussed in the previous section, lensing remaps the CMB by deflect ing t he 
photons' path by an angle given by th e normal gradi ent of th e gravitational po-
tential of the mass distribution along th e line of sight. Thus, af ter lensing, th e 
observed CMB temperature map is given by 

T(0)obs = T(0 + 60)1s, 
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where T(0)obs is the observed temperature map and T(0 + 60)1s is the CMB tem-
perature map at the last scattering surface. Under the assumption of weak lensing , 
we can take a series expansion of the lensed map up to second order in the de-
flection angle t o get a simpl e approximation of th e lensing effects. This gives 
us 

-+ -+-+ -+ -+-+ l-22-+ 
T(0) obs = T(0 + 60)1s '.::: T(0)ts + 60VT(0)1s + 260 V T(0 )ts· (75) 

Using Eq. and taking the Fourier transform, we can show that 

It is also straightforward to show that 

Plugging Eq. IZ§J and Eq. IZ§J into Eq. frn we get 

J d
2z_, __ J d2l_, __ 

_, _, _, _, -il- 0 _, _, -il- 0 T(0)obs '.::: T(0)ts - - 2 1/J(l)le · - 2 T(l)1sle 
27r 27r 

+½ [/ !f ~(ljk-,ru] 
2 

• j tJr(lj,l'c'fil 

(76) 

(77) 

(78) 

(79) 

By realizing that the last two terms in Eq. are convolution integrals, we can 
write t he first and second-order difference between th e observed t emperature map 
and th e t emperatur e map at th e LSS in Fourier space as [1331 

6T(l) 

We can now calcu late the power spectrum of the lensed map using 

(82) 
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This gives us 1331], 

(83) 

- TT TT where C1 and 0 1 are the lensed and unlensed power spectra, respectively. In 
calculating Eq. we used the fact that 

(84) 

and 
(85) 

As shown in Ref. !:Bl] we can calculate the lensing potential power spectrum using 

(86) 

where Pprim the primordial CMB power spectrum, T,;, the lensing potential transfer 
function, jz is the spherical Bessel function, and r1s is distance to the LSS. The 
qualitative effects of lensing on the CMB temperature map can be seen from the 
convolution integral used to calculate the power spectrum in Eq. As we can 
see from the equation, at large scales, the convolution smooths out the peaks of 
the temperature power spectrum and at small scales, where the unlensed map has 
a low power spectrum, lensing increases the power spectrum by shifting power 
from large scale to small sca le. This ca n also be seen from Fig. ~ where the lensed 
power spectrum at small scales (high £) is higher than the unlensed one and at 
larg e scales, the peaks and troughs of the lensed t emperature power sp ectrum are 
shorter due to smoothing. As we can see from Eq. another effect of lensing 
is that it creates non-Gaussianity in the CMB by correlating differen t Fourier 
modes. In Section lfil we will see how we can use these higher-ord er correlations, 
specifically the trispectrum, to est imate lensing from CMB. 

By using the series expansion of the lensing potential, we are assuming weak 
lensing where the deflection ang le is small. This is indeed t rue for most of t he 
photons that come from th e CMB as most of th em ar e deflected by small er galaxies 
which gives a deflection on the order of a few arcseconds. For photons that ar e 
deflected by black holes or multiple clusters, this is not a goo d approximation 
and we would need to calcu late the lensing potential using ray tracing met hods 
or numerical simulations. 
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Figure 3: Figure ~ Comparison between the expected 2D lensing potential power 
spectrum from CLASS and the 2D lensing potential power spectrum from our 
simulations. Figure !ID2} Comparison between th e lensed and unl ensed t emperatur e 
power spectrum produced by our simulation. Th e power spectra were produced 
by averaging over 1000 realizations and the discrete results were interpolated to 
give a smoother curve. 

Effect of lensing on E and B-modes 

As we have seen in Section !3.ll when the CMB photons travel from the LSS t o 
us, they are deflected by 6iJ. Thus, the observed polarization maps are given by 

l
Q(0)J lQ(0 + 60)J 
U(0') obs= U(e + 60'J ls 

(87) 

To linear order, we can approximate this as 

l
Q(0)J '.:::::'. lQ(0)J + 60. V lQ(0)J 
U ( 0') obs U ( 0') ls U ( 0') ls 

(88) 

It is important to note here that alth ough expanding to linear order is enough 
to qualitatively show the effect of lensing on the CMB, for a full treatment one 
would need to expa nd to second order in the Taylor expansi on. This is because thi s 
term will have a contribution to both the CMB power spectrum and trisp ectrum. 
Th erefore in our code, as in Ref. [13:51], we do the expansion to second-ord er when 
calculating lensed CMB maps. 
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To clearly see the effect of lensing on polarization , let us assume that there is 
no B mode polarization at the last scattering surface. Alth ough this assumption 
makes it easy to see the effect of lensing on the polarization of the CMB, it is not 
strictly tru e since primordial gravitational waves can also create B modes [13I]]. 
Using Eq. we can calculate the Q and U Stokes parameters to be 

Q({) 
U([) 

cos(2¢r)E([), 

- sin(2¢oE([). 

Thus, the real space Q and U values are given by 

Q(0) 

U(§) 

Taking the gradient of Q and U with respect to 0 gives us 

(89) 
(90) 

(91) 

(92) 

(93) 

(94) 

Using Eqs. and II§] we can write the Stokes parameters after lensing as 

U(0)obs 

Using the convolution theorem, we can write the integrals in the above equation 
in Fourier space as 

Q({)obs 

U([)obs 

----> f d2zl ----> ----> ----> Q(l)ts + 2 - 2 I'· [l - l'] cos(2¢p )E(t)1j;(l - I') 
27f 

2----> 
----> f d l' ----> ----> ----> ,; ----> ,; U(l)zs - 2 - 2 l' · [l - l'] sin(2¢p)E(l )1/J(l - l) 

27f 

(97) 

(98) 

Now we can calculate the curl (B-m ode) polarization using equation Eq. Thi s 
gives us 

1 
B(l) = 2[sin(2¢oQ(l)obs - cos(2¢r)U(l)obsl• (99) 
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Plugging equations Eq. and Eq. l2QI into Eq. 12:11 and Eq. 12§1 respectively and 
plugging the result into the above equation gives us 

---+ d2p ---+ --+ ---+ ---+ 

B( l) = /- 2 f · [l - l'] sin(2¢p) E(f)1jJ(l - l'). 
27f 

(100) 

To get the last result, we used the identity sin(2¢ 1- 2¢p) = sin(2¢o cos(2¢p) -
sin(2¢r) cos(2¢ 1) and we invoked the rotational invariance of E and B to set ¢r 
to zero. 

It is clear from Eq. llO0lthat the B-mode contribution to the polarization is no 
longer zero. Thus, one of the effects of lensing on the polarization map is to rotate 
some of the E-mode polarization to B-mode polarization. Although there is no 
B-mode polarization due to Thompson scattering at the LSS, it is important to 
note that, as far as the derivations in this section are concerned, there is nothing 
special about starting with only E-modes. We could have started with only B-
modes and show that the E-mode spectrum is no longer zero. Therefore, we can 
conclude that in the presence of both E and B-mode polarization, lensing rotates 
some of the E-modes into B-modes and some of the B-modes into E-modes. 
Though B-mode polarization can be produced by lensing it is not the only source 
of B-mode polarization in the CMB. As shown in Ref. [13:Dl], tensor perturbation 
due to primordial gravitational waves can produce B-mode polarization. Thus, 
estimating and removing the effect of lensing from the CMB can help us detect 
primordial gravitational waves. 

4 Compensated lsocurvature perturbations 

4.1 Coupled oscillators and isocurvature perturbations 

k k k 

I , Xi 

Figure 4: Two masses connected by springs with the same spring constants. Made 
by Prof. Tristan Smith. 

Consider the coupled oscillators in Figure @I where two identical masses are 
conn ected by springs with the sam e spring constant. According to Newton's 
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second law, the set coupled linear differen t ial equations for this system - analogous 
to the differential equations solved for the linear perturbation of the universe - is 
given by 

Mi 1 = -kx1 + k (x2 - xi), 
Mi2 = -k(x2 - xi) - kx2. 

The solution to the system is given by 

where 

X1(t) = t [q1(t) + q2(t)] , 
X2(t) = 2 [q1(t) - q2(t)], 

(101) 

(102) 

(103) 

Note that the amplitudes A1 and A2 are free parameters and ar e set by the initial 
conditions, and we get different motions depending on those init ial conditions. 
For example, we can set A2 = 0 by displacing the two blocks in the same directi on 
by the same distanc e. In this case, both blocks will oscillate with a frequency 
of w 1 as the spring between them is not affected. We can also set A1 = 0 by 
displacing both blocks by the same distance from the center. In t his case, both 
blocks will oscillate with frequency w2 . Th ese are the two normal mode solutions 
to the system and however we set the initial conditions, the solution to the system 
is going to be a linear combination of these normal modes . 

As we can see from the simple example of a coupled oscillator above, for each 
degree of freedom in a system of differential equations, we have freedom over the 
choice of initial conditions. For cosmological perturbation s, we have fluid equa-
tions that describe the evolution of matter and velocity perturbations for the four 
different components {,, v, c, b} that fill the universe and the perturbations in the 
gravitational potential. The normal mode solutions to the equations governing the 
linear perturbations in the universe can be of adiabatic or entro py types. Adia-
bati c perturbations correspond to fluctuations in th e energy densit y of the univers e 
while entropy perturbations correspond to fluctuations in t he relative number of 
different species that fill the universe. For purely adiabatic perturbations, the 
fluctuations in the different species t hat fill the universe are the same, while for 
purely entropy perturbations the fluctuati ons in the different species that fill the 
universe cancel out. Just in the case of coupled oscillators, we have a choice of how 
to set the initial amplitude of the primordial perturbation of different species, and 
thus depending on the cosmolo gical model for the initial conditions the solution 
cou ld be a linear combination of these normal modes. Isocurvature perturbations 
are a special type of entropy perturbations in which the total energy density of 
the universe is unp erturb ed. 
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4.2 Isocurvature perturbations and CMB data 
Structure formation in the universe is due to primordial perturbations and the 
evolution of those perturbations through t ime. The primordial perturbations are 
assumed to be formed during a period of accelerated expansion where the wave 
modes were beyond the causal horizon. In analyzing CMB data, th e primordial 
perturbations are frequently assumed to be purely adiabatic (i.e., no entropy per-
turbation). Although this is true for single-field inflation models in which all the 
species that fill the universe (photons, neutrinos, CDM, and baryon s) are pro-
duced by the decay of a single scalar field, the infiaton, this does not need to be 
the case. Other inflati onary mod els allow for a mixtur e of adiabatic and Isocurva-
ture perturbations. Examples of such models are the Curvaton models mEl, CIT!, C18I], 
axion models [Cill, 00] and multiple field inflationary models [ill], Eill, 00]. 

Isocurvature perturbations are perturbations in the relative density perturba-
tions between two or more species. It is defined as 

(104) 

where, {A,B} = {1 ,v,b,c}. For adiabati c perturbations, SA,B = 0 for all A and 
B. Thus, for adi ab at ic perturbations 

(105) 

The third equality is due to the fact that the equation of state, w, is negligible 
for CDM and baryons while the equation of states for photons and neutrinos 
is ½-From Eq. 11051 we can see that adiabatic perturbations have a characteristic 
amplitude ( form which we can get the amplitude of the perturba tion in all species. 

Depending on the model we use for the early universe, we can have different 
perturbations from pure adiabatic perturbation to pure isocurvature perturba t ions 
and any mixture of them. Here we will consider the totally correlat ed perturbation 
of three species with adiabatic perturbations and one species with non-adiabatic 
perturbations, to see the effect of isocurvature perturbation (in particular baryon 
and CDM isocur vature perturbations ) on the CMB. This case is particularly illu-
minating becaus e th e effect of more complicated perturbations can be calculated 
by taking the linear combination of the spectra produced by multiple totally cor-
related perturbations. 

In Conformal Newtonian gauge, we can write the perturbations in the metric 
as [1421 
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(106) 
where i = { 1, 2, 3}, repeated indices are summed and <I> and W are two scalar 
potentials. <I> can be interpreted as the gravitational potential in the Newto nian 
sense. It is also important to note that Eq. !1061 is only applicable for scalar 
perturbations [Ell. 

From Ref. we can see that the perturbation of the gravitational potential 
during radiation and matt er-domina ted era for wave mode s with long-wavelength 
is given by 

<Prad = -¾ (3 + ~ov)-l [2 (1 - ~ov) 0,D,. , + I (9 - 40v) OvD,.v] (107) 

and 
(108) 

respectively, where D,.1 = 61 - 4W, D,.11 = 611 - 4W, D,.b = r5b - 3W, and D,.c = 6c - 3W, 
are density fluctuations redefined in flat-slicing gauge and Ox = J x . For adiabatic 

Pcrit 
perturbation using Eqs. !1051 and 11071 and taking 0 11 + Oq, '.'.:::'. 1 for radiation era we 
get 

(109) 

where <Pprim is th e gravitational perturbation deep in th e radiation era and D,.( = 
( - 3W is the primordial curvature perturbation redefined in flat-slicing gauge. 
Thus, the characteristic amplitude for adiabatic perturbations is given by 

-3 ( 4 ) D,.( = 2 3 + 50v <Pprim· (110) 

This means the adiabatic primordial amplitude is proporti ona l t o the primordial 
gravitational perturbation. 

Now as an example, lets take a look at CDM isocurvature perturbation where 
the perturbation in the rest of the species is adiabatic. That is, the relative 
perturbation between CDM and the other matter species is not zero . Pa rticularl y, 

(111) 

It is then straight forward to show that for CDM isocurvature perturbation, the 
perturbation in the gravitational potential in the matter domination era is given 
by 

(112) 
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As we can see from Eq. !1121 the perturbation in the gravitational potential in the 
matter-dominated era is a linear combination of an adiabatic term that depends 
on the adiabatic primordial perturbation and an isocurvature term that depends 
on th e primordial isocurvatur e perturbation. 

Now let's calculate the effect of such isocurvature perturbation on the CMB 
temperature map. At large scales, as calculated in Refs. [Q]I, ~ , neglecting 
Doppler effects due to the difference in velocity of the photon-baryon fluid , In-
tegrated Sachs-Wolfe (ISW) effect due to gravitational redshift by time-varying 
potential along the line of sight, and monopole and dipole contributions and as-
suming photon decoupling occurs in a matter-dominated era, we can calculate the 
temperature fluctuations using 

6T l - '.:::'. -6.--y + 2<I>. T 4 
(113) 

This is a useful approximation at large scales since as we can see from Figure ~ 
the ISW and Doppler effects are subdominant at large scales. Using the fact that 
6.7 = ~6.( and Eqs. 1110~ 1112~ and 11141 we can see that 

OT l ( 4 RD) 2 MD T '.:::'. 10 3 + 5nv <Pprim - 5nc Sc,b· (114) 

Since we ar e consid ering correlated hybrid adiabatic and isocurvatur e perturba-
tions, we can parametrize Sc,b as 

(115) 

This combined with Eq. !114! gives us 

OT l ( 4 RD) 2 MD r '.:::'. 
10 

3 + 5nv <I>prim - 5nc >..<I>prim· (116) 

From equation Eq. !116l we can see the qualitative effects of correlated isocurvature 
perturbations. When >.. = 0 we get a purely adiabatic perturbation and when 
>.. --+ ±oo we get a purely isocurvature perturbati on. In Figure we can see 
the effects of CDM isocurvature on the temperature power spectrum, namely, the 
height of the acoustic peaks relative to the SW plateau varies as a function of >... 
For hybrid perturbations when >.. is nega t ive the perturbations at large scales will 
grow and that would raise the magnitude of the amplitude of the power spectrum 
for low wave numbers relative to high wavenumbers. The effect is esp ecially clear 
when >.. is positive. As we can see from Eq. !1161 ther e is a critical value of >.. 
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where the temp erature perturbation at large scales as described by the equation 
will be zero. This doesn't mean that the temperature fluctuations are going t o be 
zero since in this case the effects we ignored in the calculation of the temperature 
fluctuation like the Doppl er and ISW effects can no longer be ignor ed. However , 
as we can see from Figure ~ we know that the effects described by Eq. !1161 are 
the dominant effects at large scales and those effects will have no contribution to 
the temperature fluctuati on at some critical value of >.. lowering the amplitude of 
the power spectrum at large scales. 
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Figure 5: Contribution of different effects to the total power spectrum Figure ~ 
and power spectra comparison between various CDM hybrid models Figure ~ 
Image from [[!31]. 

In this section, we have seen the effects of correlated isocurvature perturbations 
where only one species departs from adiabaticity. In particular, we saw the effects 
of CDM isocurvatur e perturbations. But it is straightforward to show th e effect 
of baryon, photon, or neutron isocurvature perturbations, all of which show more 
or less the same qualitative behavior with some differences [Glli!. The effects of 
uncorrelated mixtures of isocurvature and adiabatic perturbations are discussed 
in Refs. [mil, lill:ii and others. Due to the signature they leave at large scales, th ese 
single isocurvature modes are highly constrained by current CMB data [II7I, EIBl]. 
In Ref. i;rni the joint analysis of CMB power and bispectrum of the Plank da ta is 
used to constrain Isocurvatur e modes 

4.3 Compensated Isocurvature perturbations 
As we have seen in t he previous sect ion, isocurvature perturbations of individ-
ual species leave imprints on th e CMB power spectrum. Thus , th ey ar e highly 
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constrained by current CMB experiments including the Plank CMB survey UI]]. 
However, there is one special kind of isocurvature perturbation that is not well 
constrained by CMB data since it does not leave an imprint on the CMB at large 
scales. This isocurvature perturbation is called comp ensated isocurvature pertur-
bation in which isocurvature perturbations in baryon density are compensated by 
isocurvature perturbations in CDM such that 

(117) 

and the perturbation of neutrinos and photons are adiabatic. Using equations 
Eq. l108~ Eq. 11101 and Eq. 11111 and using the fact that Sb,c = b.b - b.c, we can see 
that the perturbation in the gravitational potential during the matter-dominated 
era is given by 

(118) 

Thus, the temperature perturbations of CIPs at large scales are given by 

(119) 

Plugging Eq. !1171 into Eq. !1191 gives us 

6T l ( 4 RD) T '.'-:'. 10 3 + 5Qv <Pprim, (120) 

This shows us, in the case of CIP, baryon and CDM isocurvature perturbations 
cancel each other and do not leave an imprint on the CMB at large scales. Thus, 
the temperature perturbations at large scales are indistinguishable from adiabatic 
initial conditions at linear order. However, at small scales, CIPs leave an imprint 
on the CMB due to the difference in pressure between baryons and COM. Thus , 
to see the effects of CIP, we have to consider the perturbation equations governing 
the evolution of the fluctuations in all the different species in the universe. As 
discussed in Section !2.21 for non-relativistic species, the momentum of the fluid 
is affected by the expansion of the universe that acts as a friction force, the 
force due to gravity, and the force due to internal pressure support. Wave modes 
will collapse under gravity until they reach a critical length (Jeans length) where 
the pressure support starts to take over. For the pressure effects of CIP to be 
important, the wave modes have to have a wavelength less than the Jeans' length 
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where the effects of gravitational collapse and pressure support are roughly the 
same. This means 

(121) 

where ¢ is the gravitational potential, o is density perturbation and C8 is the 
baryon sound speed. If we replace the first term by the Newtonian gravitational 
potential where v2<5¢ = 4n-Gj5o and use the plane wave solutions for o we can see 
that 

(122) 

where kj is the Jeans wave number, j5 is the average background density and a is 
the scale factor. From Friedman's equation for flat space, we know that the first 
term in the above equation is proportional to the square of the Hubble parameter. 
Thus, cskj ":::'. 1{ where 1{ is the Hubble parameter as a function of conformal time. 
Therefore, the baryon pressure effects will only be important for wave numbers 
such that c8 k > > 1{ J5I], Ifill. As calculated in [[I2]j the baryon sound speed is 
given by 

c2= kBn ( 1 _ _!_dlnn) 
s µ 3 d lna (123) 

where n is the baryon temperature and µ is the mean molecular weight. Thus , 
CIP effects are only visible for wave numbers k > 200hM pc- 1 l5II]. Here the 
baryon temperature is taken to be the same as that of photons until z ":::'. 300. As 
we can see from the relation £ ":::'. krcmb shown in Appendix !1.4l this corresponds 
to a wave multipole number £ > 106 which is much greater than the observable 
CMB anisotropy by current experiments. This is why CIPs do not produce an 
observable effect on the CMB power spectrum at linear order. This is one of the 
main reasons why CIPs are not highly constrained by current CMB experiments. 

4.4 Sources of CIP 
As we have seen before, isocurvature perturbations are normal mode solutions to 
the cosmological perturbation equations and different initial conditions can pro-
duce one or mor e of these normal modes. The simpl est of these initial conditions 
is given by the inflationary model of cosmology, where one scalar field, the infia-
ton, drives both expansion of the universe and the curvature perturbation [15:21]. 
In this model, the quantum fluctuations in the scalar field driving inflation decay 
into radiation and this leads to adiabatic Gaussian initial conditions with a nearly 
scale-invariant (ns ":::'. 1) primordial power spectrum. 
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Another possible scenario is the Curvaton scenario where the super horizon 
modes produced during inflation have negligible curvature perturbation. In this 
scenario, we have a second scalar field, the curvaton, that has a very small effective 
mass and produc es the curvatur e perturbation when it oscillates [13:Blj. Unlike 
single field inflation in the curvaton scenario, infiaton only drives expansion. The 
curvaton field does not start to oscillate until the smallest cosmologi ca l scales leave 
the horizon. Ther efore, until then the curvature perturba t ion remains negligible 
lJ3m. 

Although the curvaton decays before nucleosynthesis, it is a much longer-lived 
field. The oscillation in the curvaton field becomes non-negligible in the radiation-
dominated era where Pr ex a- 4 . However, the curvaton dilutes like Pa ex a- 3 lJ3m. 
Thus, the relative density of the curvaton increases proportionally to the scale 
factor leading to curvature perturbations. The total curvature perturbation in a 
weighted sum of perturbations in the radiation era and fluctuations in the curvaton 
fie 1 d [13:Blj 

( = ( 1 - f)(r + f (a (124) 

where the f is given by 

(125) 

Early in the radiation era f-+ 0 thus the curvature perturbation is dominated 
by radiation. The curvaton scenario corresponds to t he case where ( ::::: (a ::::: 0 
until curvaton decay [13:B!. Thus, 

(126) 

where !dee is f evaluated at curvaton decay, ( is evaluated after curvaton decay and 
(a is evaluated well before curvaton decay. Here we are assuming the preexisting 
radiation becomes insignificant or fully combines with the new decay products 
except for CDM. 

If the different species that fill the universe are formed after curvaton decay, 
then the curvature fluctuation in each species only depends on the total curv ature 
perturbation ((). If the species form before curvaton decay th e perturb ation in 
energy density is approximately zero since we are considering a model where the 
curvature fluctuati on from curvaton decay is dominant. If a species is formed by 
curvaton decay, then the curvature fluctuation is going to be set by the quantum 
fluctuations in the curvaton field ((a) l[illlj. Thi s gives us a total of 27 curvaton 
decay scenarios where baryons, lept ons, or CDM form before, after , or during 
curvaton decay [llilllj. 
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Of the 27 curvaton decay scenarios, two of them will lead to CIPs. That is if 
baryons are produced before curvaton decay and CDM is produced by curvaton 
decay or if baryons are produced by curvaton decay and CDM is produced before 
curvaton decay, this will produc e CIPs [1531]. Th e amplitude of th e CIP field is 
even less constrained in the case where f '.:::::'. if!:· 

4.5 Estimating CIP 
As we have seen in the previous sections CIP field has no observable effect on the 
CMB at linear order since pressure transport is only effective on very small scales. 
However, the CIP modulates the fluctuation in CDM and baryon density along 
the line of sight affecting the other wave modes, including the adiabatic mode , by 
perturbing the sound speed of the medium the waves are traveling in. The effect 
could be compared to that of sound waves traveling through a medium in which 
the density varies in space. The wavefront of such sound waves will get deformed 
due to varying sound speeds in different parts of the medium. We can use the 
second-order effects in the fluctuation to photon-baryon speed to estimate CIP 
from the CMB. 

The CIP modes are constant in time. This is because the CIP mode is a 
time-independent solution to the pressurel ess fluid equation and as we have 
seen Section !4.3l for scales abov e th e baryon Jeans length we can safely ignore 
the effects pressure. The fact that CIP modes are time-independent allows us to 
treat CIPs as a spatial modulation of the sound speed. For weekly modulated and 
temporally constant sound speed, we ca n Taylor expand t he square of the sound 
speed with respect to CIP as ll5dl. 

(127) 

Thus th e wave equation for a t emperature fluctuation mode trav eling through this 
medium can be written as 

(128) 

However Eq. !1281 is not an easy equation to solve except for simple transfer func-
tions. Thus, we will limit our attention to the Separate Universe (SU) approx-
imation. T he SU approximation assumes all super horizon (i.e., larger than the 
sound horizon) sized regions to evolve as a separa te universe within which it has 
a uniform density and pressur e that could be different from oth er sup er horizon 
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sized regions ~ - In the case of CMB photons at decoupling, we can take modes 
outside the sound horizon at decoupling to be part of a separate universe since 
the modulations in sound speed in one region will not affect regions outside the 
sound horizon. This allows us to ignore the dynamical effects within th e horizon 
caused by the modulated photon-baryon speed and allow us to treat CIPs as a 
shift in the background density of baryons and CDM. Thus, 

ob (1 + 6.(x)) 
Oc Oc - Ob6.(x) 

(129) 
(130) 

Since we are ignoring the dynamics within the sound horizon, this method is 
only effective for those wave numbers L 100, where L is the CIP multipole. 
This multipole corresponds to the baryon-photon sound horizon at decoupling. 
At smaller scales, we need a better approximation as th e sub horizon dynamics 
become important and we can no longer make the homogeneous and isotropic 
assumption. We are also implicitly assuming that the Fourier modes at this scale 
evolve independently from those modes inside the sound horizon. 

Eqs. !1291 and !1301 imply that the transfer function, which only has time depen-
dence without CIP, now has both position and time dependence. For scales above 
the thickness of the last scattering surface (':'::' 19 Mpc) we can take the pertur-
bation in the baryons to be the same at this scale during decoupling [15:B!. Thus, 
at these scales (L 870) we can take the position dependence of the transfer 
function to just be a directional dependence. In our case, the modes with L > 870 
are already excluded by the SU approximation so we can just treat the transfer 
function as having direction dependence due to modulation by the CIP field. 

By assuming a weak CIP field, we can Taylor expand the transfer function 
thus observed temperature as ll5BII 

(131) 

where Tobs is the observed CMB temperature anisotropy map, 6. = sf;;P and n is 
the direction along the line of site. 

If we follow similar steps like the ones we followed to calculate the effect of 
lensing on the CMB power spectrum in Section @I, we will find that the power 
spectrum observed after CIP is given by 1331] 

CTT,obs = cTT + J d2 
L cd_,T,~T Ct:,.t:,. + CT,d2T J J2 L Ct:,.t:,. 

l l (21r)2 ll- £1 L l (21r)2 L ' (132) 

= C[T + <5C[T,6.' 
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where l and l 1 are CMB multi pole numbers at different position of the sky, L is 
the CIP multipole number, and 

\ a:g) a:f)) = (21r)2CldT,dT i5g) (f+ P), 

( T(fj IJ'Jb.~-,) ) cc (2,r)2crd'T ogi (f + P) . 
(133) 

By looking at the convolution integral in Eq. !132~ we can see the qualitative 
effects of CIP are similar to those of lensing. Like lensing, at large scales, CIP 
smooths out the peaks of the power spectrum and moves them to small scales. 
This effectively narrows the distance between the crests and the troughs of the 
oscillations in the CMB power spectrum at large scales. Power is transferred to 
small scales due to baryon pressure which only becomes important for£::::: 106 . 

We are going to assume that the primordial CMB mode and the CIP field are 
pulled from uncorrelated and independent Gaussian distributions. However, the 
universe only gives us one realization of each. Thus, the particular realization of 
the CIP field we observe experimentally is indistinguishable from a single fixed 
CIP field. A single fixed CIP field however will break statistical homogeneity and 
isotropy in the CMB ~ - Thus, just like with lensing , t he CMB temperature 
and polarization multipoles are no longer uncorrelated. The CIP field will induce 
corr elations between different temperature and polarization multipoles. We can 
use these correlations to reconstruct the CIP field. In particular, we can use a 
version of the trispectrum estimator discussed in Section 1£1 to estimate CIP from 
higher-order correlations in the CIPed CMB anisotropy map. 

Estimating CIP from other sources, 

CIP effects are also observable from several other signals in the early universe 
including big bang nucleosynth esis l[llj, th e 21-cm angular power spectrum [15]]], 
scale-dependent galaxy bias and others. In this section, I will give a brief 
description of how these signals can be used to constrain CIP. 

One signal from the early universe that can be used to constrain CIP is the 
prediction of light element abundances in Big Bang Nucleosynth esis (BBN) and 
th e experimental observations of thes e predictions. According to BBN, the bary on 
density is tightly constrained by extragalactic deuterium abundance with jj ex 
p"i;1 6 

~ . This can also be used to constrain spatial modulation of baryon density. 
There are three different scenarios of baryon inhomogenity according to scale [Ifill]. 

38 



Matiwos Mebratu DeepCIP. April 6, 2021 

If the spatial modulation of baryons is on scales smaller than the diffusion scale 
during BBN, it will affect BBN itself. This model will overproduce lithium and 
even if these model is not completely ruled out, it has since fallen out of favor 
[ml. If th e spatial modulation of baryons is on a scale larger than th e diffusion 
length scale but still smaller than our galaxy, BBN is not directly affected by these 
fluctuations, but the observations we make in our galaxy are going to be a blend of 
multiple regions that individually undergo BBN at different baryon densiti es and 
"smears out" the standard prediction of BBN on abundance f57I. Flu ctuations 
of baryon density could also be on the level of cosmological sca les today [[ul this 
means measurements of abundance at cosmological scales sample volumes that 
underwent BBN independ ent ly and not blends. In this case, constra ints from i 
will produces limits on spatial modulation of baryon density such that 8Pb < 0.27 

Pb -
at 95% confidence level lfi7l. Thus, abundances of light elements (Deuterium, 
Helium, and Lithium) could be used as a probe of spatial modulation of baryon 
and thus CIP. 

Another signal that can be used to constrain CIP is the angular power spec-
trum of the 21cm absorption by neutral hydrogen. In addition to lensing and 
scattering by galaxies, CMB photons are also absorbed by sources along the line 
of sight [ll:illlj. Of these, absorption by neutral hydrogen's sp in-flip transition that 
occurs at wavelengths 

A= 21.1(1 + z )cm, (134) 
where 30 ::; z ::; 300 gives us useful information about the distribution of neutral 
hydrogen and thus baryons in the early universe ll5II]. As we have seen in Sec-
tion I±], the effect of CIPs can be approximately described as spatially modulating 
the baryon and CDM density. Thus, in the presence of CIP, there will be more 
absorption of the CMB photons at the 21 cm wavelength for regions with bary on 
overdensity and we can use this signal to probe CIP. 

Like the CMB power spect rum, the galaxy matter power spectrum also poorly 
constrains CIP [Ifill]. However, there are many ways in which the ratio of baryon 
density to CDM density affects galaxy formation. Of th ese, the effective clustering 
of dark matter before recombination has the dominant effect ~ - This is because, 
before recombin ation, baryons are tightly coupled with photons and thus cannot 
cluster yet, but CDM can effectively cluster. Thus by modulating the density 
of CDM, Compensated Isocurvature Perturbation affects galaxy formation. The 
leading effect of CIP on the fluctuation of galaxy density is given by Ifill 

6g(k, T) c:::'. b(z)6m(k, T) + btc(z) [6tc(k, T) + f ~(k)], (135) 

where f = l + ~, 6bc is th e corr elat ed primordial CIP field, b is th e baryon density , 
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bbc is the primordial baryon density, and Di.(k) is given by 

6 = 5H
2
0m Ao . 

2ak 2 m 

April 6, 2021 

From Eq. !l35lwe can see that th e effect of the primordial CIP field leads to a galaxy 
bias that becomes increasingly important at large scales. Given an unbiased tracer 
of the total matter density, the amplitude of CIP can be measured using a simple 
variance ca ncellation [l5.8)j. 

5 Estimating lensing and CIP from the CMB 

5.1 Minimum variance trispectrum estimators 
As we have seen in Section ~ and Section ffi specifically in the equations Eq. 
and Eq. !132l lensing and CIP create non-Gaussianity in the CMB by correlating 
different Fourier modes. The connected n-point correlation function is a cor-
relation function between n connected points and since its value is zero for a 
Gaussian distribution for n > 2 we can use it to test the non-Gaussianity in the 
CMB introduc ed by lensing and CIP. Here I am going to summarize how to use 
the trispectrum (i.e., the four-point correlation function) to estimate the lensing 
potential power spectrum in the flat sky approximation. For full-sky treatment 
see Ref. lE2I]. A similar approach ca n be used to est ima te the CIP field power 
sp ectrum ll33.I]. 

Consider the two-point correlation function of the observed temperature map 
after lensing with a fixed lensing map. As can be calculated from Eq. by 
only taking terms linear in t he lensing potential and as shown in Ref. [13:2] we can 
calculate the correlation function using 

\ T([)T(l')) obs = hr(( r)1j] (f + F) ) (136) 

where 1/J is the deflection angle, f -/-l', and hr is given by 

(137) 

The lensing field 1/J is statistically isotropic and has zero mean. However, by 
summing over the appropriate averages over Fourier modes we can estimate the 
deflection angle d(n) using m:21 

_, Arr(L) j d2li _, , _, (_, _,) 
drr(L) = L (21r)2 T(l1)T (h)Frr li , l2 (138) 
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where G = L- and the normalization is chosen so that I drr(L)) = d(L) = 
\ CMB 

L'lj)(L). Thus, 

(139) 

In Eq. !1381 we can see that Frr serves as a weight for the temperature values at 
different pairs of multipoles as we average over them. Its value can be estimated 
by minimizing the variance given by (dfr(L)drr(L) ) where 

(140) 

Here Cfd is the power spectrum of the deflection field. This variance gives us the 
trispectrum as L = l~ + l~ and L' = l~ + z: and by multiplying the deflection field 
estim ator with itself we are multiplying four multi poles together. The J( L - fr) 
in Eq .11401 insures that the trispectrum is a connected one as l~, l~, G and Z: make 
a quadrilateral in this case. The value of Frr is then determined by minimizing 
this variance and is given by ll33l 

(
_, _,) _ hr (ti, G) 

Frr li,h = TTt TTt· 2C · C · 11 12 
(141) 

Lensing can also be estimated from polarization maps and a combination of tem-
perature and polarization maps. Thus, we can define six estimators da.(L) anal-
ogous to the the one in Eq. !138l where a= {TT,EE,BB,TE,TB,EB}. Th e 
results ar e discussed in Ref. 1321] and others. Of th ese estimators, th e EB estima-
tor gives the largest signal-to-noise ratio as th e unl ensed B-mode power spectrum 
doesn 't contribute to the noise variance 132]. 

Lensing reconstruction with deep learning 

The minimum-variance estimator defined in Eq. !1381 is a quadratic estimator since 
it is quadratic in the CMB maps. It provides us with full information about the 
trispectrum in the linear approximation lfilll. However, lensing affects higher-order 
correlations in the CMB temperature and polarization anisotropy maps and those 
effects are not fully captured by the estimator and could bias the power spectrum 
predictions [IB3lj. The quadratic estimator is close to optimal at current noise 
levels but is not going to be optimal for future experiments when the noise level is 
reduc ed to a few µK-arcmin ~ . Iterativ e maximum likelihood estimators have 

41 



Matiwos Mebratu DeepCIP. April 6, 2021 

been proposed by Refs. lB3I, ~ , and others where the estimated lensing potential 
is used to delens the data. Then a new lensing potential is estimated from the 
new map and the process is repeated until the map is sufficiently delensed. In this 
section, I am going to discuss anoth er method of estimating lensing using Deep 
Neural Networks proposed in Ref. [lfililj. 

In Ref. !BEi the authors train a deep convolutional neural network (i.e., a 
ResUNet) to map lensed Q and 0-maps to an unlensed E map and a gravitational 
convergence map, K,. Res UN et which stands for a Residual U-Net is a feed-forward 
deep conventional neural network. In this kind of neural network, information is 
passed forward from layer to layer where each neuron will apply an activation 
function to the output of a subset of neurons from the previous layer. The results 
are optimized by backpropagating the errors from the output layer. Convolutional 
neural networks ( CNNs) are used mostly for image processing since th ey are a good 
way of learning spatial information. Since each pixel in a CNN is a function of 
the number of neurons defined by some window function , both local and global 
information can propagat e. 

In Ref. m:ril, they implemented a UN et architecture that takes a simple en-
coder and decoder and added skip connections between the encoder and decoder 
so that small-scale information, which could be lost when the image is encoded 
into smaller pieces, can propagate. Each neuron in the network has a 5x5 convolu-
tion with Scaled Exponential Linear Un it (SELU) activ ati on function. They also 
added batch normalization to normalize the output of each layer for smother train-
ing, a dropout to avoid overfitting, and residual connections to improve training 
performance. 

They simulated 11200 5° x 5° CMB maps taken from 70 full-sky maps . The 
images are projected onto a 128 x 128 pixel map. They divided the data into 80 : 
10 : 10 proporti ons into training, validation , and test sets. The se sets are chosen 
from different full-sky maps to avoid contamination of the validation and test set~ 
by the training set. They also added various noise levels to the input lensed Q 
and 0-, a one arcmin beam smoothing, and an apodization mask. They used the 
model to extract the unlensed E map and the convergence map from lensed Q 
and 0-. They compared the network's estimate of E and k with their actual values 
from th e simulations and found out that for noiseless inputs the model can predict 
E and K, pretty well to within a few tens of percent of the maximum pixel value 
of the input maps. With noisy inputs , they found that the mod el can captur e 
larg e-scale information pretty well. Th e convergence map's recovery especially 
degrades for higher noise levels. They also found that, for both small and larg e 
scales, E-mode recovery is less efficient than recovering K,. When comparing their 
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results to that of the quadratic estimator, they found that for input noise levels 
less than 5µ K-arcmin, their model performs better (i.e., have lower noise) than 
the quadratic estimator for angular scale L < 2500. They also found that the 
model has comparable performanc e to that of itera tiv e delensing processes. To 
make sure the model has not overfitted the cosmological model, they tested it 
using Q and U maps produced by different cosmologies and they found that the 
model is sensitive to different cosmologies. 

6 Simulation description 
We aim to produce lensed and CI Ped CMB maps that are to be fed into a CNN, 
similar to the one discussed in Section !5.lL for lensing and CIP estimation. To 
train the machine learning model, we need to produce multiple realizations of 
CMB temperature and polarization maps and simulate the effect of lensing and 
CIP on those maps. We then are going to feed th e neural net multiple realizations 
of our maps both with and without CIP so that the model can effectively estimate 
the mapping between the two. Our simulation produces a realization of the CMB 
from a scale-invariant primordial power spectrum (Ak- 3). Our code th en allows 
us to apply transfer functions to get CMB tem perat ure and polarization maps. 
We can also lens and CIP the maps. 

Several other cosmological packages produce CMB temperature and polariza-
tion maps with lensing and CIP effects. However, we had to develop a new way 
of simulating CIP. This is because to properly train the machine learn ing model 
to estimate CIP, we need the primordial maps associated with the CIPed temper-
ature and polarization maps and the previous method of producing CIP does not 
separately produce the primordial maps. 

In this section, I will outline how we simulate the primordial CMB realization s 
(Section r:, apply transfer functions (Section l6.3D, produce polarization maps 
(Section 6. and apply lensing (Section ~ and CIP (Section l6.6D effects. How-
ever, before I describ e our simulations, in Section !6. lL I will motivate the reaso n 
behind why we programmed these simulations by discussing the previous method 
of simulating CIP and why this meth od is not suited for our purposes. 

6.1 The previous method of simulating CIP 
To simulate the effects of CIP on th e temperature anisotropy of the CMB, we 
need to produce non-Gaussian temperature maps with C{J.f:!. /= 0 and a given 
trispectrum. However, we also want the overall power spectrum of the map to 
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be given by err. We can achieve this by decomposing the map into three term s 
such that mB! 

(142) 

A1m can be chosen from an arbitrary but random Gaussian field. B1m is correlated 
with A1m and the primordial CIP field and is added to ensure the simulated maps 
have the desired trispectrum. B1m is given by [lfililj 

where 8.LM is a fixed Gaussian CIP field characterized by the power spectrum 
efE>. Thus [IEBlj 

( 
l/ L ) 2 eLE,E, (c1;',dT) 2 

Cl
BB = " (2! + 1) (2/1 + 1) l 

D Q Q Q X elA,A ll' 47f 
(144) 

e1m is chosen so that it will make the total power spectrum work out to be err 
and is chosen from the power spectrum given by ef O = err - efA - ef B. 

It is clear that by definition, this algorithm produces a tempera t ure map with 
a given power spectrum. We have also chosen B such that the map will have a 
particular trispectrum. Thus, this algorithm allows us to produce a temperature 
map with a given power spectrum and CIP trispectrum. However, this method of 
simulating CIP is not suitable for our purposes since we do not use the primordial 
power spectrum explicitly anywhere in the algorithm and the CIPed maps are 
produced in just one step. To train the machine learning algorithm to properly 
estimate CIP, we need the primordial map both with and without CIP. So we 
need an algor ithm that takes in th e primordial temperature map and produces 
the CIPed version of that map, not an algorithm that produces only the CIPed 
map with no associated primordial map. I will out line the steps of t he algorithm 
we used to create CIPed maps from primordial CMB realizati ons in our code in 
Section !Kill 

Toy model of variance 

We can better understand the standard map-making algorithm by considering 
the simpler problem of producing a random lD field with a given variance and 
4-point correlation. Let A be a Gaussian random field with a varianc e aA, B be a 
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field that is correlated with A and the primordial CIP field and C be another 
Gaussian field to make the total variance of the temperature field to be of Thus, 

T = A+ B + C =A + o:A~ + C. (145) 

It is clear that for the variance for T to be err, we need the variance of C to be 

2 2 2 2 2 2 222 ere = err - er A -erB = err-er A - a erAeril. (146) 

The trispectrum is then given by 

(147) 

If we substitute B = o:A~ and work out the resulting equation, we get 

For Gaussian fields (X 2 ) = er3.,-and (X 4) = 3er1, If we take this fact into account 
and use Eq. !146l we get 

(149) 

As we can see from Eqs. and rn, by choosing the appropriate values for ere 
and o: we can produce temperature values with a given variance and trispectrum. 
Ignoring all complicated details, this is what the map-making algorithm in sec-
tion !6.1! essentially does. However, note that at no point are we generating a 
primordial map that gets modulat ed by the CIP field. 

6.2 Producing primordial maps 
In this section, I am going to describe how our code generates primordial CMB 
maps from a given power spectrum. To generate a 3D realization, we start by 
making an n x n x (n/2 + 1) array and fill it with random values generated from 
the power spectrum. This is used to represent the upper half of a cube of size L 
and with pixel size ~L. The number of pixels in one dimension of the cube, n , 
is determined by fL. We generate the realizations in Fourier space and use the 
fact that we are generating a real field to copy the values from the upper half of 
the plane to the lower half of the plane. This is because the Fourier transform 
of a real-valued function is conjugate symmetric and thus to get all the Fourier 
coefficients we only need to calculate half of th em. 
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For each mode k, we generate a random amplitude (A) between O and 1 and 
a random phase (1/J) between O and 21r. We use these values to sample both the 
real and imaginary values of a forward-moving wave from a Gaussian distribution 
with variance given by the power spectrum (P(k)) using the following equations 

real(((k)) = cos( 1jJ) 
P(k) 

(- log(A) (£3) ), (150) 

imaj(((k)) = sin(1j;) 
P(k) 

(- log(A) (£3) ). (151) 

Eqs. !1501 and !1511 are written in terms of wave number, but we only know the 
index of the different positions in the arra . Therefore, to go get the wave number 
form index, we use the fact that lkl = k';, + k; + k: and kx,y,z = ix,y,zllk. This 
gives us a range of wave number values in terms of index, where kmin ::::; kx,y,z = 
ix,y,zllk ::; kmax· We can calculate kmin and kmax in the flat sky approximation 
using ;L and 2;, respectively where ;L is th e Nyquist frequency. Once we find 
k, for each wave number, we can use the primordial power spectrum to calculate 
the momentum space values for the primordial maps. The 13 factor in Eq. 11501 
and Eq. 11511 come from discretizing the continuous power spectrum as shown in 
Appendix []. 

To calculate 2D maps, we create an x ( n /2 + 1) array and we generate the map 
the same way we do it for 3D realizations with the exception that normalizati on 
of the power spectrum used in Eqs. !1501 and !151~ 13 , is replaced by 12 • As we did 
for the 3D realizations, we are going to use the conjugate symmetry in Fourier 
space to fill the lower half of the x-y plane. 

Once we populate the Fourier space map with randomly generated values, we 
use an fftv.EJ algorithm to get the real space map. The convention we used for the 
normalization of th e discr ete Fouri er transform is similar to that of Eqs. 
and The code also allows us to take a 2D slice of a 3D map. To do this , 
we take a slice of the 3D map in real space by slicing the array in the 2 direction 
at a particular index. We do this by taking the values from the 3D array with 
index i such that Ssize]slice ::::; i < Ssize]slice + n x (n + 1), where Ssize is the size 
of a slice (i.e., n x (n + 1)) and ]silce is the index we want to take the slice at. 
We can then take the forward Fourier transform to get the Fourier space map and 
calculate the power spectrum. 

2http://www.ff.tw.org/ 
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Figur e 6: 'I\vo rea lizations of the primordial adiabatic fluctuation map produc ed 
by our simulations. 

6.3 Applying Transfer Functions 

Once the primordial map is produced, we use can it to produce the tempera-
ture and polarization maps by applying the temperature and polarization trans-
fer function, respectively. As we have seen in Section !2.2l we can separate the 
perturbations in the different species th at fill the universe, in Fourier space, int o 
a primordial amplitude and transfer function. For temp erature and polarization, 
this gives us 

JX(k) = ((k)Sx(k,'r/dec), (152) 

where X = { T, Q, U} and 'r/dec is the conformal time of photon decoupling. As we 
can see from Eq. !152l we can multipl y a realization of the primordial map with 
the temperature or polarization transfer function to get the CMB temperature or 
polarization map , respectiv ely. To do this, we load t he transfer functions from 
CLASS. Th e data from CLASS is discrete, so we linear interpol ate it to get a 
continuous function. Then for each index on the map (ix,iy, iz) we can find k 
using the steps outlined in Section ~ and use our interpolation function to get 
the transfer function. We then multiply ((k) with Sx(k, r-,0) to get the field 's value 
in Fourier space. We can then inverse Fourier transform th e maps to get th e real 
space map . 
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Figur e 7: Figure ~ and Figure lz!2] show the real space prim ordial temp erature 
maps aft er appl ying the temp erature transfer functions to the t wo reali zations of ( 
in Figur e ~ and Figure 1§:§] respecti vely. Figur e lrg shows th e temp erat ure tra nsfer 
funct ion prod uced by CLASS and is used in makin g t he tempe rat ure maps. 

6.4 Polarization 
Once we generate t he prim ordi al map, we can ca lculate t he polarizat ion maps. 
Accordin g to Eq s. 1§11 and ~ we need to mult iply t he prim ordi al map in Fourier 
space with f (µ) = ¾(1 - µ2) where µ= k-n = cos(0). Wh ere th e polar angle of k is 
given by 0. We have a lready seen in Sect ion !2.4!tha t in the app ropr iate coordinate 
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system, the polarization only has Q component i.e. , for each light ray along the 
line of sight we can choose a coordinate system such that the polarization only 
have Q component. However, we want to describe the polarization of the sky in 
a fixed coordinate system. This means we will rotate Q and U with angle <Pk· In 
Section !2.41 we have also seen that <Pk is the angle the wavevector makes with the 
x axis. Thus, according to Eq. Ell], we need to multiply Eqs. 1§11 in Fourier space 
with cos 2r/>k and sin 2r/>k to rotate U and Q resp ect ively to the fixed coordinat e 
system. This means the prim ordial polarization map in Fourier space is given by 

- 3 k; - k; k; + k; 3 k; - k; 
U(k) = 4((k) k2 + k2 k2 = 4((k) k2 

X y 
(153) 

and 

(154) 

2 2 k2 k 2 k2 k2+k 2 
Here we used 1 - µ = l - cos (0) = 1 - = = = From here it k2 k2 k2 . ' 

is straightforward to implement Q and U as we have already ca'.'lculated ( and we 
know how to get k from index. Once we get th e primordial Q and U maps, we 
can multiply them by the polarization transfer functi on and Forward transform 
the map to get the real space Q and U maps. Once we calculate Q and U, we use 
Eq. to calculate E and B. 

/IX u /IX 
10.5 

9.00 ... 
6.7S 6.3 

4.50 4.2 

2.25 2.1 

0,00 0.0 

-2.25 -2.1 

-4 .50 -4.2 

-6.75 -6.3 

-9.00 -8.4 

(a) (b) 

Figure 8: Q and U polarization maps produced from the same primordial real-
ization. 
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We generate realizat ions of the lensing potential the sam e way we produ ce 2D 
realizations of the primordial map outlined in Section I£]. The only difference 
being we use P(k) = jciff, where ct ,f; is t he lensin g poten t ial power spectrum 
produc ed by CLASS, inst ead of t he scale-invariant power spectrum used m sec-
tion lK21. 
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Figure 9: Two realizati ons of the lensing potential map produ ced by our simula-
tions . 

Lensing temperature and polarization maps 

As we have seen in Sect ion [II, for weak lensing, we ca n use the series expan sion 
of temperatur e over the deflection angle t o ca lculat e th e effect of lensing on th e 
temperature realizati on. In thi s case, we can use Eq. [[§I to ap ply the lensin g 
pot ential on th e CMB t emp eratur e maps. To apply Eq. IT:21 we have t o be able t o 
take t he gradi ent of the tem pera tur e an d the lens ing pot enti al (1) in real space . 
We can take advant age of a prop ert y of Fourier t ransforms t o easily, efficient ly, 
and accura te ly get th e gradients of T a nd 1/J. Namely, we ca n relate a gradi ent 
and its Fourier transform by 

(155) 
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From this, we can see that 
VJ = iff. (156) 

To calculate the real space lensed temperature map, we can start by first calcu-
lating the derivatives in Fourier space using Eq. !1561 and then doing the following 
four Fourier transforms 

.----> ~ !IT O'lp .----> ~ !IT O'lp 
(157) ilx1/J --------+ 80x, i ly 1P --------+ 80 , y 

.----> ~ !FT 8T .----> ~ !IT 8T 
(158) ilx T --------+ a , ilyT --------+ a, 0x 0y 

where '0 is the lensing penitential, T is temperature, lx and ly are angular wave 
numbers and 0x and 0y are used to measure the angular distance. We use the 
same procedure for the second derivatives. We then add and multiply the terms 
in Eq. IT]g to get the lensed temperature map in real space. We can also lens 
polarization maps the same way using the derivatives of the polarization maps ( Q 
and U) instead of T. We can then calculate the lensed E and B modes from the 
lensed Q and U maps in the same way as described in Section 16.41 using the lensed 
maps instead of the unlensed maps. In our code, the routine for calculating E 
and B mode maps seem to work properly for unlensed maps but doesn 't work as 
expected for the lensed B mode. Thus, instead, we use the CMB lensing package 
QuicklernE] to calculate E and B. To do this, we modified Quicklens to allow us 
to import our Q and U maps and use them to calculate E and B. It is important 
to note here that, other than for testing purposes, we actually do not need to 
calculate E and B since we only need Q and U to train the machine learning 
model. 

3 https: / / github.com/ dhanson/ quicklens 
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Figure 10: T, Q, and u maps before (left side ) and a fter (ri ght side ) lensin g 
produ ced by our simulation using the same primordial realizati on . 

52 



Matiwos Mebratu DeepCIP. April 6, 2021 

6.6 CIP 
The method we used to simulate CIP 

In Section !6. lL we have seen a method of simulating CIP that is not suited for 
our purposes. Another way to simulate CIP is to Taylor expand the temperature 
transfer function with respect to the CIP field as shown in Eq. !13H This is the 
method we used to produce CIPed maps in our simulations. We first generate a 
CIP map using the same technique we generated the primordial map in Section !6.2! 
using a scale-invariant power spectrum. 

As we have seen in Section !2.2l we can decompose the temperature values in 
Fourier space as a multiple of the primordial amplitude and the transfer function. 
Since the primordial amplitude is independent of the CIP field the first and second 
derivatives in Eq. !1311 can be taken in Fourier space as derivatives of the transfer 
function multiplied by the primordial adiabatic amplitude. Therefore, we can 
write the CIP correction to temperature in Eq. !1311 as 

oT(n) '.::: ll(n)F-1 ( (8Sr~~ 'r/dec) ll>=J + i [ ll2(n)F-1 ( (82 SJ1'2'r/dec ll>=J l · 
(159) 

We made two copies of the primordial map. We then take the transfer function 
produc ed from class and numerically calculat e th e first and second derivatives 
with respect to the CIP field. This is essentially the same as calculating the 
derivatives with respect to the baryon fraction. We applied the first derivative 
of the transfer function to one of the copies and the second derivative of t he 
transfer function to the other copy. Inverse transforming these gives us gr and i:~ respectively, in real space. From here we have everything we need to calculate 
the CIP corr ections to th e CMB t emperature map using Eq. !159i To calculat e CIP 
corrections to Q and U polarization maps, we can use the same method excep t we 
need to use the polarization transfer function instead of the temperature transfer 
function. Unlike the method outlined in Section [TI this method allows us to 
create a CIPed temperature map from a given primordial map. We can then feed 
the maps, both with and without CIP, to a machine learning model to train it to 
map between the two. 
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Figure 11: Simulated CIP field, CIPed temperature map, and the derivatives of 
the transfer function used in simulating CIP. 

6. 7 Power spectra calculation and binning 

To calculate the power spectrum from the simulated temp erat ure and polarization 
maps, we use Eqs. ~ and ~ These are the two-dimensional and three-
dimensional discretized versions of Eq. respectively. For each pixel in our map , 
we find the value of wavenumber using the steps outlined in Section 16.2! and find 
the power spectrum by taking the norm of the temperature or polarization value 
at that pixel. As we can see from Eqs. and IAJ70l we need to divide this 
value with L2 (for two-dimensional maps) or L3 (for three-dimensional maps) t o 
get the actual discretized power spectrum value for each wavenumber. We then 
bin the power spectrum into N wave number bins and calculate the mean power 

54 



Matiwos Mebratu DeepCIP. April 6, 2021 

spectrum within each bin to get the average power spectrum of the bin. The l 
value representing this bin is taken to be lprev + ";}, where lprev is the l value where 
the previous bin ends and Sb is the size of each bin. This is essentially the l value 
at the middle of each bin. The bins are of equal size, Sb, given by lmax;/min . We 
also use the CMB lensing package Quicklens interchangeably with our code to 
calculate temperature and polarization power spectra since Quicklens allows us to 
calculate the average power spectrum of multiple realizations. 

The error bars for the power spectrum of a single realization are calculated by 
taking the standard deviation of the power of the wavemodes that contribute to 
a particular bin. The error bars for the power spectrum averaged over multiple 
multiple realizations are calculated by taking the standard deviation of the power 
spectra of all the realizations. 

7 Testing the Code 

7 .1 Testing the calculation of 2D power spectrum 
Most of our simulations involve producing 3D temperature and polarization maps 
and converting them to 2D maps by taking a slice in real space. This is because 
even though T, Q, and U are simulated in 3D, the observed CMB, under the 
instantaneous decoupling approximation, is a 2D slice of a 3D realization. Also, 
E and B are two-dimensional quantities thus when calculating E and B we need 
to use the two-dimensional Q and U maps. Therefore, we must be taking these 
2D slices and calculating the 2D power spectrum correctly. 

We used the primordial power spectrum to test if we are calculating the 2D 
power spectrum corr ectly. This is a convenient test since th e 2D primordial power 
spectra have an analytical solution that can be derived from the analytical expres-
sion of the 3D primordial power spectrum as shown in Appendix []]. We followed 
the steps outlined in Section !6.21 to first calculate the 3D primordial map. Th e 
amplitude of the power spectrum was set to A = l. We then took a slice of the 
3D map in real space and forward transformed it to get the 2D primordial map 
in Fourier space. We produced 1000 different realiza t ions of these 2D slices and 
fed the results to quickens to calculat e th e average power spectrum. We used th e 
analytical 2D primordial power spectrum calculated in Appendix []I, especially 
the result in Eq. to compare our result with the analytical one. The results 
are shown in Figure I!]]. 
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Figure 12: Comparison between simulation and analytical results of the 2D pri-
mordial power spectrum with amplitude A = l. The simulation results were 
produced by averaging over 1000 realizations. 

As we can see from Figure 1111, the analyti ca l power spectrum matches the one 
from our simulation. This shows that we are correctly calculating the 2D power 
spectrum. It also shows that we are producing 3D maps and taking 2D slices of 
3D maps correctly. 

7.2 Testing the calculation of 3D power spectra 
We simulated 3D primordial rea lizations using th e steps outlin ed in Section !6.21 
and calculated the average power spectrum of over 10,000 realizations of the 
CMB. Quicklens can only calculate 2D power spectrum, so we used our own code 
to calculate the 3D power spectrum and average the resulting spectra. Figure ~ 
shows the comparison between the resultin g power spectrum and the analytical 
scale- invariant power spectrum. 
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Figure 13: Comparison between simulated and analytical 3D power spectrum 
where the amplitude of the primordial power spectrum A = 1. The simulation 
results were produced by averaging over 10,000 realizations. 

7.3 Testing the temperature and polarization power spec-
trum using results from CLASS 

We generated 1000 primordial realizations and applied temperature and polariza-
tion transfer functions to each realization to calculate the temperature and po-
larization maps respectively. We also produced the lensed version of these maps. 
Using Quicklens we calculated the average temperature and polarization power 
spectra for both the lensed and unlensed maps and compared the results with the 
power spectra produced using CLASS. The results are shown in Figure [!]]. The 
results are close to what we get from CLASS. However, the power spectra from 
our simulations and CLASS are not an exact match. We think this is because 
we are using an instantaneous recombination assumption in our simulation while 
CLASS uses a visibility function. 
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Figure 14: Comparison between temperature and polarization power spectra pro-
duced using CLASS and using our simulations. Th e simulation result s were pro-
duced by averaging over 1,000 realizations. 

8 Discussion 
The unpr ecedent ed precision of the next -generat ion CMB experiment s will allow 
very precise measurements of the anisotrop ies of the CMB. The predicted noise 
level of these experiments implies that the quadratic estimator used to estimate 
lensing and CIP is no longer optimal. Thus, the search for other estimation meth -
ods is very well motivated . One promising avenue for this search is using deep 
learnin g algorithms to estimate lensing and CIP and get more precise estimations 
of these secondary anisotrop ies by taking advantage of the higher-order correla-
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tions in the CMB by these anisotropies. 
In this thesis, we presented a new way of simulating CI Ped CMB maps that are 

suited for training a machine learning model to estimate isocurvature contributions 
to the CMB. This method, using the separat e universe approximation, allows 
us to produce the primordial CMB maps both with and without CIP. This is 
particularly useful in using deep learning to estimate CIP since a deep learning 
algorithm would need both the primordial temperature map and its CIPed version 
to learn the mapping between the two. 

In future work, we plan to implement a ResUNet deep learning network similar 
to the one described in Ref. [IB:5lj and use the realizations from our simulation to 
train the model. Before we take this step in using our simulations, ther e ar e a 
couple of problems we need to fix. Although the TT, EE, and TE power spectra 
have the expected shape and number of peaks, they are not an exact match to 
the one generated from CLASS. The fact that both the primordial 2D and 3D 
power spectrum from our simulation is an exact match with their theoretical 
counterparts suggests that the difference in th e power spectra is probably becaus e 
we are making the instantaneous recombination assumption in our simulations 
while CLASS uses an actual visibility function. In future work, we will need to 
compare our results with those of CLASS by either producing temperature and 
polarization power spectra under the instantaneous recombination assumption or 
by adding a visibility function to our simulations. We are also currently actively 
investigating the mysterious bump in the B-mode power spectrum at small scales 
that is discussed in appendix II] and can be seen from Figure IB£l. After fixing 
these issues and running more tests like calculating the integrated Sachs-Wolfe 
effect from our simulations, calculating the trispectrum of the lensed and CIPed 
maps, and producing deterministic maps with well known Fourier transforms and 
comparing their Fourier transforms with their analytical counterpart we should be 
able to use the realizations from our simulations to train th e deep learning model. 

Although not tested on experimental data yet, the ResUNet deep learning 
model in Ref. llfililJ serves as a proof of concept that deep learning methods can do 
better than quadratic estimators in lensing estimation. In particular in Ref. lJB:51 
the authors showed that for input noise levels less than 5µK-arcmin, the QE is 
outperformed by ResUNet in recovering the unlensed E-mode map. Even if this 
turns out not to be the case for experimental data, the work done in Ref. [l[i'.I] in us-
ing ResUNet to simultan eously reconstruct both lensing and patchy reionization 
showed that deep learning models provid e us a simpler way of estimating sec-
ondary anisotropies when more than one secondary anisotropies are present. This 
is because in the case where more than one secondary anisotropies are present, 
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the QE method will be more complicated due to the possible correlation between 
the secondary anisotropies. Following Ref. [IE1l, we plan to train the deep learning 
model to estimate two secondary anisotropies, in our case lensing and CIP, from 
the CMB. 

1 Appendix 

1.1 Discrete power spectrum in two and three dimensions 
In this section, I am going to calculate the discrete power spectrum for two-and 
three-dimensional temperature distribution in the flat sky approximation. I am 
going to outline the calculation for the 2D case and state the results for the 3D 
one since they follow the same procedure. Let T(x 1,x 2) be a temperature function 
in 2 dim ensions. Its Fouri er transform is given by 

(A.160) 

Lets assume that the patch of the sky we are considering has the same size in 
all dimensions (i.e., X1max = X2max) and so is the pixel size. We can write X1 as 
a1.6.x and x 2 as a2.6.x where .6.x is the pixel size, -(N - 1) S: a; S: (N - 1) and 
N = x:i'i "". We can do th e same in frequ ency space and writ e k; as b;.6.k where 
-(N -1) S: bi S: (N -1). Thus the discrete forward and inverse Fourier transform 
for n = 2 is given by 

N-1 
(.6.x)2 L T(b1.6.x,b2.6.x)e-i(a1b1+a2b2)!:lxf:lC, (A.161) 

We know that .6.£ = and thus .6.£.6.x = 2N1r. We also know that £; = a;.6.£ = 
Xma::c 

ai Jlx. For £max this translates to £max = 1:-However , for real functions half 
of th e points are redundant due to symm et ry. Th e max wave number is given by 
Nyquist frequency, so fmax = ;x. If we plug these into Eq. !J\.1611 and Eq. 
we get 

60 



Matiwos Mebratu DeepCIP. April 6, 2021 

N - l 
(.6.x)2 L T(b1.6.x, b2.6.x)e-i(a1b1+a2b2)*' (A.163) 

For continuous temperature function, th e 2D power spectrum is given by 

In real space 

(T(x)T(x') ) 

(A.165) 

(A.166) 

(A.167) 

We can calculate the discrete power spectrum by plugging the equation Eq. 
into Eq. li\ .167!and discretizing Eq. lAJ:§11. This gives us 

(A.168) 

Thus for n = 2, th e discr ete power spectrum is given by 

(A. 169) 

For the last part we took advantage of the fact £x = a 1.6.£ and £y = b1.6.£. For 
thr ee dim ensions n = 3 if we follow th e same steps abov e, we get 

(A. 170) 

1.2 Taking a 2D slice of the primordial 3D power spectrum 
In our code, we can produce both 2D and 3D CMB maps. We ar e also able to 
take a 2D slice of a 3D map. Thus, it is import ant to outline t he relationship 
between th e 2D and 3D power spectrum. In this secti on, I am going t o derive th e 
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analytical expression for the primordial 2D power spectrum by taking a slice of 
the 3D power spectrum. 

The primordial power spectrum in three dimensions is given by 

(A.171) 

If ((k) is the map in 3 dimensions we can get the 2-dimensional map by taking a 
slice of the real map at z = z0 

(slice(x, y) = J dz((x, y, z)oD(z - zo). (A.172) 

If we take the Fourier transform of we ((x , y, z) and plug it in Eq. we get, 

J d3k -k- __, 
(slice(x,y) = dz( 21r)3e' x((k)oD(z- zo), (A.173) 

The 2 dimensional Fourier slice is then given by 

(A.174) 
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To find the 2d power spectrum, we compute 

(A.175) 

The power spectrum above is for the full sky, if we are taking the 2-dimensional 
power spectrum over a small patch of sky, we need to integrate form kmin to kmax 

this gives us 

(A.176) 

1. 3 The phase matrix 
The phase matrix tells us how the Stokes parameters of an incident photon trans-
form after Thompson scattering. That is, if we know the Stokes parameters for 
the incident polarization, we can use the phase matrix to calculate the Stokes 
parameters of the scattered photon. In this section, I am going to outline the 
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derivation of the phase matrix for a photon traveling in the 2 direction. Let 

E,,0sin(wt - E,,), 
Eyo sin(wt - Ey), 

(A.177) 
(A.178) 

be a light wave travelling incident to an electron, where E;., and E; are the com-
ponents of th e electric field in the x and y directions respectively with amplitudes 
E,,0 and Eyo and phases Ex and Ey respectively. If the photon is scattered by the 
electron by an angle 0 measured from the z axis, then the scattered wave is going 
to be given by [[IBlj 

Es 
X 

Es 
y 

(A.179) 

(A.18O) 

where E; and E; are the x and y components of the electric field of the scattered 
wave. Using the equations for th e Stokes paramet ers of a photon travelling in the 
2 direction shown in Section !2.4! and coordinate transforming that to account for 
the deflection, we can show that 

3 
J8 -

6
-crrl 1 (cos2 (0) + 1), (A.181) 1 7f 
3 Qs -crrQ 1 sin2 (0), (A.182) 

l61r 
3 us -crrU 1 cos(0), (A.183) 

l61r 
3 v s - crrV1 cos(0). (A.184) 

l61r 

Therefore, if we define a vector S = {I,,, Iy, U, V}, the phase mat rix R used to 
transform the vector S 1 to 5s given by 

3 
R = - err 

87r 

cos2 (0) 0 0 
0 1 0 
0 0 cos(0) 
0 0 0 

0 
0 
0 

cos(0) 

From Section !2.4! we can see that I= I,,+ Iy and Q = I,, - Iy. 
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1.4 Converting wavenumber to multipole number 

Although an observer today can only see the fluctuations in the CMB as they 
appeared on the LSS, these perturbations and their evolution are calculated in 
Fourier space since they are 3D quantities. We use spherical harmonic coefficients 
to describe the oscillations in 2D and we can use Eq. to calculate those coeffi-
cients. As we can see from Eq. a given wavevector will contribute to multiple 
angular scales. Therefore, any mapping between the two is approximate. How-
ever, since the spherical Bessel function Jt(krcMB), in Eq. is strongly peaked 
at £::::::: krcMB, we can use this as an approximate relation between wavenumber 
and angular scale. 

1.5 The mysterious bump in the B-mode power spectrum 

Even though the power spectra of the B-mode maps from our simulations behave 
as expected for low wavenumbers, including the transition from an approximately 
zero power spectrum to a non-zero power spectrum when lensed, there seems to 
be a mysterious bump in the B-mode for high wavenumbers. In this section, I am 
going to outline what we know about the characteristics and probable sources of 
this bump to aid in fixing the problem in the near future. 

B-mode power spectrum before lensing 

As can be seen from Figure ~ the unlensed B-mode power spectrum seems to be 
working properly for an odd number of pixels but have a bump when the number 
of pixels is even. The power spectra in Figure ~ ar e calculated without averaging 
over wavenumbers, thus each point corresponds to a spe cific wavenumber. Fur-
ther investigations show that the wavenumbers with higher than expected power 
spectrum correspond to (n/2 + l) th row of th e y axis in Fourier space. 

Since we are using the c2r routine from fftw to do th e Fourier transforms in our 
simulations, we need to enforce the conjugate symmetry around kx = 0. This is 
straightforward to do for an odd number of pixels since there are an equal number 
of pixels both on the left and right side of the x axis but the routin e for doing this 
for an even numb er of pixels is more complicat ed so this can be one sourc e of error. 
The absence of this anomaly in th e primordial power spectrum and subsequently 
in the TT and EE power spect ra is also another puzzling point. It could be 
the case that th e problem is always there but can only be observed from the B-
mode power spectrum due to its particularly low amplitud e or th e symmetri es we 
enforce when generating a primordial realization breakdown when calculating Q 
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and U. The first explanation can be tested by using a primordial power spectrum 
with much lower amplitude and see if it works as expected. Testing this with 
a primordial power spectrum of amplitude 10- 18 do not cause a problem with 
C((, Crr, and GEE· However, th e problem with the B-mod e power spectrum 
persists. This makes the first explanation unlikely. However, th e problem could 
be one of relative amplitude and since decreasing the amplitude of the primordial 
power spectrum amounts to multiplying everything by some facto r, it might not 
be enough to reproduce the problem in the rest of the power spectra. 

The second explanation might be more probable since when calcu lating Q and 
U we multiply ( with µ(k) cos(<Pk) which is a function of kx, ky, and kz. We are 
still investiga t ing how this can break the symmetries under consideration. We 
also cannot explain yet why the symmetries will break down for an even number 
of pixels but not for an odd number of pixels. 

10-12 

10- 24 

- slmulatlon (unlensed map) 
- slm1;1l•tlon (len5ed m,p) 

500 1000 1500 2000 2500 3000 3500 4000 
l 

(a) 

--. slmulation (unlensed map) 
._. simulation (lensed map} 

500 1000 1500 2000 2500 3000 3500 4000 
l 

(b) 

Figure 15: Figure ~ The lensed and unlensed B-mode power spectrum for 
even (n = 10) number of pixels. Figure l15b~ The lensed and unlensed B-mode 
power spectrum for odd (n = 21) number of pixels. The unlensed B-mode power 
spectrum in Figure [§J has been multiplied by 107 to make the plot more visible. 

The lensed B-mode power spectrum 

As can be seen from Figure ~ and Figure ~ the lensed B-mode power spectrum 
also exhibits the bump described above . However, from Figur e []ili] one can clearly 
see that that for an odd number of pixels, though th e bumps are not seen on the 
unlensed B-mode spectrum, it is still seen on the lensed B-mode power spectrum. 
This shows that, in this case, th e problem lies within the lensing routine. As can 
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be seen from Section 1§]1, to lens maps we need to take the derivatives of real 
space maps which amounts to multiplying the maps with some factor of k which 
can break the symmetries under consideration. Thus, the source of error for both 
lensed and unlensed power spectrum might be similar. However, this also raises 
the puzzling question as to why the symmetries break for both an even and an 
odd number of pixels in this case. The fact that we see the problem only on the 
lensed B-mode power spectrum can again be due to its particularly low amplitude 
or its functional form. 
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