
 

 

 

 

 

Automated Design of Efficient Trusses Using Machine Learning Principles 

Ben Kussmaul 

Abstract 

The purpose of this project was to create an algorithmic framework to automatically design 

efficient structures based on engineering and machine learning principles. In particular, this 

project analyzed the truss problem, which can be solved algorithmically, and sought to develop 

programs which could create and optimize trusses for arbitrary input problems.  
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Introduction 

The original intent of this project was to explore the integration of high-level programming with 

powerful computer-aided design (CAD) software used in industry, to leverage the flexibility of 

the former with the functionality of the latter. The goal was to have the CAD software (Autodesk 

Fusion 360) perform stress and strain calculations, with the higher-level language (Python) 

taking this data and using machine learning to optimize a structure over many iterations. 

However, there were significant stumbling blocks that made this approach infeasible. While 

Fusion 360 (and other similar CAD softwares) exposed APIs for certain functions, they were 

often limited in scope- for example, Fusion 360 did not expose an API for its stress and strain 

calculations, which meant that running these calculations could only be done manually, and 

therefore were impractical for machine learning which requires thousands of iterations. Even if it 

was possible to access these calculations, there seemed to be fundamental limitations in terms of 

processing time, since to perform machine learning in a reasonable timeframe the iterations 

needed to happen hundreds of time per second or faster, which simply wasn’t a feasible time 

scale for available CAD softwares and computing resources. 

The next idea was to do most of the design and algorithm work in Python, then export to 

Fusion 360 to do stress and strain calculations, and eventually create CAM instructions which 

could be used to create models with on-campus milling machines or 3D printers. Given the 

mid-semester interruption which made campus facilities inaccessible, the decision was made to 

move to pure Python programming, which made development much easier and faster given that 

it didn’t have to rely on a somewhat clunky API. This allowed for more rapid exploration of new 

ideas and algorithms.   
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Theory and Design Process 

Trusses were selected as the design space for this project because of their reliable mathematical 

solvability. In other words, a computer running an algorithm to solve a simulated truss can do so 

deterministically, and this simulated model is a reasonable approximation for the real-world 

structure. The mathematical model to calculate stresses in truss members is a simple system of 

linear algebra equations. To simplify somewhat, because there are two dimensions, the stresses 

of all members at a given joint can be solved as long as there are two or fewer unknown stresses 

about that joint. This means that given a sufficiently constrained input truss (in reality, all trusses 

have to be constrained, even for human solvers, because it is possible to under- or over-constrain 

such that a truss is mathematically unsolvable) can be deterministically solved by a computer 

algorithm.  

The solution model used here starts at the load junction, which has two members leaving 

it. The stresses on these two members are unknown, and the forces at the junction in both the 

horizontal and vertical directions must sum to zero, so there are two constraint equations. With 

two unknowns and two constraint equations, linear algebra deterministically solves for the two 

unknown member stresses. Then, the algorithm moves to one of the neighboring junctions and 

repeats the process until all stresses have been determined.  

Given that sufficiently constrained trusses are deterministically solvable, the next 

problem is to create an efficient truss design for a given situation. This is more complicated, and 

historically the approach has been human design, which could be some combination of guessing 

and checking, using previously-designed models for similar problems, and intuition or 

experience gained through time and training. The approach this project used, however, was to 



Kussmaul 4 

have a computer program start with a basic design (which could be generated algorithmically, as 

will be explained later), and then make incremental improvements to that design by basically 

guessing and checking. While a computer algorithm doesn’t have the advantage of human 

intuition or experience, it can guess and check much, much more quickly than a human would be 

able to, and can’t make mistakes assuming that it was designed correctly. This means that it can 

find solutions which would be infeasible for a human in terms of design time, and has the added 

benefit of being less prone to error. At a basic level, this guessing and checking could take the 

form of simply moving around junctions and seeing if the truss improved, but given years and 

years of machine learning research and development, more sophisticated methods exist which 

could substantially improve runtime. For this problem, the cost function to be improved was the 

sum of squared stresses on the truss members. The basic improvement algorithm works as 

follows: 

1. Calculate cost for some initial structure. In this case, solve a starting truss as described 

previously and calculate the sum of squared member stresses.  

2. Make an alteration to the structure. In this case, choose a non-load, non-anchor joint at 

random and move it a small amount in a random direction. 

3. Calculate cost for the altered structure. If lower (i.e. better) than the old structure, keep 

the new one, otherwise keep the old one. 

4. Repeat, with the kept structure from step 3 as the input to step 1. 

This still leaves the issue of giving the algorithm a starting truss to work from, which it 

can make incremental improvements on. One method to generate pseudo-random trusses within 

certain parameters is Voronoi diagrams. The basic idea of a Voronoi diagram is to drop some 
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number of starting points randomly onto a 2D plane, and identify regions of the plane which are 

closest to each of the starting points. So, for a starting point A, A’s ‘region’ can be defined as the 

space where every position within that space is closer to A than any other starting point. By 

creating truss members on the boundaries of these regions, and junctions where boundary edges 

intersect, it is possible to pseudo-randomly design trusses within a given space, which can then 

be optimized by the algorithm previously described. 

 
Figure 1. Starting Points for a Voronoi Diagram 
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Figure 2. Voronoi Boundaries from Starting Points 

One final wrinkle is that these boundaries extend infinitely, which is not practical for finite truss 

design. Ideally, we’d be able to have the Voronoi regions bounded to a specific shape- 

essentially, the available space for the truss. The solution is to have the starting points bounded 

by a single convex polygon, mirror each of the starting points across each edge of the bounding 

polygon, compute the Voronoi diagram of the combined starting + mirror sets, and finally keep 

only the points within the original boundary polygon. 
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Figure 3. Mirrored Voronoi Diagram 

 

Figure 4. Final Truss for Optimization 
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Results 

The first step in designing the algorithm was to solve the simplest nontrivial truss- in this case, 
the load is applied downward to the top point and the bottom point is anchored. 

 

Figure 5. First Basic Truss Optimization- 0, 50, 200, and 2000 Iterations 

The next step was to attempt a more complicated optimization problem- for this one, the basic 
design idea was taken from the E6 Truss Design Lab. The two leftmost points are anchored, and 
the upper-right point bears a load pushing down. 

 
Figure 6. More Complex Truss Optimization- 0 and 2000 iterations 
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Generally speaking, it is expected that a machine learning algorithm should converge on an ideal 
solution without sensitivity to its initial conditions. In this case, there is a single lowest cost truss 
for any given topology, and an ideal algorithm would be able to find this optimized truss from 
any starting position of equivalent topology.  To test this, I examined different initial positions 
for the E6 truss. Ideally, each set of initial conditions should converge identically. 

 

Figure 7: 0 and 2000 Iterations for Different Initial Conditions of E6 Truss  
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The next step was to run the algorithm with Voronoi diagram input. In this case, the Voronoi 
diagram fills the space of an equilateral triangle, with the bottom two corners as fixed anchor 
points and the top-center point being the load. 

 
Figure 8: 0, 100, 500, 1000, 2000, and 5000 iterations for a 10-point Voronoi truss 
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Discussion 

The optimization algorithm seemed to work well for both the basic and E6 trusses- in 

general, they achieved more streamlined shapes, and did much better on the cost function. The 

improvements generally tapered off after a couple thousand iterations for these simpler trusses. 

However, the algorithm was sensitive to initial truss positions. The likely cause of this is that the 

algorithm cannot ‘escape’ from local minima, since it cannot make an alteration which would 

increase the cost of the truss. So, from different initial truss positions, it will arrive at different 

local minima which are not the absolute minimum, and therefore fail to find the optimal truss. 

This means that even with the ideal topology input, it is not guaranteed that the algorithm can 

converge on the universally optimal shape. 

  For the Voronoi-generated trusses, improvements (if any) are much less clear. The cost 

function is objectively improving, but even with several thousand iterations the truss isn’t clearly 

becoming a more refined shape. There are a few likely reasons for this. The first is that it’s 

running into a similar issue as the one mentioned above, where the improvement algorithm gets 

stuck in local minima and can’t escape to find a truss closer to the absolute minimum. Another 

issue is that Voronoi diagrams may generally make non-ideal topologies. Triangles are often 

used as a strong structural shape, especially in trusses, but these only occur in contrived special 

cases for Voronoi diagrams. There is a solution to this issue which uses Delaunay triangulations, 

which are the dual of Voronoi diagrams, but these create underconstrained trusses which would 

require a different solution model (see Appendix A). Finally, it is possible that the simplistic cost 

function used doesn’t adequately capture the properties of good real-world trusses, and requires 

further improvement. 
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Conclusion 

Generally, the optimization algorithm developed here is excellent at improving 

reasonable input trusses, but fails to make a good final truss when given bad initial conditions. 

This means it would likely be useful as an aid to a human engineer, who can make a good 

approximate shape but doesn’t have the time to make tiny adjustments and recalculations in 

order to find the optimal truss. However, there is substantial room for the algorithm to be 

improved, and promising next steps that could make full design from basic parameters more 

possible. Additionally, access to real-world fabrication and testing equipment could yield more 

empirical data to complement the somewhat abstract cost function, and possibly expose 

limitations in the computer model that could be fixed or worked around.  

The cost function and truss alteration step are both quite open-ended, and deliberately 

simple rules are used in this implementation to keep the focus on the engineering side of things 

and away from machine learning. Simple improvements that could be made here include the 

addition of a material cost to discourage long members, adding a small random chance for 

suboptimal movement to escape local minima, and creating functionality to fuse existing 

junctions or create new ones. The next logical step is likely to develop an approximate solution 

model, which would allow use of the Delaunay triangulation (see Appendix A) to fill the 

constraint space with triangles rather than other polygons. There are also many improvements 

which could be made to make the model more realistic, including a minimum angle between 

members out of a joint or to include member and joint weights in the stress calculation. 

In terms of learning objectives, I think that I got a lot of new experience in applying 

engineering knowledge in a programming environment. This meant understanding the equations 
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and solution methods at a sufficiently fundamental level that I could implement them from 

scratch (or at least near-scratch) in computer code. I think that there’s a big difference between 

knowing how to solve a problem yourself and being able to create deterministic instructions to 

solve every possible instance of that problem, and that deeper level of understanding felt very 

rewarding to explore. I gained similar experience in personally implementing machine learning 

ideas that I’ve previously only accessed from libraries, which again feels like a deeper level of 

understanding. While it’s unfortunate that the original plan of CAD software integration didn’t 

work out, I did gain useful experience in assessing problem feasibility as well as extracting 

information from complex API documentation when there’s little help available online. 

  



Kussmaul 14 

Acknowledgements 

I would like to thank Professor Erik Cheever, who was my advisor for this project and provided 

invaluable support and guidance. I would also like to thank Professor Matt Zucker for 

introducing me to Voronoi diagrams, and providing much of the linear algebra and geometric 

framework needed for this project.   



Kussmaul 15 

Appendix A: Delaunay Triangulations 

The dual of the Voronoi diagram is the Delaunay triangulation, which fills a given space with 

triangles. The input points are the vertices of these triangles. This would generally create a much 

stronger topology than Voronoi diagrams, given that triangles are a more structurally sound 

shape than any other polygon. However, they also generally create many more truss members per 

junction than Voronoi diagrams do, and outside of manufactured edge cases are not sufficiently 

constrained. Therefore, the solution model used in this project would not be able to solve this 

truss, and an approximate solution model would have to be developed to use these diagrams. 

 

Figure 9: Delaunay triangulation, equilateral triangle boundary, 25 points. 
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Appendix B: Code 

Software libraries used:  

Numpy (https://numpy.org/), primarily for random number generation and linear algebra 

Scipy (https://www.scipy.org/), to generate Voronoi diagrams and Delaunay triangulations 

Matplotlib (https://matplotlib.org/), to display plots and animations 

 

Section A: Truss Code 

#Ben Kussmaul E90 
import numpy as np 
import random 
import matplotlib.pyplot as plt 
 
#scale unit for wiggle function 
BASIC_UNIT = 1 
 
#set random seed for consistency 
np.random.seed(0) 
random.seed(0) 
 
#calculate unit vector from two points 
def unit_vec(points, point_1, point_2): 
    a = points[point_1] 
    b = points[point_2] 
    x = b[0]-a[0] 
    y = b[1]-a[1] 
    return (x/np.sqrt(x*x+y*y), y/np.sqrt(x*x+y*y)) 
 
#returns true if c is clockwise of line a-b, false otherwise 
def is_ccw(a, b, c): 
    if ((b[0] - a[0]) * (c[1] - a[1])) - ((b[1] - a[1]) * (c[0] - a[0])) > 0: 
        return True 
    else: 
        return False 
 
#returns true if segment a-b intersects segment c-d and false otherwise 
#idea from https://bryceboe.com/2006/10/23/line-segment-intersection-algorithm/ 
def intersects(a, b, c, d): 
    return is_ccw(a,c,d) != is_ccw(b,c,d) and is_ccw(a,b,c) != is_ccw(a,b,d) 
 
#wiggle a random non-fixed point 
def wiggle(points, neighbors, fixed): 
    while True: 
        name, pos = random.choice(list(points.items())) 
        if not name in fixed: 
            new_x = pos[0] + (BASIC_UNIT * (random.random()-.5)) 
            new_y = pos[1] + (BASIC_UNIT * (random.random()-.5)) 
            new_point = (new_x, new_y) 
 
            #make sure we don't cross existing members 

https://numpy.org/
https://www.scipy.org/
https://matplotlib.org/
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            intersect = False 
            for neighbor_name in neighbors[name]: 
                neighbor = points[neighbor_name] 
                for point in points: 
                    if not (point == name or point == neighbor_name): 
                        for test_neighbor_name in neighbors[point]: 
                            if not (test_neighbor_name == name or test_neighbor_name == neighbor_name): 
                                if intersects(new_point, neighbor, points[point], points[test_neighbor_name]): 
                                    print("collision detected") 
                                    intersect = True 
                                    break 
                    if intersect: 
                        break 
                if intersect:  
                    break 
            if not intersect: 
                points[name] = new_point 
                #print("wiggled successfully") 
                break 
    return points 
 
#evaluate cost 
def eval_cost(points, weights): 
    cost = 0.0 
 
    #sum of squared stresses 
    for weight in weights.values(): 
        cost += weight*weight 
 
    #sum of squared member lengths 
    #for pair in weights: 
    #    x_dist = points[pair[0]][0] - points[pair[1]][0] 
    #    y_dist = points[pair[0]][1] - points[pair[1]][1] 
    #    cost += np.abs(x_dist*x_dist + y_dist * y_dist) / 5 
 
    return cost 
 
#solve for truss member stresses 
def solve_truss(points, neighbors, weights, fixed, first): 
   
    solve_queue = [first] 
   
    while len(solve_queue) > 0 : 
   
        point = solve_queue.pop(0) 
        neighbor_set = neighbors[point] 
        unknowns = [] 
        net_load_x = 0.0 
        net_load_y = 0.0 
   
        for neighbor in neighbor_set: 
            if weights.get((point, neighbor)) or weights.get((neighbor,point)): 
                weight = weights.get((point, neighbor)) or weights.get((neighbor,point)) 
                unit = unit_vec(points, neighbor, point) 
                net_load_x += weight * unit[0] 
                net_load_y += weight * unit[1] 
            else: 
                unknowns.append((point,neighbor)) 
 
        #if two unknowns, simultaneously solve using horizontal and vertical constraints 
        if len(unknowns) == 2: 
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            unit_0 = unit_vec(points, unknowns[0][0], unknowns[0][1]) 
            unit_1 = unit_vec(points, unknowns[1][0], unknowns[1][1]) 
            a = np.array([[unit_0[0],unit_1[0]],[unit_0[1],unit_1[1]]]) 
            b = np.array([net_load_x, net_load_y]) 
            x = np.linalg.solve(a,b) 
            weights[unknowns[0]] = x[0] 
            weights[unknowns[1]] = x[1] 
            if not unknowns[0][1] in fixed: solve_queue.append(unknowns[0][1]) 
            if not unknowns[1][1] in fixed: solve_queue.append(unknowns[1][1]) 
   
        #if one unknown, must balance out all other stresses 
        elif len(unknowns) == 1: 
            weights[unknowns[0]] = np.sqrt(net_load_x*net_load_x + net_load_y*net_load_y) 
            if not unknowns[0][1] in fixed: solve_queue.append(unknowns[0][1]) 
    return weights 
 
#optimization algorithm  
def optimize(points, neighbors, init_weights, fixed, start): 
 
    cost = eval_cost(points, solve_truss(points, neighbors, init_weights.copy(), fixed, start)) 
    test_points = wiggle(points.copy(), neighbors, fixed) 
    test_weights = solve_truss(test_points, neighbors, init_weights.copy(), fixed, start) 
    test_cost = eval_cost(points, test_weights) 
    #print("test cost: " + str(test_cost)) 
 
    if test_cost <= cost: 
        cost = test_cost 
        points = test_points 
        init_weights = test_weights 
 
    return points 
 
def main(): 
 
    points = { 
        "a": (0.0, 1.0), 
        "b": (0.0, 0.0), 
        "c": (1.0, 1.0), 
        "d": (1.0, 0.0), 
        "e": (2.2, 1.0), 
        "f": (2.0, 0.0), 
        "g": (3.0, 2.0), 
        "l": (3.0, 2.01) 
    } 
 
    neighbors = { 
        "a": ("c", "d"), 
        "b": ("d") , 
        "c": ("a", "d", "e", "f"), 
        "d": ("a", "b", "c", "f"), 
        "e": ("c", "f", "g"), 
        "f": ("c", "d", "e", "g"), 
        "g": ("e", "f", "l"), 
        "l": ("g")   
    } 
 
    fixed = ["a", "b", "g", "l"] 
 
    init_weights = { 
        ("l","g"): 10.0 
    } 
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    start_point = "g" 
 
    print("Initial Weights: ", init_weights) 
    weights = solve_truss(points, neighbors, init_weights.copy(), fixed, start_point) 
    print("Solved Weights: " , weights)  
    cost = eval_cost(weights) 
    print("Initial Cost: " , cost) 
 
    for key in weights: 
        plt.plot((points[key[0]][0],points[key[1]][0]),(points[key[0]][1],points[key[1]][1])) 
 
    plt.axis("equal") 
    plt.show() 
   
    points, weights = optimize(points, neighbors, weights, fixed, start) 
 
    print("Final Truss: ", points) 
    print("Final Weights: ", weights) 
 
    for key in weights: 
        plt.plot((points[key[0]][0],points[key[1]][0]),(points[key[0]][1],points[key[1]][1])) 
    plt.axis("equal") 
    plt.show() 
 
if __name__ == "__main__": 
    main() 
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Section B: Voronoi Diagram Code 

 
#Ben Kussmaul E90 
from scipy.spatial import Voronoi, voronoi_plot_2d 
import numpy as np 
import matplotlib.pyplot as plt  
import matplotlib.animation as animation 
from matplotlib.animation import FuncAnimation 
import truss 
 
#designate special load point name 
load = 9999 
 
#set random seed for consistency 
np.random.seed(0) 
 
def rand_point(): 
    x = np.random.rand() 
    y = np.random.rand() 
    return np.array([x,y]) 
 
#returns true if c is clockwise of line a-b, false otherwise 
def is_ccw(a, b, c): 
    return ((b[0] - a[0]) * (c[1] - a[1])) - ((b[1] - a[1]) * (c[0] - a[0])) 
 
#returns true if the point is inside the polygon, false otherwise 
def is_inside_polygon(polygon, point): 
    for i in range(len(polygon)): 
        if is_ccw(polygon[i], polygon[i-1], point) > .000001: 
            return False 
    return True 
 
#convert two points to an implicit equation for a line between them 
def points_to_implicit(point_1, point_2): 
    uvw = np.cross(np.append(point_1, 1),np.append(point_2,1)) 
    return uvw / (np.sqrt((uvw[0]*uvw[0])+(uvw[1]*uvw[1]))) 
 
#calculate the mirror of a point across a line 
def mirror_point(point, line): 
    norm = (line[0],line[1]) 
    point_a = point + norm 
    tangent = points_to_implicit(point, point_a) 
    q = np.cross(line, tangent) 
    intersection = np.array([q[0]/q[2],q[1]/q[2]]) 
    return intersection - (point - intersection) 
 
#given a polygon and number of initial points, create a Voronoi diagram filling that polygon 
def poly_to_vor(polygon, num_points): 
 
    points = [] 
    min_x = 0 
    max_x = 0 
    min_y = 0 
    max_y = 0 
 
    #find polygon bounds 
    for point in polygon: 
        if point[0] < min_x: 
            min_x = point[0] 
        elif point[0] > max_x: 
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            max_x = point[0] 
        if point[1] < min_y: 
            min_y = point[1] 
        elif point[1] > max_y: 
            max_y = point[1] 
 
    #create random points within the polygon 
    for i in range(num_points): 
        while True: 
            new_x = np.random.rand() * (max_x-min_x) - min_x 
            new_y = np.random.rand() * (max_y-min_y) - min_y 
            if is_inside_polygon(polygon, (new_x,new_y)): 
                points.append(np.array([new_x,new_y])) 
                break 
   
    #show the random points 
    ''' 
    for point in points: 
        plt.scatter(point[0],point[1]) 
    plt.show() 
    ''' 
 
    #display initial Voronoi diagram 
    ''' 
    vor1 = Voronoi(points) 
    simple_voronoi(vor1, lim=(min_x-.5*max_x,max_x*1.5)) 
    ''' 
 
    #calculate mirror points 
    mirrored_points = [] 
    for i in range(len(polygon)): 
        mirror_line = points_to_implicit(polygon[i-1],polygon[i]) 
        for point in points: 
            mirrored_points.append(mirror_point(point, mirror_line)) 
   
    for point in points: 
        mirrored_points.append(point) 
   
    return Voronoi(mirrored_points) 
   
#plotting function for Voronoi diagrams 
def simple_voronoi(vor, saveas=None, lim=None): 
    fig = voronoi_plot_2d(vor, show_points=True, show_vertices=True, s=4) 
    plt.axis("equal") 
  
    plt.xlim(lim) 
    plt.ylim(lim) 
   
    plt.show() 
 
#convert the Voronoi diagram to a usable truss  
def vor_to_points_neighbors_fixed(vor, polygon): 
   
    inner_points = [] 
    inner_indices = [] 
    index = 0 
 
    #remove external mirror points 
    for vertex in vor.vertices: 
        if is_inside_polygon(polygon, vertex): 
            inner_points.append(vertex) 



Kussmaul 22 

            inner_indices.append(index) 
        index += 1 
 
    #create the points dict 
    points = {} 
    for name in inner_indices: 
        points[name] = vor.vertices[name] 
 
    #create the neighbors dict 
    neighbors = {} 
    for point in vor.ridge_vertices: 
        if point[0] in points and point[1] in points: 
            if point[0] in neighbors: 
                neighbors[point[0]].append(point[1]) 
            else: 
                neighbors[point[0]] = [point[1]] 
            if point[1] in neighbors: 
                neighbors[point[1]].append(point[0]) 
            else: 
                neighbors[point[1]] = [point[0]] 
   
    #figure out the bounds 
    min_x = 100 
    max_x = 0 
    max_y = 0 
    for vertex in polygon: 
        if vertex[0] > max_x: 
            max_x = vertex[0] 
        if vertex[0] < min_x: 
            min_x = vertex[0] 
        if vertex[1] > max_y: 
            max_y = vertex[1] 
   
    #set the fixed and load points from the bounds 
    fixed = [] 
    for point, pos in points.items(): 
        if pos[0] < min_x + .00001: 
            print("minx") 
            fixed.append(point) 
        if pos[0] > max_x - .00001: 
            print("maxx") 
            fixed.append(point) 
   
    for point, pos in points.items(): 
        if pos[1] > max_y - .00001: 
            print("maxy") 
            fixed.append(point) 
            fixed.append(load) 
            points[load] = np.array([pos[0],pos[1]+10]) 
            neighbors[load] = [point] 
            neighbors[point].append(load) 
            break 
   
    print(fixed) 
    return points, neighbors, fixed 
 
points = None 
weights = None 
 
def main(): 
    global points 
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    global weights 
 
    #initialize the Voronoi truss 
    shape = np.array([[0,0],[100,0],[50,100]]) 
    vor = poly_to_vor(shape, 10) 
    simple_voronoi(vor, lim=(-50,150)) 
    points, neighbors, fixed = vor_to_points_neighbors_fixed(vor, shape) 
    init_load = 100.0 
    init_weights = {(load, neighbors[load][0]): init_load} 
    starting_point = neighbors[load][0] 
 
    #set up graphing and figure saving 
    Writer = animation.writers['ffmpeg'] 
    writer = Writer(fps=15, metadata=dict(artist='Me'), bitrate=1800) 
    fig = plt.figure() 
    ax = fig.add_subplot(1,1,1) 
 
    #animation and plotting function 
    def optimize_vor(i): 
        global points 
        global weights 
        print("iteration: " + str(i)) 
        ax.clear() 
        weights = truss.solve_truss(points, neighbors, init_weights.copy(), fixed, starting_point) 
        max_weight = 0.0 
        for _, value in weights.items(): 
            if np.abs(value) > max_weight: 
                max_weight = np.abs(value)+1 
        for key, value in weights.items(): 
            scaled_weight = (value + max_weight)/(2.0*max_weight) 
            if value > 0: 
                color = (scaled_weight, 0.0, 0.0) 
            else:  
                color = (0.0, 0.0, scaled_weight) 
            scaled_weight = (value + max_weight)/(2.0*max_weight) 
            ax.plot((points[key[0]][0],points[key[1]][0]),(points[key[0]][1],points[key[1]][1]),color=color) 
 
        points = truss.optimize(points.copy(), neighbors, init_weights.copy(), fixed, starting_point) 
   
    #run animation 
    anim = FuncAnimation(fig, optimize_vor, interval=1, frames=1000, repeat=False, blit=False) 
 
    #save animation 
    #anim.save('e6truss2.mp4', writer=writer) 
 
    #display animation 
    plt.show() 
   
   
 
if __name__ == "__main__": 
    main() 
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Section C: Delaunay Triangulation 
 
#Ben Kussmaul E90 
import numpy as np 
import matplotlib.pyplot as plt 
from scipy.spatial import Delaunay 
import voronoi 
 
def rand_point(): 
    x = np.random.rand() 
    y = np.random.rand() 
    return np.array([x,y]) 
 
def is_ccw(ax, ay, bx, by, cx, cy): 
    return ((bx - ax) * (cy - ay)) - ((by - ay) * (cx - ax)) 
 
def is_inside_polygon(polygon, point): 
    for i in range(len(polygon)): 
        if is_ccw(polygon[i][0], polygon[i][1], polygon[i-1][0], polygon[i-1][1], point[0], point[1]) > 20: 
            return False 
    return True 
 
def poly_to_del(polygon, num_points): 
    points = [] 
    min_x = 0 
    max_x = 0 
    min_y = 0 
    max_y = 0 
    for point in polygon: 
        if point[0] < min_x: 
            min_x = point[0] 
        elif point[0] > max_x: 
            max_x = point[0] 
        if point[1] < min_y: 
            min_y = point[1] 
        elif point[1] > max_y: 
            max_y = point[1] 
    for i in range(num_points): 
        while True: 
            print(i) 
            new_x = np.random.rand() * (max_x-min_x) - min_x 
            new_y = np.random.rand() * (max_y-min_y) - min_y 
            if is_inside_polygon(polygon, (new_x,new_y)): 
                points.append(np.array([new_x,new_y])) 
                break 
    for point in polygon: 
        points.append(point) 
    return Delaunay(points) 
 
def poly_to_vor(polygon, num_points): 
 
    points = [] 
    min_x = 0 
    max_x = 0 
    min_y = 0 
    max_y = 0 
 
    #find polygon bounds 
    for point in polygon: 
        if point[0] < min_x: 
            min_x = point[0] 
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        elif point[0] > max_x: 
            max_x = point[0] 
        if point[1] < min_y: 
            min_y = point[1] 
        elif point[1] > max_y: 
            max_y = point[1] 
 
    #create random points within the polygon 
    for i in range(num_points): 
        while True: 
            new_x = np.random.rand() * (max_x-min_x) - min_x 
            new_y = np.random.rand() * (max_y-min_y) - min_y 
            if is_inside_polygon(polygon, (new_x,new_y)): 
                points.append(np.array([new_x,new_y])) 
                break 
   
    #show the random points 
    ''' 
    for point in points: 
        plt.scatter(point[0],point[1]) 
    plt.show() 
    ''' 
 
    #display initial Voronoi diagram 
    ''' 
    vor1 = Voronoi(points) 
    simple_voronoi(vor1, lim=(min_x-.5*max_x,max_x*1.5)) 
    ''' 
 
    #calculate mirror points 
    mirrored_points = [] 
    for i in range(len(polygon)): 
        mirror_line = points_to_implicit(polygon[i-1],polygon[i]) 
        for point in points: 
            mirrored_points.append(mirror_point(point, mirror_line)) 
   
    for point in points: 
        mirrored_points.append(point) 
   
    return Voronoi(mirrored_points) 
   
def main(): 
    shape = [[0,0],[100,0],[60,80],[50,100],[40,80]] 
    tri = poly_to_del(shape, 15) 
    points = tri.points 
    plt.triplot(points[:,0], points[:,1], tri.simplices.copy()) 
    plt.plot(points[:,0], points[:,1], 'o') 
    plt.show() 
 
 
if __name__== "__main__": 
    main() 
 


