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Abstract

This paper explores a variation of the multi-armed bandit problem

and proposes a new strategy, the Pure Unknown strategy, to optimally

maximize payoffs. In this game, the player chooses between two arms–

one with known probability distributions and the other with unknown

probability distributions–and does not realize the payoff of the arm she

chooses until the next time period, where the probabilities of each time

period are state dependent and those states are determined by a stochas-

tic process. Additionally, elements of ambiguity aversion are incorporated

into the model to reflect individuals’ preferences for choices with known

probabilities over those with unknown probabilities. Four strategies, in-

cluding the Pure Unknown strategy, play this game to see which strategy

produces the highest average payoff, and the other three strategies are

inspired by previous multi-armed bandit literature. Results find that the

Pure Unknown strategy is the most optimal strategy when the Normality

assumption, which ultimately represents ambiguity averse preferences, is

not present.
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1 Introduction

People face decisions under uncertainty almost every day, and within a set of

available choices, some information that can be crucial to choosing the correct

action may not be immediately available, especially when the rewards associated

with specific choices are delayed and not realized when the choice is made. For

example, suppose a young investor sees that the market is in a bull phase and

wishes to invest some of her savings in one of the two following options: a

safe asset such as Treasury Bills where the expected payoff over six months is

essentially known, or a risky asset such as stock in a newly listed start-up Biotech

company that had record growth in the past few quarters but may not be able to

sustain this growth through the next six months. Regardless of which asset the

investor chooses, her payoff will not be realized until six months from now when

the market could either be bullish or bearish. Both states of the market affect

the investor’s potential realized gains or losses for both assets. If the market

continues to be bullish, then she will realize gains for both choices, but the gains

in this state of the world will likely be higher if she chooses the Biotech stock

because it has more upside potential. On the other hand, if the market enters a

downturn, then her losses will be less severe–she could even realize some small

gains–if she invests in Treasury Bills because there is a distinct chance that the

Biotech company could go under. Given that the investor wants to earn the

highest return off of her investment, which asset does she invest in today?

The only way that the investor can become more certain about which asset is

the best investment is to choose the Biotech stock and learn about its expected

payoff over time and compare this payoff to that of the Treasury Bills. Learning

in this investment scenario, or any similar circumstance, can be costly because if

the choice with the known probability distribution of outcomes (Treasury Bills)

yields a higher reward than the choice with the unknown probability distribution
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of outcomes (Biotech stock), then learning induces regret. Conversely, learning

would be made worthwhile if the Biotech stock ultimately has higher realized

gains than the Treasury Bills. This dilemma is an example of the multi-armed

bandit1 problem, which focuses on the tradeoff between exploitation (choosing

the current best option) and exploration (choosing options with unknown prob-

abilities to see if they are better). Thus, the player seeks to exploit the option

with the greatest reward. To study this problem, this paper creates a model

to characterize optimal strategies in a two-armed bandit problem when rewards

are delayed by one time period and where players employ Bayesian learning

to find optimal solutions to the bandit problem. In this model, there are two

possible states for each time period: good and bad. This means that when a

player is, for example, in the good state, they choose the arm based on their

beliefs about which state the next period will likely be in, and which arm has

the highest probability of generating a reward in the future state.

This paper is comprised of 6 sections. Section 2 reviews utility theory liter-

ature that lays the foundation for the multi-armed bandit problem, the concept

of ambiguity aversion and its relevance to this topic, and the literature that

specifically examines the multi-armed bandit problem. Section 3 presents this

paper’s variant of the multi-armed bandit problem and the structure of the

game. Section 4 compares and constrasts the four different strategies that play

the game, and briefly explains how the data to study these strategies is created.

Section 5 presents the results of these strategies within the game under two

different conditions that affect the degree of uncertainty in the game, as well as

robustness checks, to determine which strategy is most optimal. Finally, Section

6 concludes and discusses the implications, takeaways, and possible extensions
1The term bandit refers to slot machines, which are often called one-armed bandits. It

is easy to see that slot machines are the perfect real-world example of this problem because
gamblers likely do not know the probability distribution of the slot machine they play. Out
of all the machines they can play, they learn and subsequently choose which machine gives
them the highest reward.
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from the results.

2 Literature Review

There is extensive research of the bandit problem, and the common framework

for solving the bandit problem comes from the seminal paper by Robbins (1952),

which explores the concept of sequential sampling from multiple states with

unknown probability distributions to maximize expected payoffs. An important

lesson from Robbins (1952) is that players create a dynamically adapting rule

that dictates their actions in each iteration of the game, which includes the

ability to stop the game due to sequential sampling. Given this foundation,

additional research examines optimal play and different strategies within the

bandit problem.

Gittins (1979) provides a methodology to solve the bandit problem with dy-

namic allocation indices. Essentially, for every period of the game, each arm is

assigned a Gittins Index, which is a simple integer; the arm with the highest

Gittins Index in each time period is the current best choice, and the player

chooses that arm so long as it has the highest Gittins Index. If another arm has

the higher Gittins Index in a later time period, then that other arm is chosen.

The current best choice locally, however, is not necessarily the best choice glob-

ally. The Gittins Index could prove to be useful to find optimal strategies in this

paper since the index works with Bernoulli probability distributions and finitely

repeated bandit problems. Additionally, the Gittens Index is commonly used as

a method to solve various multi-armed bandit problems, such as in Anderson

(2012).

Another approach to solving the bandit problem involves subjective and

nonadditive probabilities since the probability distributions of the options are

unknown, which requires the use of Choquet integration (Choquet 1955). While
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the Gittins Index produces a scalar value from an analysis of stochastic pro-

cesses, the Choquet Integral is a method of integrating specialized monotonic

functions. Schmeidler (1989) takes classic von Neumann-Morgenstern expected

utility theory—as defined in Morgenstern & Von Neumann (1947)—and amends

the independence axiom to allow for comonotonic independence so that expected

utility with subjective probabilities can be calculated with the Choquet integral.

Since Schmeidler (1989) does not directly tackle the bandit problem, the im-

portant concepts to draw from his paper are how he builds his model around

subjective probabilities and how they differ from the objective probabilities that

are seen in standard expected utility models.

The literature above provides multiple angles to approach and design an

analysis of the bandit problem, while supplementary research identifies specific

strategies for general and specific iterations of the bandit problem. Since the

bandit problem represents the exploitation/exploration tradeoff, there are sev-

eral important strategies to highlight. One strategy is the ε-greedy strategy

defined in Tokic (2010), in which the current best option is chosen with prob-

ability 1 − ε, while a random arm is chosen with probability ε. This strategy

represents the player’s belief that their current best choice may not be the global

best choice, which is the main drawback of the Gittins Index strategy. So, a

player believes the current best choice is the global best choice with probability

1 − ε. Tokic (2010) also defines the softmax strategy, where players choose a

value of ε that is not significantly small to reflect greater uncertainty about

which arm is the global best choice. For example, one version of the softmax

strategy is to let ε = 0.5, which, in the case of the two-armed bandit problem,

makes the arm selection process a simple coin flip.

Auer et. al (1995) create a version of the bandit problem where the probabil-

ity distributions that determine rewards are controlled by an adversary who can
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change these distributions in each time period, which means the player cannot

optimize their strategy as they, for example, learn the stochastic process that

determines the distributions. Their paper relaxes the statistical assumptions

made in Lai & Robbins (1985), which finds an allocation rule that minimizes

regret in the long-run of the bandit problem since players become more certain

that they are not choosing the inferior option over time. So, instead of a nor-

mal rule in previous bandit problems, Auer et. al (1995) propose a randomized

algorithm for the player to implement that best responds to the presence of an

adversary. This algorithm draws parallels with the different strategies proposed

by Tokic (2010) in that the player must to some extent randomize their choices

between exploitation and exploration, but it does not take greed into account.

Another important concept to consider is ambiguity aversion, which is a

preference for choices with known probabilities of outcomes over choices with

unknown probabilities of outcomes. In the context of the bandit problem, am-

biguity averse individuals prefer exploitation ahead of exploration; if the young

investor from the introduction is ambiguity averse, she will choose to invest

her money in Treasury Bills. The classic example of ambiguity aversion is the

Ellsberg paradox, which finds that individuals have preferences that are incon-

sistent with standard expected utility theory because they are ambiguity averse

when presented with bets that include partial unknown probability distributions

(Ellsberg 1961). More explicitly, Ellsberg (1961) supposes that there are two

urns: one with 50 red balls and 50 black balls, and another with 100 balls, but

the number of red and black balls is unknown. Not only does Ellsberg (1961)

find that a majority of people prefer to draw from the former urn, but also that

their preferences violate the expected utility axioms created by Savage (1954).

It is also important to highlight that ambiguity aversion is not the same as risk

aversion. When an individual has risk averse preferences, they can compare
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choices and their possible outcomes with probabilities to see which choice is the

least risky. On the other hand, an individual with ambiguity averse preferences

cannot compare the probabilities of both urns in the Ellsberg paradox example

because the 50/50 chance of drawing a red ball from the known urn cannot be

judged next to an unknown chance of drawing a red ball from the unknown urn.

While a majority of research that focuses on the bandit problem does not

consider ambiguity aversion, Anderson (2012) directly studies the effects of am-

biguity aversion on optimal decision making in the multi-armed bandit problem.

Since ambiguity aversion intuitively suggests that individuals have some bias

towards exploitation rather than exploration, the results of Anderson (2012)

support this logic through an experiment that finds lower Gittins indexes than

what the theory predicts, and Anderson (2012) argues this difference is due to

ambiguity aversion. Thus, the effects of ambiguity aversion on how individu-

als approach the bandit problem are important to consider; ambiguity aversion

motivates both the main strategy this paper adds to the literature and aspects

of this paper’s model.

This paper differs from the previous research in two main ways. First, the

existence of dynamic states that are independent of choices made by the player

is an application of the multi-armed bandit problem that has not been studied.

While there exists a plethora of algorithms that characterize optimal solutions

to the multi-armed bandit problem—some of which, such as the Gittins Index,

may be useful for finding optimal solutions in this paper—these solutions may

not be general enough to solve the multi-armed bandit problem in this context.

Consequently, this paper explores different strategies within the context of the

model to determine which strategy produces the highest reward.

The other way in which this paper differs from the previous research is a

new strategy for the multi-armed bandit problem: the Pure Unknown strategy.
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As the name suggests, a player that implements the Pure Unknown strategy

commits to exploration of the unknown arms until theses arms are no longer

unknown. The Pure Unknown strategy in this game also uses a unique learning

process that incorporates the spirit of ambiguity aversion to determine the rela-

tionship between the known and unknown arms. After exploration is complete,

the player can confidently choose the arm with the highest expected payoff be-

cause she now knows the probability distributions for all of the possible choices.

In addition to exploring the nuances of this Pure Unknown strategy, Section 3

also creates the model.

3 Model

This model has a finite time horizon t ∈ {1, . . . , n} where each time period τ

takes on a state st ∈ [g, b], which represent a good and bad state, respectively.

Each arm is characterized by a state dependent payoff probability that describes

the likelihood of success. Regardless of the arm, players receive a payoff of 1

with a successful pull of the arm, and 0 otherwise., More formally:

rt(at; st) =


1, pa,st+1

0, 1− pa,st+1

Rewards in each time period τ are dependent on the arm chosen in the previous

period τ − 1 to reflect the delayed realization of rewards, and the states may or

may not be the same between time periods. Each arm, denoted by at ∈ [k, u],

where k represents the known arm and u represents the unknown arm, has the
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following rewards probabilities pas for each state:

pk,s =


0.75 s = g

0.25 s = b

pu,s =


pu,g s = g

pu,b s = b

where pu,g > pu,b and the true value of these probabilities are unknown. Thus,

the player does not know, for example, if pu,g > 0.75 and pu,b < 0.25. However,

she does have prior beliefs about the distributions of these probabilities, which

implies that she can use Bayesian updating to learn an approximation of the true

values and to determine which arm has a higher expected payoff, given the state

in which the arm is actually pulled. Thus, the tradeoff between exploitation of

the arm with known probabilities and the exploration of the arm with unknown

probabilities motivates the player’s objective function:

U = max
at∈{k,u}

∑
t

rt(at; st) (1)

The player wants to maximize her payoff, which means she must at least try to

learn about the unknown arm for each state of the world.

While a player knows the existence of the two states and that each sequential

time period is one of these states, she does not know for certain which state will

characterize the next time period. Thus, states evolve according to a Markov
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Figure 1: Markov chain diagram.

process with known probabilities2 that are represented in the following matrix:

pgg pgb

pbg pbb

 e.g.
0.7 0.3

0.4 0.6


Figure 1 shows a diagram for this Markov chain with the example transition

probabilities. The choice of these probabilities is not entirely arbitrary, but this

paper uses these probabilities merely as an example. For this specific case of

pgg and pbb, the current state of the world should more likely than not reamin

the same tomorrow. This Markov chain does, however, have a long run bias

towards the good state; the steady state of this Markov chain dictates that for

any future time period, the probability that that time period will be the good

state is 0.57 and, consequently, 0.43 for the bad state. The higher frequency of

the good state does not necessarily affect the rest of the game in any meaningful

way so long as the game is played long enough to sufficiently experience both

states.

Given the structure of the game and the player’s objective function, the next

step is to understand how the player uses Bayesian updating to learn the prob-
2A possible extension either within or to this paper would be to assume that either the

transition probabilities are unknown. This case requires an additional learning process on top
of the exploration of the unknown arm’s true payoff probabilities, which further complicates
the problem.
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abilities of the unknown arm. In order to learn the true values of pu,s the player

must have a prior belief that becomes a posterior belief—which takes the form

of a prior probability distribution function multiplied by a likelihood function—

after repeatedly pulling the unknown arm n times. Let π(pu,s) represent a prior

probability distribution, and f(x|pu,s) be a likelihood function where x is a vari-

able that represents the number of successful arm pulls. Given functional forms

for the prior distribution and likelihood function, Bayes’ Theorem states that

the posterior probability distribution is:

π(pu,s|x) =
f(x|pu,s)π(pu,s)∫ 1

0
f(x|pu,s)π(pu,s)dpu,s

= f(x|pu,s)π(pu,s).

As x increases, the law of large numbers posits that the estimation p̂us by

π(pu,s|x) will equal the true value of pu,s with probability 1.

While it is possible for the player to have any likelihood function or prior

probability distribution, the most intuitive pairing for this game is the Bernoulli

likelihood function and the Beta distribution. The Bernoulli likelihood function

and the Beta prior distribution work well in tandem since the Beta distribution

is the conjugate prior distribution for the Bernoulli likelihood function. This

means that the Beta and Bernoulli distributions are part of the same probabil-

ity distribution family, which guarantees that the Bernoulli likelihood function

ensures that the posterior probability distribution remains a Beta distribution.

The Bernoulli likelihood function has binary outcomes with some probability

of a successful outcome, which perfectly matches the reward structure of the

game. The Beta distribution nicely captures a player’s prior beliefs with two

hyperparameters, α and β, and these hyperparameters can represent successful

and unsuccessful unknown arm pulls, respectively; let π(pus) ∼ Beta(αs, βs),

where αs, βs > 0. So, for n pulls of the unknown arm and x successful pulls of

the arm, the posterior distribution is π(pus|x) ∼ Beta(αs + x, βs + n− x). The
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Beta distribution’s estimation of the expected probability of the unknown arm

for a given state, p̂us, is characterized by the distribution’s mean, αs+x
βs+n−x , and

thus reflects the learning process.

One important feature of the Bayesian updating process in this game is

that αs and βs are state dependent such that there are values of α and β

for each state. These state dependent hyperparameters represent the player’s

prior beliefs about the true probabilities of the unknown arm for both states.

The player’s prior beliefs are not entirely arbitrary in this game. This paper

assumes that the player anchors her prior beliefs about the probabilities of the

unknown arm on the probabilities of the known arm, such that π(pug) = 0.75

and π(pub) = 0.25. Ambiguity aversion justifies this anchoring assumption; if a

player is ambiguity averse, then she has a preference to choose the known arm

over the unknown arm. Whenever the player chooses the unknown arm over

the known arm, especially in the early stages of the game where information is

low, the player’s beliefs about the true probaibilities of the unknown arm for

each state depend on the probabilities of the known arm for each state since

the player’s only point of reference for the unknown arm is the known arm.

For an ambiguity averse player, therefore, there must be ample evidence that

the unknown arm is better than the known arm in order for them to choose

it. So, this player begins with the prior belief that the two arms are equal to

reflect her preference for the known arm until there is proof–through Bayesian

learning–that the unknown arm is better. Overall, the anchoring assumption

creates highly conservative prior beliefs, relative to the alternative that the

player has uniform beliefs (no information whatsoever) about the probabilities of

the unknown arm for each state, such that α = β = 1. While pure uniform prior

beliefs are a reasonable assumption, they do not capture the nature of ambiguity
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aversion. Given the above logic, the player’s prior beliefs are expressed as:

π(pu,s) =
αs

αs + βs
= pk,s (2)

where, given the player’s anchored beliefs about the unknown arm, αg = 3βg and

αb =
1
3βb. For example, in the good state, the prior belief π(pu,g) =

αg

αg+βg
=

0.75. Through simplification, αg = 0.75αg+0.75βg ⇒ 0.25αg = 0.75βg ⇒ αg =

3βg. The same process applies for the bad state when pk,b = 0.25.

At the beginning of the game, the player has no information about the

probabilities of the unknown arm, and so her uncertainty is “maximized.” To

best model the player’s initial prior beliefs and uncertainty simultaneously, the

hyperparameters αs and βs must maximize the Beta distribution’s entropy η

given Equation 2 as a constraint:

max(ηs) = ln(B(kβs, βs)−(kβs−1)ψ(βs)−(βs−1)ψ(βs)+(kβs+βs−2)ψ(kβs+βs)

(3)

where B(· ) is the Beta function, ψ(· ) is the Digamma function, and αs = kβs

for a given state s. The entropy function represents the amount of information

in the Beta distribution, and when entropy is maximized, there is essentially

no information, and so uncertainty is at its highest. Without any constraints,

the entropy function is maximized when α, β = 1, which equates the Beta

distribution to the Uniform distribution, where all events are equiprobable (the

probability density function of the Uniform distribution is flat). Thus, given

the constraint of the player’s prior beliefs, the entropy function is maximized to

find values of αs and βs that brings the Beta distribution as close as possible to

the Uniform distribution. Since the values of pks and the relationships between
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Figure 2: Probability density functions for the good (red) and bad (blue) states.

αs, βs for each state are defined, the entropy-maximizing hyperparameters are:

(αs, βs) =


(2.55, 0.85) s = g

(0.85, 2.55) s = b

.

Figure 2 graphs the entropy-maximizing probability density functions for each

state.

The main caveat to this Bayesian updating process, within the context of

this model, is that the player does not know when p̂us is not only close enough

to the true value of pu,s for each state, but also significantly different from

pks. In other words, when does the player confidently know which arm is the

best to pull? The answer to this question lies in a comparison of pk,s and the

estimated value of pu,s. For the Pseudo-Gittins and ε-Greedy strategies, only

the strict comparison of p̂u,s and pk,s affects which arm the player pulls. The

Pure Unknown strategy, however, compares the probabilities of the known arm

and estimated probabilities of the unknown arm by constructing a difference in
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means confidence interval with endpoints (γ1s, γ2s):

(γ1s, γ2s) = (pk,s − p̂u,s)± t∗
√
V ar(p̂u,s)

npu,s

(4)

where t∗ represents the t-value from a Normal distribution for a player’s given

confidence level and their posterior probability distribution.3 Since the t-value

reflects a player’s degree of confidence, different t-values reflect varying degrees

of ambiguity aversion. For example, a player with a low confidence interval

(∼ 95%) is not as ambiguity averse as a player with a high confidence interval

(∼ 99%) because the latter player needs to be more certain that exploration of

the unknown arm is worthwhile. Section 4 not only explains why only the Pure

Unknown strategy uses the confidence interval as part of its learning process, but

also outlines the different strategies and data collection process. Therefore, the

remainder of the paper explores several different strategies under two variations

of the game: one where the current state is known and another where the

current state is unknown. These are herein referred to as the Current State

Certainty (CSC) and Current State Uncertainty (CSU) conditions, respectively.

The strategies are compared within and between the CSC and CSU conditions to

determine which strategy produces the most optimal solution, or best maximizes

the player’s objective function. It is important to note that the most optimal

solution is not necessarily the equilibrium strategy; this is because there is no

true equilibrium strategy in this game since the stochastic movement between

states and the learning process built into the game preclude any true equilibrium

strategy from existing.

3The term V ar(pks)
npks

is not included in the standard error calculation because the true value

of pks is known, so V ar(pks) = 0.
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4 Analysis

Given the structure of the model, there are four different strategies to explore

within the context of this game: the Pure Unknown strategy, the Pseudo-Gittens

strategy, the ε-Greedy strategy, and the Softmax strategy. The Pure Unknown

strategy is this paper’s novel strategy, and for this strategy, the player only

chooses the unknown arm until she confidently learns the true probabilities of

the unknown arm for each state. The player learns the probabilities of the

unknown arm in each state with the difference in means confidence interval

from Section 3. This confidence interval yields the following strategy for the

player.

Proposition 1:

1. If 0 /∈ [γ1s, γ2s] and (γ1s, γ2s) is positive, then the player exploits the

known arm for the remainder of the game in state s.

2. If 0 /∈ [γ1s, γ2s] and (γ1s, γ2s) is negative, then the player exploits the

unknown arm for the remainder of the game in state s.

The proof of Proposition 1 is simple. Start with condition (1). Suppose pk,g >

p̂u,g and the margin of error is sufficiently small such that (γ1g, γ2g) is positive.

This means that pk,g > p̂u,g at a statistically significant level, so the known arm

is the better option and condition (1) is true. The opposite is true for condi-

tion (2) when the inequality switches and the range of the confidence interval

is negative. Therefore, the Pure Unknown strategy differentiates itself from

the other strategies by using the confidence interval to complete exploration of

the unknown arm before the global optimal arm is realized and exploited. Im-

portantly, the Pure Unknown strategy is the only strategy that has a built-in

flavor of ambiguity aversion since the player needs more evidence than a simple
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comparison of probabilities that the unknown arm is better than the known

arm.

The Pseudo-Gittins strategy is a variant of the methodology created by Git-

tins (1979) to derive the Gittins Index. This strategy does not produce a Gittins

Index; rather, it follows the basic methodology that obtains the Gittins Index,

such that the current best arm is chosen in each time period. The delayed re-

ward structure and state-dependent payoffs in this game also complicate how to

define the current best arm. Depending on the current state and the stochastic

movement between states for each time period, the current best arm in time

period τ may not be the current best arm in τ + 1 when the arm is actually

pulled. In other words, the current best arm relies on the expectation of which

arm has the highest expected payoff in the next time period given the Markov

chain and the relationship between pk,s and p̂u,s. This requires that the player

calculates p(sτ+1|sτ ) to determine which state is most likely in period τ + 1,

and then choose the arm with the highest probability of a successful pull given

the expected state. Proposition 2 outlines the pure strategy solution for the

Pseudo-Gittins strategy in the CSC condition.

Proposition 2:

1. In state s, if p̂u,s > pk,s, then the player chooses the unknown arm.

2. Otherwise, the player chooses the known arm.

3. p(sτ+1|gτ ) =


0.7 s = g

0.3 s = b

4. p(sτ+1|bτ ) =


0.4 s = g

0.6 s = b

18



(a) Starting in the good state.

(b) Starting in the bad state

Figure 3: Two period Markov chain movement for each state.

The proof for Proposition 2 depends on which state characterizes time period τ ,

and Figure 3 presents tree diagrams for each state to understand the stochastic

movement of states between the time periods τ and τ + 1. Since this strategy

does not randomize between the selection of both arms, it is possible for the

player to never learn the true probabilities of the unknown arm if she believes

the current best arm is always the known arm. Consequently, if the player’s

local best choice is not the global best choice, then the player fails to maximize

her payoff over the course of the game. The Pseudo-Gittins strategy also does
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not require the confidence interval as part of its strategy because the player

only cares about whether the posterior belief of the uknown arm in a given

state is currently either greater or less than the corresponding probability of

the known arm, and her expectations about which state will characterize the

next period. In other words, there is no need for the posterior belief to be

significantly different; rather, it must only be different.

The ε-Greedy strategy, which Tokic (2010) defines as a strategy where the

current best arm is chosen with probability 1− ε, is essentially the same as the

Pseudo-Gittins strategy, except it allows for a small degree of randomization.

Thus, ε-Greedy uses Proposition 2, but instead of choosing the current best

arm with probability one, it is chosen with probability 1 − ε, where ε = 0.05

in this game. On a more theoretical level, ε represents the probability that the

player’s belief about the current best arm are incorrect. Even if, for example, the

player believes the current best arm is always the known arm for both states,

she still learns about the probabilities of the unknown arm with p = 0.05.

Consequently, suppose pu,s > pk,s and the player correctly updates her beliefs

about the probabilities of the unknown arm for n trials but incorrectly believes

that p̂u,s < pk,s due to an unlucky sampling from the unknown arm. If the

player uses the Pseudo-Gittins strategy, then she will always choose the known

arm because she believes it is the current best arm, even though it is not.

In this scenario, she always chooses the inferior arm and fails to explore the

unknown arm; the ε-Greedy strategy lets the player explore the unknown arm–

albeit infrequently–and over time learn that the unknown arm is actually the

best current arm choice. Therefore, the ε-Greedy strategy addresses the main

shortcoming of the Pseudo-Gittins strategy.

The final strategy is the Softmax strategy, which is the simplest of the four

strategies. While the softmax strategy, according to Tokic (2010), allows ε ∈
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[0, 1], the Softmax strategy for this game can be thought of as the “softest”

strategy because the player chooses each arm with probability 1/2. The Softmax

strategy is, consequently, not as extreme as the ε-Greedy strategy; the player

does not treat either arms as the current best option since she does not yet

know which arm is the best option.

The fact that there is no equilibrium solution to this game precludes any

theoretical explanation for which strategy is optimal. At the same time, this

two-armed bandit problem does not exist as one specific real-world scenario, so

actual data cannot be collected. Consequently, this game is emulated by an

alogrithm in R. The base algorithm for the game exactly follows the foundation

in Section 3, and adjusts slightly for each strategy described earlier, as well as the

CSC and CSU conditions. Other than the strategies and conditions, the main

independent variables that change with each iteration of the algorithm are the

two confidence interval significance levels for the confidence interval of the Pure

Unknown strategy–α ∈ {0.05, 0.01}–and the true values of pu,g and pu,b, which

are pu,g = {0.9, 0.7, 0.5, 0.55} and pu,b = {0.5, 0.45, 0.3, 0.1}. To simulate all

possible relationships between the probabilities of the unknown arm with those

of the known arm, the different values of pu,g and pu,b are paired together as

(pu,g, pu,b), such that there are 9 pairs. Since the model dictates that pu,g > pu,b,

the pairing (0.5, 0.5) is impossible and does not intuitively make sense–the good

state should be strictly better than the bad state. Thus, to replace the (0.5, 0.5)

pairing, the (0.55, 0.45) pairing stands in its place, and those probabilities are

not used for any other pairing.

One iteration of this game is, for example, the Pure Unknown strategy with

the (0.9, 0.5) pairing at the 99% confidence level in the CSC condition. Figure 4

presents two tables as examples of the output. Given the different independent

variables, there are a total of 63 iterations of the game to report.4 Each iteration
4There are 18 iterations (9 unknown probability pairings and 2 confidence levels) for the
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Figure 4: Output examples from Pure Unknown strategy.

of the game has a fixed trial length n = 500 and is run 500 times by the algorithm

to satisfy the law of large numbers. All strategies also run over the same n = 500

trials, where the states are the same in each time period τ . After 500 trials, the

Markov Chain does not reach its steady state, so in order to compare results for

each strategy, the stochastic movement over 500 trials must be standardized.

The randomly generated n = 500 standardized trial period for the results section

has a “steady state” of p(g) = 0.72 and p(b) = 0.28. The dependent variables

that each iteration outputs (a total of 8) are the length n of each trial, the final

payoff, the final posterior probability estimates of the unknown arm (p̂u,g, p̂u,b),

and the corresponding hyperparameters for each state (αs, βs).

5 Results

The results are presented in three main subsections: the CSC condition, the

CSU condition, and then robustness checks. The CSC condition is the baseline

Pure Unknown strategy, and 9 iterations for the remaining 3 strategies. All 4 strategies are
run in the CSC condition, and only 2 are run in the CSU condition (only the Pseudo-Gittins
and ε-Greedy change in the CSU condition). This sums to 63 iterations.
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condition, and the CSU condition is an extension of the CSC condition to con-

sider how strategies and outcomes change when the player does not know what

state she is currently in. The only strategies that actually change in the CSU

condition are the Pseudo-Gittins and ε-Greedy strategy. How these strategies

change is explained in detail in Section 5.2. Finally, the robustness checks are

a brief investigation of the confidence interval for the Pure Unknown strategy

and t∗. Thus far, the confidence interval assumes that t∗ follows a Normal dis-

tribution instead of the Beta distribution. The justification for using a Normal

distribution is twofold: it is more familiar and common than the Beta distri-

bution, and the Central Limit Theorem suggests that large trials with random

variables will resemble a Normal distribution. Section 5.3 explores the validity

of this Normality assumption.

5.1 Current State Certainty Condition

To determine the best strategy, the averaged payoffs are compared to not only

see which strategy has the highest (the strategy that best maximizes Equation

1), but also compare these strategies to the theoretical maximum payoff for

the game. This theoretical maximum payoff is characterized by the following

equation:

p(r∗) = p(g)p∗a,g + p(b)p∗a,b (5)

where p(s) represents the steady state probability for each state and p∗a,s is the

probability of success for the best arm in state s. p(r∗) is multiplied by 500

to get the maximum payoff over 500 trials. The best arm in each state could

be all possible combinations of the unknown and known arms. Recall that the

steady state over 500 trials is p(g) = 0.72 and p(b) = 0.28 for these results,

which is not the true steady state. Table 1 summarizes the theoretical and

actual payoffs from each strategy for each unknown probability pairing. The

23



(pu,g, pu,b) Theoretical PU 99% PU 95% Pseudo-Gittins ε-Greedy Softmax

(0.9, 0.5) 394 392.56 (11.02) 393.89 (9.32) 355.15 (32.44) 378.65 (17.16) 349.56 (9.62)
(0.9, 0.3) 366 365.23 (10.45) 365.15 (8.57) 339.74 (28.10) 353.27 (13.80) 336.04 (8.69)
(0.9, 0.1) 359 336.97 (10.11) 336.46 (7.65) 336.43 (28.51) 349.73 (15.01) 320.69 (8.68)
(0.7, 0.5) 340 324.41 (11.87) 323.22 (11.67) 320.55 (19.96) 330.57 (14.66) 313.81 (10.07)
(0.7, 0.3) 312 295.84 (10.78) 294.51 (10.55) 305.01 (9.77) 305.83 (10.25) 299.68 (9.78)
(0.7, 0.1) 305 269.90 (14.59) 267.64 (12.40) 303.22 (9.68) 301.35 (8.95) 284.88 (10.19)
(0.5, 0.3) 312 228.14 (18.63) 225.96 (16.46) 304.27 (9.99) 302.46 (10.71) 263.42 (10.57)
(0.5, 0.1) 305 198.33 (18.79) 198.44 (18.87) 304.21 (9.20) 297.93 (9.69) 249.59 (10.05)

(0.55, 0.45) 333 266.40 (19.38) 264.49 (16.27) 314.33 (17.24) 319.33 (13.80) 282.14 (10.70)
Average 336.22 297.53 (13.96) 296.64 (12.42) 320.32 (18.32) 326.57 (12.67) 269.98 (9.82)

Table 1: Payoff comparisons between the theoretical maximum payoff and all
strategies.

standard deviation for each average payoff is included in parentheticals. To

show the effects of the strategies on the player’s anchored prior beliefs, Figure

5 presents the player’s posterior beliefs for the Pure Unknown strategy at the

99% confidence level for the unknown probability pairing (0.55, 0.45). As the

player learns about the true probabilities of the unknown arm for each state,

Figure 5 shows the effectiveness of this learning process. Relative to the prior

beliefs displayed by Figure 2, not only are the posterior beliefs highly accurate,

but also more normally distributed.

The average payoff over all unknown pairings indicates that the ε-Greedy

strategy has the highest expected payoff. While the Pseudo-Gittins strategy

has a payoff that is only six successful arm pulls shy of the ε-Greedy’s payoff,

the difference is statistically significant at α < 0.01, so the ε-Greedy strategy

is definitively the best strategy in this game. There are cases in which the

Pure Unknown strategy is either more optimal than or on par with both the

Pseudo-Gittins and ε-Greedy strategies. These cases are the first four unknown

probability pairings, where the Pure Unknown strategy is essentially optimal

for the top two pairings and roughly equivalent with the other strategies for the

latter two pairings. For the first two pairings, (0.9, 0.5) and (0.9, 0.3), the Pure
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Figure 5: Posterior beliefs for the Pure Unknown strategy for the unknown
probability pairing (0.55, 0.45).

Unknown strategy is close to optimal because the unknown arm should always

be chosen since it is the superior choice for both states; in other words, the

Pure Unknown strategy strictly dominates these unknown probability pairings.

The Pseudo-Gittins strategy does not match the Pure Unknown strategy in

these cases because, through unlucky draws from the unknown arm, the player

may believe that the known arm is the current best choice. Also, the ε-Greedy

strategy does not match the Pure Unknown strategy because the known arm

is chosen with probability ε. For the (0.9, 0.1) and (0.7, 0.5) unknown pairings,

the dominance of the Pure Unknown breaks down because the unknown arm

is no longer the best arm in both states, and the ε-Greedy strategy begins to

stand out as the most optimal strategy.

As the known arm becomes the better option, the payoff for the Pure Un-

known strategy lags behind the other strategies because of the extra trials

needed by the player to determine that the unknown arm is inferior. These
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extra trials for the learning process reflect the ambiguity aversion built into the

Pure Unknown strategy with the confidence interval, and there is no apparent

difference in payoff between the 99% and 95% confidence levels. Given that the

other strategies do not account for any degree of ambiguity aversion, it appears

that ambiguity aversion does lead to a significant drop in payoffs. Addition-

ally, payoffs do not change significantly between different levels of ambiguity

aversion; rather, the existence of ambiguity aversion is the source of the payoff

discrepancy for the Pure Unknown strategy and other strategies.

5.2 Current State Uncertainty Condition

The CSU condition amends the game such that the player does not know which

state she is currently in for time period τ , but knows sτ−1. This additional

layer of uncertainty in the model only affects the Pseudo-Gittins and ε-Greedy

strategies because these are the only strategies that select one of the arms by

maximizing the expected payoff. Since the player still chooses the arm that has

the highest expected payoff in time period τ + 1, she must form expectations

around sτ−1; the player now determines which state is most likely by calculating

p(sτ+1|sτ−1). Proposition 3 outlines the new arm selection strategy in the CSU,

and Figure 6 shows the three-stage Markov chain for each state.

Proposition 3:

1. If ˆpug > pkg and ˆpub > pkb, then the player chooses the unknown arm.

2. If ˆpug > pkg and ˆpub < pkb, then the player chooses the unknown arm.

3. If ˆpug < pkg and ˆpub > pkb, then the player chooses the known arm.

4. If ˆpug < pkg and ˆpub < pkb, then the player chooses the known arm.
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(a) Starting in the good state.

(b) Starting in the bad state.

Figure 6: Three period Markov chain movement for each state.
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(pu,g, pu,b) Theoretical Pseudo-Gittins CSC Pseudo-Gittins CSU ε-Greedy CSC ε-Greedy CSU
(0.9, 0.5) 394 355.15 (32.44) 358.45 (44.83) 378.65 (17.16) 380.84 (20.00)
(0.9, 0.3) 366 339.74 (28.10) 342.49 (32.41) 353.27 (13.80) 356.12 (15.24)
(0.9, 0.1) 359 336.43 (28.51) 324.52 (19.23) 349.73 (15.01) 333.62 (9.43)
(0.7, 0.5) 340 320.55 (19.96) 305.24 (9.58) 330.57 (14.66) 307.51 (10.82)
(0.7, 0.3) 312 305.01 (9.77) 305.31 (9.77) 305.83 (10.25) 303.34 (10.17)
(0.7, 0.1) 305 303.22 (9.68) 304.21 (9.50) 301.35 (8.95) 301.92 (9.55)
(0.5, 0.3) 312 304.27 (9.99) 304.54 (9.65) 302.46 (10.71) 300.31 (10.02)
(0.5, 0.1) 305 304.21 (9.20) 304.45 (9.48) 297.93 (9.69) 298.85 (10.06)

(0.55, 0.45) 333 314.33 (17.24) 304.49 (9.55) 319.33 (13.80) 302.44 (9.40)
Average 336.22 320.32 (18.32) 317.08 (17.11) 326.57 (12.67) 320.55 (11.63)

Table 2: Payoff comparisons between the CSC and CSU conditions

5. p(sτ+1|gτ−1) =


0.61 s = g

0.39 s = b

6. p(sτ+1|bτ−1) =


0.52 s = g

0.48 s = b

The proof for Proposition 3 follows the same logic as the proof for Proposition

2. The change in arm selection for Proposition 3 is due to the fact that the

good state is always more likely to occur, regardless of sτ−1. Now that the

arm selection is slightly different in the CSU condition, Table 2 compares the

payoffs of the Pseudo-Gittins and ε-Greedy strategies in both the CSC and

CSU conditions to the same theoretical maximum payoff. At first glance, the

strategies have slightly higher payoffs in the CSC condition than in the CSU

condition. In fact, these differences in payoffs are statistically significant for both

strategies at α < 0.01. Thus, the CSU condition produces significantly lower

payoffs than the CSC condition for the Pseudo-Gittins and ε-Greedy strategies.

This result matches basic intuition; the CSU condition forces the player to

essentially predict the state of a time period that is two periods in the future

instead of one. Given that this adds additional uncertainty to the model, it is no

surprise that the player receives a lower payoff. Overall, the ε-Greedy strategy
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remains the superior strategy, and at α < 0.01, the payoff for the ε-Greedy

strategy is significantly greater than that of the Pseudo-Gittins strategy in the

CSU condition.

5.3 Robustness Checks

Thus far, the Pure Unknown strategy assumes a Normal distribution in its

learning process because the confidence interval uses critical t∗ values from the

Normal distribution. While the justification for this Normality assumption is

substantiated in Section 4, this subsection removes this assumption and main-

tains the same learning process for the Pure Unknown strategy. Theoretically,

the Pure Unknown strategy does not change if a hypothesis test is used instead

of a confidence interval because they run the same significance tests with slightly

different methodologies. The hypothesis test for the Pure Unknown strategy,

however, does not borrow anything from the Normal distribution; rather, this

test maintains the Beta distribution and does not invoke the Central Limit

Theorem. More formally:

H∅ : p̂u,s = pk,s

Ha : p̂u,s 6= pk,s

The player chooses the unknown arm until she can accept the alternative hy-

pothesis for a given state; at this point, the player knows which arm is better,

and subsequently chooses that arm for the remainder of the game. This is still

the Pure Unknown strategy, but now the hypothesis test replaces the confidence

interval. The hypothesis test is also two-sided instead of one-sided because when

the player pulls the unknown arm, she does not know whether–for a given state–

the unknown arm is better or worse than the known arm. In other words, the

player only needs to determine that the unknown arm is different than the known
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(pu,g, pu,b) Theoretical PU 99% PU Robust 99% PU 95% PU Robust 95%
(0.9, 0.5) 394 392.56 (11.02) 393.56 (8.35) 393.89 (9.32) 393.53 (11.84)
(0.9, 0.3) 366 365.23 (10.45) 363.90 (12.69) 365.15 (8.57) 363.87 (13.26)
(0.9, 0.1) 359 336.97 (10.11) 349.75 (14.96) 336.46 (7.65) 350.81 (16.29)
(0.7, 0.5) 340 324.41 (11.87) 336.36 (9.97) 323.22 (11.67) 338.04 (9.84)
(0.7, 0.3) 312 295.84 (10.78) 310.74 (9.82) 294.51 (10.55) 310.38 (10.83)
(0.7, 0.1) 305 269.90 (14.59) 296.95 (9.49) 267.64 (12.40) 300.12 (9.28)
(0.5, 0.3) 312 228.14 (18.63) 305.88 (9.88) 225.96 (16.46) 307.16 (9.76)
(0.5, 0.1) 305 198.33 (18.79) 294.61 (9.94) 198.44 (18.87) 297.20 (9.91)

(0.55, 0.45) 333 266.40 (19.38) 322.69 (11.00) 264.49 (16.27) 326.67 (10.23)
Average 336.22 297.53 (13.96) 330.49 (10.68) 296.64 (12.42) 331.98 (11.25)

Table 3: Payoff comparisons between the Pure Unknown and PU Robust strate-
gies.

arm, and since there is no information at the beginning of the game about the

unknown arm relative to the known arm (ignoring the player’s anchored beliefs),

the hypothesis test must be two-sided.

The same data collection method from Section 4 applies to the new variant

of the Pure Unknown strategy (herein referred to as the PU Robust strategy).

Table 3 reports the average payoffs of the Pure Unknown and PU Robust strate-

gies at the 99% and 95% levels. There is a striking and noticeable difference

between the two versions of the Pure Unknown strategy. The PU Robust strat-

egy is close to the optimal theoretical maximum of the game, and is, as a result,

easily the best strategy in the entire game. If these two strategies are essentially

the same–given that the confidence interval and hypothesis test are two sides

of the same coin–then how is the PU Robust strategy so much better than the

Pure Unknown strategy? The answer is the Normality assumption.

Since the PU Robust strategy is so close to the maximum expected pay-

off possible, the PU Robust strategy has a very quick and efficient learning

process. Clearly, the confidence interval takes longer to learn the true proba-

bilities of the unknown arm for each state. The main reason why the learning

process for the confidence interval is longer than that of the hypothesis test is

because the Normality assumption relies on the Central Limit Theorem, which
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holds true only for large random variable samples. Consequently, the confi-

dence interval requires that the sample size of these trials, which have a Beta

distribution, is sufficiently large in order to become a Normal distribution to

determine any statistical significance. On the other hand, the hypothesis test

determines signficance with the cumulative distribution function of the Beta

distribution, where there are no assumptions regarding either the data having a

Normal distribution or a sufficiently large sample size. Therefore, though the-

oretically equivalent, the hypothesis test and confidence interval methodologies

for the Pure Unknown strategy differ because the confidence interval makes a

strong Normality assumption; the hypothesis test shows that the player learns

faster and has the most optimal strategy when the learning process stays with

the Beta distribution.

6 Conclusion

The results from Section 5 reveal that the Pure Unknown strategy is the most

optimal strategy in this version of the multi-armed bandit problem, which sug-

gests that this paper’s original strategy is better at maximizing Equation 1 (a

relatively simple utility maximization equation) than the strategies introduced

by Gittins (1979) and Tokic (2010). At the same time, however, the two pos-

sible learning processes–that are at a theoretical level the same–for the Pure

Unknown strategy produce different results. This, naturally, calls into question

whether the Pure Unknown strategy is actually the most optimal strategy, and

compels further discussion. The strength of the Normality assumption, which

does account for the difference in payoffs between the confidence interval and

hypothesis test, has already been discussed. What has not yet been addressed

is the implications of these differences within the context of ambiguity aversion.

Recall that ambiguity aversion reveals a preference for the known arm over the
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unknown arm, and that in order to reverse that preference, the player must

sufficiently learn that the unknown arm is superior to the known arm. Given

this, Section 5.1 argues that the Pure Unknown strategy is not as optimal as the

other strategies because the confidence interval characterizes ambiguity aversion

and subsequently makes the learning process longer for the player. Section 5.3

to some extent nullifies the argument that the Pure Unknown strategy is more

ambiguity averse than other strategies–assuming that ambiguity aversion leads

to a longer learning process and, therefore, lower average payoffs–because the

PU Robust strategy is overall the most optimal strategy. These two results,

however, are not contradictory. Rather, the Normality assumption (the criti-

cal value in the confidence interval) is the source of ambiguity aversion within

the Pure Unknown strategy because it elongates the learning process. Thus, if

a player has ambiguity averse preferences, then she plays the Pure Unknown

strategy; otherwise, she plays the PU Robust strategy.

While the previous literature often finds that the Gittins Index is consistently

the most optimal across many variants of the multi-armed bandit problem, this

paper finds that both the ε-Greedy and PU Robust strategies are significantly

better in the context of this game. More importantly, the PU Robust strategy

is the superior choice in this game; this suggests that a player should prioritize

learning the unknown arm instead of choosing what she believes to be the current

best arm, with the caveat that the learning process is fast enough. Additionally,

the fact that the Pseudo-Gittins strategy is the third best strategy implies that

a player suffers from situations in which she should have explored the other

alternative options more instead of focusing on the local best choice. Intuitively,

strategies that encourage more exploration of unknown alternatives–in a game

that requires some degree of learning–should reward the player.

There are also several extensions to consider. First, as a type of stress test,
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the Pure Unknown strategy should be applied to other variants of the multi-

armed bandit problem to see whether it remains the most optimal strategy. One

variant in which it seems likely that the Pure Unknown strategy begins to lag

behind other strategies is if there are mutliple unknown arms available. The

Pure Unknown strategy requires the player to learn the true probabilities of

all unknown alternatives before the global best arm is chosen. As the number

of uknown arms increases, so does the learning process for the Pure Unknown

strategy. The differences in payoffs between the confidence interval and hypoth-

esis test iterations of the Pure Unknown strategy are evidence of how a longer

learning process decreases the viability of the Pure Unknown strategy. Another

extension, more specific to this paper’s game, is to remove the assumption that

the player knows the state transition probabilities from the Markov chain. This

creates an additional learning process for the player and overall increases un-

certainty in the model. Given the lower payoffs from the CSU condition, the

average payoffs with the transition probability uncertainty should be lower.
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