
A Theory for Allosteric 
Temperature-Sensitive 
Transcription Factors 

Zechen Zhang 

Swarthmore College 

A thesis submitted for the degree of 

Bachelor of Arts 

April 2018 



To the ones who are unafraid to try. 



Acknowledgements 

First and foremost, I would like to thank my co-advisor Rob Phillips, who 

came up with the main idea of this thesis project during our time at Woods 

Hole, and presented me the wonders of physical biology. I would also like 

to thank my Swarthmore co-advisor Catherine Crouch, who provided me 

valuable feedback and critiques on my writing, without whom the thesis 

would never come to completion. 

I also appreciated help, guidance and useful discussions from Vahe Gal

styan, Tal Einav, Muir Morrison, Griffin Chure, and Manuel Razo in the 

Phillips group, with whom I had a wonderful time at Woods Hole. 

Finally, I am deeply thankful for my friends and family who have sup

ported me along the way and I want to especially thank my parents for 

their unconditional care and love for me, without which I can never be 

the person I am today. 



Abstract 

We propose a theory for temperature-sensitive transcription factors under 

the allostery framework. We show that the allostery theory due to excess 

vibrational entropy and conformational energy difference can produce a 

thermal switch behavior that is experimentally observed in the literature. 

The theory paves the way for a complete model of a tunable thermal 

bioswitch. 
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Chapter 1 

Introd uction 

1.1 Biology From a Physicist's Point of View 

Physicists have long been fascinated with biological systems. From Schrodinger's in

terest in living phenomena [181 to the establishment of polymer physics as a popular 

sub-field of physics, biophysics has gained attention from generations of physicists 

who are in search of general principles. At a first glance, biological organisms are 

simply a collection of physical and chemical events happening in space and time, to 

which we can apply the law of physics rigorously. However, the emerging complexity 

in such systems, combined with the lack of quantitative understanding of biological 

mechanisms, lead to great difficulties in developing theoretical models in biology. As 

a result, scientific discoveries and breakthroughs are almost always driven by experi

ments in the past decades. However, theories have played important roles throughout 

the history of biology, from Watson and Crick's theoretical inference of the structure 

of DNA to the success of the Hodgkin - Huxley model in neuroscience [21. Undoubt

edly, physicists' dreams of building predictive and universal quantitative models are 

not entirely fanciful. In recent years, thanks to the development of microscopy and 

precise labeling techniques, high-quality quantitative data have become available for 

interpretation by theorists. In fact, the last decade has seen many successful theo

retical models, and significant progress in making biology a quantitatively predictive 

science. In the work reported here, I will generalize one of these models, allosteric 

regulation of transcription control, to provide a theoretical framework to understand 

how genetic expression can be regulated by temperature. 
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1.2 Allostery-The Second Secret of Life 

How does a cell, or more generally, a multi-cellular organism, sense and adapt to its 

environment? This question has been a major theme of research in biology for more 

than a hundred years. Thanks to post-genetics technology, we now understand a 

myriad of metabolic pathways and cell signaling mechanisms responsible for sensing 

the environment. Surprisingly, the class of underlying molecular mechanisms behind 

dramatically different phenomenology from chemotaxis to lactose metabolism, can 

simply be described with the concept of allostery. In the literature, allostery usually 

refers to the regulation of an enzyme or other functional protein by binding an effector 

molecule at a site other than the active site. In the simplest case, the functional 

protein has two conformational states, active and inactive, and the effector binding 

changes the equilibrium to favor one state over the other, as illustrated in Figure 

1. 1. In the 1960s, people working in the field thought that the enzyme activity is 

inhibited through competition of the effector ligand for the functional binding site, 

so the proposal of a distinct effector binding site is a profound breakthrough in our 

understanding in the mechanisms of molecular regulation. The name" allostery" , 

meaning "other object", comes from the Greek allos (other) and stereo (object). In 

the following discussion, I will provide several examples of the ubiquitous allosteric 

mechanism across different fields in biology. 

The first allosteric model developed in the field is for oxygen binding to hemoglo bin. 

Hemoglobin carries oxygen in the red blood cells and it has an extremely high affinity 

for oxygen. Furthermore, hemoglobin exhibits cooperative binding as the concentra

tion of oxygen increases and the binding of oxygen becomes easier. It turns out that 

hemoglobin is an oligomer with 4 distinct oxygen binding sites but the cooperativity 

mechanism was not quantatively understood until the MWC model. In 1965 Monod, 

Wyman and Changeux published a now famous paper [131 in which they proposed 

that each sub-unit of hemoglobin can assume one of two states with different binding 

affinity, namely, T (tense) and R (relaxed) state. Therefore, oxygen molecules would 

bind cooperatively as the ligands shift the equilibrium in favor of the R state. In 

essence, the oxygen ligand serves both as an effector and a substrate, thus exhibiting 

the cooperative behavior. 

Another example of an allosteric molecular mechanism is the ligand-gated ion 

channel. The ligand as an effector would bind to the corresponding binding site 

on the ion channel protein, leading to a conformational change of the ion channel 

(open--+closed or closed--+open). This allosteric regulation of ion channels is crucial 

2 



Effecto r
binding 
site 

Inactive 

Active 

~ ................. ~ 

Fu nctional 
site 

Figure 1.1: Illustration of allosteric regulation. An allosteric protein, usually 
an enzyme or transcription factors, has two conformational state (active or inactive) 
where the equilibrium is shifted by the effector binding. A popular interpretation of 
the mechanism in the literature is that effector binding can somehow influence the 
functional site of the protein though the effector-binding site and functional site are 
separate from each other. 

in cell signaling, in which the information represented by the ligand is converted to 

an ion current entering the cell. 

There are many other examples of allosteric regulations, such as enzyme switches. 

Because of the ubiquity and universality of allostery, it has been considered as "the 

second secret of life" [9], following DNA as the first secret. 

1.3 The MWC Model for Transcriptional Induc
tion 

As discussed, a general theoretical and quantitative understanding of allostery is 

needed given its importance in biological mechanisms. The MWC model has been 

proved to be a great candidate theory and recent work has applied the MWC model to 

study transcriptional regulation. Many transcription factors (activators, repressors) 

can be regulated by a class of ligand called inducers. In this process, the inducer thus 

serves as an effector that allosterically controls the transcriptional factor binding 
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Tense (T) 
inactive 

1=1 • 1=1 

Relaxed (R) 
active 

S's ,-----__________ 6f' "</ 

.. 

Figure 1.2: The equilibrium of the T and R states is controlled by oxygen 
concentration. Reproduced from [7]. 

Ligand 0 • o 
\ 0 

Figure 1.3: Ligand-gated ion channel is opened once the ligand binds to the 
channel protein. Reproduced from [7]. 

affinity to the DNA. The MWC model can be formalized in the statistical mechanics 

framework and we present here a states and weights approach that has been developed 

in the context of transcriptional induction [16]. 

The MWC model essentially assumes a two-state system where the transcription 

factor can have either an active or an inactive state, which have different conformation 

energy (KJ) KA); on the other hand, they also have different binding affinity with 

the inducer (EJ,EA). As illustrated in Figure 1.4, we could write down the relative 

weights associated with each microstates from calculations of grand canonical ensem

ble. Specifically, if we have a dimer with two binding sites, there are 8 microstates and 

the partition function for the active and the inactive state can be written respectively 

as Zad.ive = (1 + ;A)2 and Zimwtive = e-i36.<AI (1 + ;A)2, where c is concentration of the 

4 



ACTIVE INACTIVE 
STATE WEIGHT STATE WEIGHT 

U 1 (] e -j3!J.~AI 

Lj C U e-;3!J.~AI ~ 

K A K J 

n c U e-j3!J.~AI ~ 

K A K J 

U (;J U e-j3f,~AI (;1) 2 

I I I 

LWi = (1+ --"--r 
active KA 

L Wi = e-P"'M ( 1 + --"-r 
inactive KJ 

Figure 1.4: States and weights for the repressor. The relative probability can 
be calculated for each microstate. Reproduced from [161. 

transcription factor, K A or KJ is the dissociation constant related to the appropriate 

conformation energy, and EA! = EA - EJ which is the difference of the inducer binding 

energy between the active and the inactive state. Thus, the probability of the dimer 

being in the active state is 

(1+ Ilj 
(11) 

Notice that as the concentration of inducer increases, ZJ would increase much faster 

than ZA if the Boltzmann factor e- i3' AI is much bigger than 1 (EA! « 0). In other 

words, if the inducer binds much tighter with the inactive state (thus an repressor), 

the equilibrium for the transcription factor shifts towards the inactive state as the 

concentration of inducer increases. 

Our result could be generalized [161 for a transcription factor with n binding sites 

(1+ _c )n 
p (c) = K A 

A (1 + IlJn + c i3' AI (1 + Il)n' (12) 

Since n encodes how sensitive the transcription factor responds to the change of 

concentration of inducer, it is equivalent to the Hill coefficient in a standard titration 

curve. Thus, the number of binding sites n can be defined as the effective Hill coeffi

cient. Therefore, if we consider the inducer as an effector, now we have a quantitative 

and predictive relationship between the alloseric state of the transcription factor and 

the effector. Subsequently, the level of gene expression is informed. 
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1.4 Gene Expression and Fold-Change 

1.4.1 Transcription Regulation in the Cell-Some Biology 
Background 

For readers without any knowledge of biology, some background on gene expression is 

necessary. Generally speaking, the process of gene expression consists of two stages

transcription and translation. During transcription, a sequence called the promoter on 

the upstream of the gene, if identified and bound by RNA polymerase (RNAP), would 

initialize transcription of mRNA. Subsequently, mRNA is translated into protein 

polymers outside the nucleus. During the two stages of gene expression, there is 

a complicated set of control factors responsible to regulate the expression, so that 

the level of gene expression is "well tuned" for specific environmental condition that 

the cell is subject to. In particular, a delicate set of regulatory proteins called the 

transcription factors is in control of the" on" and" off' of transcription, and is a major 

part of the regulation system of gene expression process that people have studied. 

Transcription factors are protein molecules that bind to the operator of a gene and 

actualize the transcriptional control. Transcription factors can be classified through 

their function: activators exert positive control on transcription while repressors exert 

negative control. For simplicity, we will focus our attention on repressors which could 

represent transcription factors in general, since the theoretical framework we would 

develop applies to activators in a similar fashion. 

The repressor inhibits transcription by binding to the operator and prevents 

RNAP binding to the promoter (Figure 1.5). Thus, we could anthropomorphically 

think of repression as a "recruitment" of repressor molecules to reduce the level of 

gene expressIOn. 

Though we have a cartoon picture Figure 1.5 that illustrates the mechanism of 

transcription control, we are far from satisfied. Cartoons are useful to give us a first 

glance of the scene behind nature's magic, but are not a complete explanation of how 

the magic works. As physicists, we are interested in a theoretical model that can 

describe the quantitative relationship among each other in the biological system. We 

aim to answer questions such as how is the gene expression dependent on repressor 

concentration. It is such that motivates us to go beyond cartoons in traditional 

biology textbooks. 

6 



promoter 

GENES ON 
low repressor concentration 

Figure 19.5 Physical Biology of the Cell, 2ed. (Cl Garland Science 2013) 

~ 

operator 

repressor 

GENES OFF 
high repressor concentration 

Figure 1.5: Repression mechanism. Repressor molecule inhibits transcription 
through occupation of the operator. Reproduced from Figure 19.5 of [14]. 

1.4.2 Theoretical Calculation of Fold-Change 

At first glance, it seems an impossible mission to calculate the absolute level of gene 

expression: the transcription and translation processes are highly complicated and 

depend on so many variables. To get a meaningful theoretical prediction, we can 

instead focus on the relative level of gene expression: the ratio of gene expression 

with repressor to that of the control group (without repressor). The relative level of 

gene expression is represented as the fold-change. Bintu et. al. developed a robust yet 

remarkably simple theory on the relative level of gene expression based on statistical 

mechanics [3] and the theory is so far consistent with experimental data [11]. Here 

we present a summary of the theory. 

To start, let us consider a simpler case without transcription factors and focus 

only on the polymerease-DNA binding process. Besides the specific promoter binding 

site, there are thousands of other non-specic bindng sites available to the RNAP. We 

can then treat the polymerease-DNA binding as a micro-canonical ensemble. Since 

most RNAP are bound to DNA, we could count the microstates for specific and 

non-specific binding, respectively. (Figure 1.6). 

The partition function for nonspecific binding is 

(1.3) 

7 



RNA polymerase 

! 
DNA 

MICROSTATE 1 ,-----1o-----,----1 -----,---1o------,---1 -------'--10-------'-1_ .. · o 1 

MICROSTATE 2 

MICROSTATE 3 

etc. 
NN S boxes 

Figure 6.9 Physica18iology of the Cell, 2ed. (<0 Garland Science 2013) 

Figure 1.6: Illustration of counting microstates of RNAP-DNA complex. To 
count the multiplicity, we could treat the non-specific binding RNAP as molecules in 
NNS boxes. Reproduced from Figure 6.9 of [14]. 

where NNS is the number of nonspecific binding sites, P is the copy number of RNAP, 

and e~s is the binding energy of RNAP with a nonspecific binding site. The partition 

function takes the form of multiplicity x Boltzmann factor. 

On the other hand, in the case of specific binding, one polymerease is on the 

promoter and the partition function is thus 

( ) 
-PES Zs = ZNS P - 1, NNS e pd (1.4) 

In this case, e;d is the promoter-RNAP binding energy. Zs and ZNS are statistical 

weights for DNA-RNAP binding, as summarized in Figure 1.7. Therefore, there is a 

competition between specific and non-specific binding, and the "recruiter" DNA can 

step up its game through assigning a higher binding affinity for the promoter. 

The probability of the gene being transcribed (RNAP-promoter binding) can be 

calculated as Pbound = ZS!~NS' Utilizing the fact that P < < N NS, we can approxi

mate the multiplicity and arrive at the calculation that 

(1.5) 
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It turns out that only the relative difference between specific and nonspecific 

binding energy b.Epd matters. 

STATE ENERGY 

Figure 6.11 Physical Biology of the Cell, 2ed. (Q Garland Science 2013) 

MULTIPLICITY 

NNS! (NNS)P 

P! (NNS- P)! " -P!-

NNS! (NNS)P- l 

(P- I)I [NNS-(P-I)]! " (P-I)I 

WEIGHT 
(MULTIPlIClTY )( BOLTZMANN WEIGHD 

Figure 1.7: States and Weights for DNA-RNAP binding. Reproduced from 
Figure 6.11 of [14]. 

Now we are ready to consider the complete picture of transcription control with 

repressors. The theoretical framework is exactly the same in this case, except that 

repressors such in some statistical weights that occludes RNAP-DNA binding. As 

illustrated in Figure 1. 8 A, the weights for active and inactive repressors are a product 

of their associated multiplicity and the Boltzmann factor with the associated binding 

energy. Therefore, the RNAP-DNA binding probability is 

(1.6) 

Our model presumes that gene expression is proportional to Hound, yet measuring 

Hound directly is fraught with experimental difficulties as the exact relationship be

tween expression and Hound is hard to pin down. Instead, we can measure the fold

change of gene expression due to the presence of repressor. The fold-change is defined 

as 

F ldCh 
Hound(R > 0) 

o ang e = -=------;-::----,-
Hound(R = 0) 

(1. 7) 

We could further simplify the expression of fold-change, using the well-justified as

sumptions (1) a weak promoter [12][4] (NP e-PL'>.Ep ) and (2) that the inactive repres-
NS 

sor binds much weaker than the active repressor (NRJ e-pL'>.ERI < < 1 + NRA e-PL'>.ERA). 
NS NS 

Therefore, the simplified expression of fold-change is calculated to be 

FoldChange ~ (1 + RA e-PL'>.ERA t 1 = (1 + PA(c)~e-PL'>.ERA )-l, (1.8) 
NNS NNS 
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where R is the repressor copy number, PAre) is the probability of repressor being 

active dependent on inducer concentration as given by equation 1.2, and ""ERA is the 

adjusted (subtracted nonspecific binding) binding energy between the active repressor 

and the operator. 

The fold-change equation above is our glorious prediction of the level of gene 

expression given inputs of transcription factor, and we now have a ground-up theory 

for how allosteric transcription factor would change gene expression. 

A descrIption state statistical weight 

empty promote, - C 

RNA poly",."a,. PIC ~e- ~ .J. t, 
bo~nd 

NNS 

~ctiv<! ,.pr."o. 
~",-~ .:. < .. bound 
NNS 

InacH .... ,.pr .... .,. ~ .!.!:.!......e-~.:.<.' 
bo~nd N,vs , 

active inactive 

".,1,'1<01 ".~1It ."i"iul_i<;J~t 

III 6 e- ~ ':'r .. 

• , (j e- ~ .J. ", -=-
K, K, 

'I , (J e-~':'·" -=-
K, K, 

• (;J 0 e- ~ <lor" (iJ 
I 

I>·- (, 
"'''''' 

')' K; 
L ., ~,.p •• (H.'.)' 

I, ... ,,,,,,, K, 

Figure 1.8: States and Weights for transcriptional control with repressor. 
A shows the statistical weights for the operator or promoter binding to repressor or 
RNAP. B shows the states that the repressor could be in and their associated weights. 
Reproduced from [161. 

1.5 Temperature-Sensitive Repressor-Generalization 
of Allostery 

In the case of transcriptional induction, the inducer ligand acts as the effector and 

a theoretical prediction is derived for the transcription factor activity dependent on 

inducer concentration. In this section, I will generalize the idea of allostery to allow 

for tern perature to serve as the effector. Through the states and weights approach 

as in [16]' my colleagues and I propose a theory for the temperature dependence 

of transcription factor activity, treating temperature as an "effective ligand" that 

induces an allosteric transition. 

10 



Our motivation comes from the observation of a family of temperature-sensitive 

repressors (TSR) that exhibit a "switch" behavior: there is a sharp transition for the 

repressor activity from high activity to low activity at a critical temperature [15]. 

Consider the experimental setup of Piraner et al. shown in Figure 1.9, where a 

temperature-sensitive repressor (TSR) binds to a promoter, occluding RNA poly

merase binding. Through genetic engineering, a G FP gene is inserted between the 

TSR promoter (pTSR) and the TSR gene, so that we could detect the level of gene 

expression from observing the level of GFP intensity. Specifically, they analyzed the 

behavior of two such repressors - TlpA and Tel - as temperature was varied. For 

now, we only focus on TlpA, which to the current knowledge of Piraner et al. binds 

to a single promoter site, whereas Tel is known to bind to two promoters which each 

contain three operators for Tcl. 

Figure 1.9: A temperature-sensitive repressor modulates gene expression. 
A temperature-sensitive repressor occludes RNAP binding at low temperatures but 
permits binding at high temperatures. complete the story 

Piraner et al. made mutations in the wild type TlpA gene and selected two mu

tatants TlpA36 and TlpA39) which were sensitive to lower temperatures as shown in 

Figure 1.10. For the thesis, we want to see if the allostery framework can explain such 

temperature-dependent behavior so that we can have a better understanding of how 

to tune the thermal bioswitch through turning "knobs" in the TSR protein. Through 

this project, I hope to eventually inform better design of tunable thermal bioswitch 

for medical applications. 

Along the line of thoughts from MWC model, we naturally model the repressor 

protein as a two-state system with different free energies, whose equilibrium is tem

perature sensitive. The key to a successful allostery model for temperature is to find 

an appropriate free energy function for different states. The conformational energy 

difference alone cannot explain such a sharp transition, which suggests the importance 

11 
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Figure 1.10: Level of gene expression for TlpA and its mutants. The curve 
shows the promoter activity as a function of temperature for repressor TlpA and two 
of its mutants. Data reproduced from Figure 2c of [15]. 

of entropic contribution. One hypothesis we explored is that vibrational entropy gov

erns the free energy difference and it comes from a difference of vibrational frequency 

distributions. 

Taking account of the vibrational entropy, we provide here a general allostery 

framework for protein activity, which may be a candidate model for TSR and even 

other more general temperature-dependence behavior such as enzyme activities [17]. 
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Chapter 2 

Towards a Temperature Allostery 
Theory 

2.1 Excess Entropy and Phase Transition 

To establish the temperature allostery model, it is essential to understand what IS 

driving the free energy change from low energy to high temperature. Our first idea 

would be that temperature comes in as Boltzmann factor. Nevertheless, an estimated 

calculation shows that Boltzmann factor does not explain the high temperature sen

sitivity of the repressor activity. 

We propose, instead, that it is the excess entropy that plays the major role in the 

temperature dependence of repressor activity. Our inspiration comes from studies on 

phase transition in solid state physics. In the literature, excess entropy is used to 

describe an entropic difference between two different phases due to their structural 

difference. In particular, the vibrational excess entropy refers to a entropic difference 

caused by a shift of vibrational frequency spectrum for the molecule of interest. For 

example, a phase stable at high temperature may have an excess entropy relative to 

the phase which is stable at low temperature. Friedel explicitly calculated the excesss 

vibrational entropy and concluded that an excess vibrational entropy can explain the 

stability of the body centered cubic (BCC) phase in high temperature for a lot of 

metals [101. It has also been shown that vibrational entropy plays an important role 

in the context of allosteric transition for proteins [81. 

2.2 Molecular Vibration and Normal Modes 

To start, we can consider the protein as a collection of atoms where each atom lives 

in the energy potential created by the other atoms and they are vibrating in the 
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local wells. Since the vibrations of atoms are dependent upon one another just like 

the connected springs, the global vibrational behavior in general is a superposition 

of some fundamental and independent vibrational modes, called the normal modes. 

In principle, the vibrational frequency of a particular normal mode can be calculated 

from the eigenvalues of the Hessian matrix. Thus, we would eventually get a density of 

states p(w) for the normal modes in molecular vibration. In the simplest case, we can 

assume that every atom vibrates at the same frequency, i.e. p(w) is a delta function. 

In the following sections, I will introduce Einstein model as the paradigm for the 

generalized allostery theory; eventually I will come back to some more complicated 

and realistic cases for p(w). 

2.3 Methods for Calculation of PA 

Given a particular density of states function p(w), we could calculate the free energy 

by 

(2.1) 

where ZH(W) is the partition function for a single harmonic oscillator with vibra

tion frequency w, and E is the conformational energy of the molecule at given state, 

which we take to be independent of temperature. Thus, for our allosteric model, we 

could calculate the free energy for the active and the inactive state of the repressor, 

FA(EA,PA) and FI(EI, PI)' respectively. Thus the probability of the repressor being 

active is 

(2.2) 

2.4 Einstein Model 

The Einstein Model was first introduced to describe the behavior of heat capacity 

of solid and we will deploy it for the transcriptional regulator protein. Consider a 

collection of N atoms that constitute the protein, each vibrating independently with 

intrinsic frequency w. For a single atom i, the partition function is the sum of the 

Boltzmann factors for all the vibrational quantum energy state that the atom can 

take, i.e. 
00 -(31iw/2 

Z = ~ e-(n+~)(31iw = c;-e----n;c-
, D 1 - c(31iw 

(2.3) 
n=O 

where (3 = kET. Here we take the partition function to be the appropriate one 

for canonical ensemble, since the transcriptional factor protein is an open system 
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that is constantly exchanging heat with the environment, at a certain temperature 

equilibrium. Then the total partition function for the system with 3N - 6 ~ 3N 

degrees of freedom is, 
3N -(31iw/2 

II e 3N Z= Zi=( ) . 1 - c(31iw 
(2.4) 

Then, the free energy due to the molecular vibration can be calulated from the par

tition function 

3N 
Fv = -kBT log Z = 3NkBT log(l - e-

liw
/
kBT

) + Tnw (2.5) 

Taking account of the global conformational energy E, we have 

2.5 Two State Allosteric Repressor 

With the free energy in hand, now we can think about the repressor as a two state 

system: namely, there is an active state as well as an inactive state for the repressor 

binding to the DNA operator. We assume that atoms in the repressor protein are 

characterized by natural frequency WA, and WI in the active and inactive state, re

spectively. Thus there will be two sources for the free energy difference between the 

two states: the different vibrational frequencies as well as the effective conformational 

energy difference ~E. derivations. 

The free energy for the active state 

3N 
FA = EA + 3NkBT log(l - e-IiwA/kBT) + TnwA. (2.7) 

On the other hand, for the inactive state, 

3N 
FI = EI + 3NkBT log(l - e-liwI/kBT) + TnwI. (2.8) 

The free energy difference between the active state and inactive state is 

3N (1 - e-n(WI+t>W)/kBT) 
~F = FA - FI = ~E + -n~w + 3NkBT log Iiw /k T 2 1 - e- I B 

(2.9) 

where ~w == WA - WI, ~E == ~EA - ~EI. 

Therefore, if we define the free energy of the inactive state to be 0, that of the 

active state is then ~F, with Boltzmann weights of 1 and e-(3t>F, respectively. The 

probability of being in the active state is then 

e-(3t>F 

Padive = 1 + e-(3t>F . 
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Figure 2.1: States and weights under Einstein Model. 

Figure 2.1 summarized the free energy and statistical weights for the allosteric 

repressor. 

Subsequently, the fold-change of gene expression can be obtained from equation 

1.8 , 

(2.11) 

, where PA is given by the previous equation. 

2.6 Low Frequency Modes and Classical Approxi
mation 

As equations 2.9 show, the Pactive as a function of T depends on the three parameters 

and in general, it can be more complicated than a sigmoid function, since the log term 

of the free energy difference has a nontrivial temperature dependence. Thus it is hard 

to characterize such behavior. Fortunately, things are much simplified if we assume 

that the vibration is within the classical regime (liw« kBT), which implies that the 

vibrational frequency is below the THz range (wavelength of 10 cm- I ). Theoretical 

as well as experimental studies have proved the existence of low frequency modes in 

proteins, which are highly delocalized motions [51. Furthermore, the low frequency 

modes are shown to playa dominant role in allosteric transitions [61. 
Thus in the classical limit, along with the assumption that vibrational frequency 

difference is small (~w «w) , we obtain an approximate result of ~F as follows L 

IThis derivation is a rather crude approximation. A more careful Taylor expansion would give 
~F Rj ,6,E - 3~ liD.w + 3NkbT~~ . But as we will discuss later, - 3~ nD.w is much smaller compared 
to the other two terms under our assumptions, thus we do not have to concern too much on this 
term. 
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Figure 2,2: Exact and approximated calculations of the free energy differ
ence !::.F in kBT vs. T. Plot generated using parameters liM = Q,lkBT and 
b..w/w = O,OL As we can see, in the vicinity of a small range of temperature, the free 
energy can be approximated linearly for the hyperbola function, 

(2.14) 
The approximation form of!::'F now becomes very intuitive, Since P"ceive (k~~) is 

a sigmoid function, we can fully characterize the function by k~~' 

Figure 2,2 shows that k~~ = (!::.c + 3~n!::.w)/(kBT) + 3N~~ increases with tem

perature along the hyperbola, Thus the dynamical range covers the entire probability 

range (0,1), given 6.w > 0, It also shows that the approximation is not so far off from 

the exact value in the low frequency range (classical range)_ 

Now we can characterize the transition temperature and the sharpness of the 

Pl).(;tive vs, T curve with [ETw]-the temperature when the probability is 0,5, and m, 

the effective Hill coefficient, 

The transition temperature is found by setting 1::.F to 0, Using the approximate 

form of 1::.F (equation 2,13), we have 

1::.F = ° -¢==}-

3N 1::.w 
L, + -n1::.w + 3Nkb[ET]w- ~ 0 

2 w, 
(215) 

Thus, 

(2.16) 
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The effective Hill coefficient m describes the sharpness of the transition and can 

be calculated as 
m = 810g Pactive ~ 3N !'iw 

8 log T [ET[w WI 
(2.17) 

Given the two property parameters, we can characterize the form of the plot as an 

effective Hill equation 
1 

P active = 1 - 1 + ( [E~[5o)m (2.18) 

Figure 2.3 shows that the classically approximate form and the Hill equation curve 

purely characterized by m and [ET]so are consistent with the exact result for Pactive 

with parameters in the appropriate regime that we assume. 

Notice from equation 2.17 and 2.18 that m[ET]so = -k~e. Thus for a given value of 

the energy difference !'iE, the temperature transition becomes sharper as the transition 

temperature decreases; on the other hand, if the transition temperature is within a 

range of room temperature, the transition will be sharper as the conformational energy 

difference gets larger. So the lesson is that if we want to keep the transition sharp 

enough in room temperature, we have to make the conformational energy difference 

large enough. An effective Hill coefficient of m = 200 equivalently corresponds to a 

transition window of roughly 10 Co, and to keep the transition near room temperature, 

we need an energy difference of 200kB T. This is reasonable since we can interpret it 

as the breaking of hydrogen bonds. 

We thus have completed the theory for allosteric transcription factor based on Ein

stein modeL Essentially, we hypothesize that the low frequency modes are dominant 

in the transcription factor protein and we have obtained a quantitative relationship 

between the relevant macroscopic observables (transition temperature, sharpness) 

and the microscopic parameters (vibrational frequency, conformational energy). In 

the following section, we provide the theoretical results along with data from the TSR 

experiment from [15]. 
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Figure 2,3: Pacmve vs T plot using exact, approximated free energy and Hill 
equation. The Hill equation is plotted using parameters m and [ET]w calculated 
from equation 2,17 and 2,18, We see that the Hill equation cannot be distinguished 
from the approximate function, 
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Chapter 3 

Making a Tunable Thermal 
Bioswitch 

Now that we have set up the temperature allostery model and obtained the analyti

cal expression for PA and fold-change, we are ready to explore features of our model. 

Specifically, as discussed in the previous chapter, we are interested in how the param

eters in the model can influence the transition temperature, defined as the midpoint of 

transition [ET]50 and the sharpness of the transition, represented by the effective Hill 

coefficient m. Thus eventually we will have a theoretical thermal bioswitch, which 

we can tune with our model parameters as "knobs". I will show plots for PA vs. T 

and fold-change vs. T for different values of parameters and compare them to the 

experimental data from Piraner et al. [15] 

3.1 Parameters 

First, we need to know what parameters there are in the model for PA and fold

change. The TlpA protein consists of 221 amino acids [1], with 20 atoms per amino 

acid on average. Thus, the total number of atoms N=4420 in our case. Therefore, 

the only adjustable parameters are ~E and ~w/w for PA(T) , as per the classical 

approximation form. Since the conformational energy difference ~E is largely due 

to the broken hydrogen bonds in the helical structure, it is roughly around a few 

hundred kET. It is more difficult to set the range for ~w/w since we do not have the 

knowledge of the relative vibrational frequency difference between the active and the 

inactive state a priori. 

For the expression of fold-change fe = (1 + Rp,t;i",(T)e-Ii'R)-l,the polymerease 
na 

copy number P = 1000, non-specific binding sites Nns = 4.6 X 106 [12]. In our case, 

the binding energy for TSR proteins can vary from a few kT to 20 kT, assuming TSR 
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Figure 3,1: FA vs. Temperature for mutants. Using classical appr oximation 
2,14, we plot the temperature dependence of FA using parameters 6.w/w=0,03 and 
6.f is varied from -190 to -210 kBT, As we expect, D.f precisely controls the midpoint 
transition temperature, and does not influence the sharpness in the classical regime, 

binds similarly as lac repressor does, The repressor copy number R, on the other 

hand, can vary from a few to a few thousand, We will specify these parameters in 

the plots presented in the following, 

3.2 Tunability, a Theoretical Presentation 

So how can we tune the thermal bioswitch? Equation 2,14 and 2,15 suggest that we 

can design the TSR protein with the appropriate conformational energy difference 

between the active and the inactive state 6.f and the relative vibration difference 

L.w/w to get a switch with the features we desire, Here we present plots that show 

how the transition temperature and sharpness of transition are tuned by the relevant 

parameters, 

As in equation 2,14, we can theoretically vary either L.c or L.w/w to change 

the transition temperature, To keep the sharpness the same, we can change L.c 

while keeping L.w/w fixed, Here we provide a theoretical realization of mutants with 

different transition temperatures, by varying L.c while keeping L.w/w fixed, Figure 

3,1 shows the temperature dependence of repressor activity FA for different values of 

L.c, and Figure 3,2 shows the temperature dependence of fold-change, 
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Figure 3,2: Fold-change vs. Temperature for mutants. The fold-change is di
rectly calculated from FA in the previous plot, with gene expression model parameters 
R = 60 and D.cR = -15kBT, 

It is a little trickier if we want to change the sharpness of the transition but not the 

transition temperature, since the transition temperature is dependent on both b.w/w 

and LL In this case, as we vary L.w/w, we use Mathernatica program to calculate 

the value of 6.f such that the transition temperature [EThso is invariant, As Figure 

3,3 shows, we can change the sharpness of the transition if we are smart to keep track 

of both parameters, 

Therefore, as shown the results, we now know exactly how these parameters affect 

the behavior of the thermal bioswitch! 

3.3 Experimental Comparison 

3.3.1 TlpA Protein Denaturation Fit 

Now that we have a theoretical path to the bioswitch, we can check whether it 1S 

consistent with experimental data, Firaner et aL measured the ellipticity of TlpA 

protein at 5M in different temperatures from circular dichroism spectroscopy and 

it is directly related to the percentage of a helical structure in the protein sample, 

Since the change of temperature is basically a denaturation process for TlpA, we can 

interpret this process as a helical-coil transition and so that the ellipticity is equal to 

the percentage of TlpA unfolded, which is the ones in inactive state 1 - FA __ 
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Figure 3.4 shows the CD data for TlpA at 5M along with the fit using our model 

with fit parameters /';.w /w and /';.E. 

3.3.2 Gene Expression Controlled by TlpA 

Now we are finally ready to incorporate Piraner et al.'s experiment that we mentioned 

in Chapter 1. In Figure 1.9 we introduced Piraner et al.'s design of genetic circuit 

where the level of GFP expression is controlled by TSR. From the previous CD data 

fit, we have obtained the fit PA(T). Thus, using fold-change expression 2.11, now 

we can fit the GFP expression data for TlpA in Figure 1. 10. Specifically, we can 

digitize the data from Figure 1.10 and calculate the experimental result for fold

change through normalizing their absolute GFP level. Then, the fold-change fit now 

is a 2-parameter fit with the repressor copy number R and repressor binding energy 

ER. Unfortunately, we cannot do the same for TlpA mutants, since we do not have the 

CD data available to fit for P A of the mutants. We are going to overfit the fold-change 

in that case since there are too many unknown parameters. 

Figure 3.5 shows our fold-change fit for TlpA-controlled gene expression with best 

fit parameters ER = -15kB T and R = 60. We observe that the theory agrees with 

Piraner et al.'s experimental data, with the exception of the high temperature range. 

This may not be an indication of a defect of our theory, since it could be that the 

G FP expression does not reach the absolute saturation level at 50 degrees and thus 

we did not normalize the data properly into fold-change. 

3.4 Discussions 

As shown in the results presented in this chapter, it seems like we have really reached 

a verified theory in modeling the tunable thermal bioswitch. Or have we? The 

experimental-theoretical comparison in Figure 3.4 and 3.5 should not be taken too 

faithfully, since there are much ambiguity underlying both the experimental design 

and the theoretical model. 

First, for the circular dichroism data, we are not absolutely certain that ellipticity 

is equal to Pinactive, so that we do not know the exact relationship between our model 

and the experimental observation. Such is even more the case in the measurement of 

GFP expression level: besides the problem of normalization due to our ignorance of 

the saturation level of G FP, there is also an inherent trouble in the experimental de

sign. Piraner et al. designed the genetic circuit (Figure 1.9) such that TSR expression 

is dependent on the G FP expression and the repressor copy number R may change 
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a lot as we perturb the temperature since they have a feedback loop now. Also, the 

physiological condition may change as temperature is changing, and the general gene 

expression level may change. If that is the case, we cannot hold R to be constant in 

our theoretical model anymore, since it is generally dependent on temperature T. 

Thus, we are not even sure about how much error our fits commit since we have 

so much ambiguity about the theory and experiments. Nevertheless, we should inter

pret our presentation of tunability in Chapter 3.2 and the experimental comparison 

following that as a proof of concept, as we can show that the allosteric model due 

to vibrational entropy and conformational energy difference can explain the observed 

thermal switch and inform us with the how tunability works. To better examine these 

ideas, we need to do more careful experiments to keep things clean. 
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Figure 3.4: TlpA CD data fit. The (i-ellipticity) of TlpA from circular dichroism 
measurement is plotted along with FA fit with best fit parameters D.w/w=O.032 and 
D.f = 200kB T .The CD data of TlpA was taken at 5M concentration, obtained from 
Piraner et a!.'s unpublished experimental results, reproduced with permission. 
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Figure 3,5: TlpA Fold-change vs. Temperature fit. We digitized the GFP data 
from Piraner et aL's paper [15]; we used PA(T) from the CD data in our fold-change 
function to fit the normalized gene expression data, The best fit parameters are 
CR = -15kB T and R = 60, 
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Chapter 4 

Beyond Einstein Model 

The Einstein Model assumes a delta function density of states distribution for the 

vibrational frequency, which means that all the vibrational modes have the same fun

damental frequency w. However, realistically there are a heterogeneous abundance of 

chemical bonds within the repressor protein, which suggests a non-trivial distribution 

of vibrational frequencies that could add complexity and rich behavior to our model. 

Therefore, we consider here two other functions of p(w) that models the TSR protein 

more accurately and see how it would influence the thermal bioswitch behavior. We 

will see that these density of state functions would give us similar results for FA as 

in the case of Einstein model, in the low frequency mode range. 

4.1 Rectangular Band Distribution 

For the first model, we assume a uniform distribution of vibrational frequencies for 

the density of states, characterized by midpoint vibrational frequency wand the half

width d. Together with normalization condition, we have the distribution 

{ 

3N 
p(w) = 2d

O 
w-d<w<w+d 
otherwise 

(4.1 ) 

The individual partition function for each mode (each degree of freedom) now is 

different. Following equation 2.3 we have 

(4.2) 

Therefore, the total free energy now is the sum of free energy contributions from each 

mode: 
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Figure 4.1: States and weights under uniform distribution of density of 
states. Free energy for the two-state allosteric system under the uniform distribution 
of density of states model. The EA( EI) term is the energy (U) and the other term comes 
from entropy contribution ( - T S). 

3N 3N 

F = E + L Fi = E + L -kBTlogZ(Wi) = E + J -kBTlogZ(w)p(w)dw (4.3) 
, , 

For the rectangular band distribution in this case, we have 

l
w+d 3N 

F=E+ -kbT log Z(w)-dw 
w-d 2d 

- JW+d -k T I Z() 3N .1 .. - 3N JW+d[k T I ( _ -1iw/kbT) 1 r .].1 .. -E+ w-d b og W 2d uw - E+ 2d w-d B ogl e +2 fIWUW 

~ E + 'iNnw + 3NkBT [-w + W log( Iiw )]w+d (nw « kBT) 
2 2d kBT w-d 

=E + ~Nnw + 3N;:T [w log(k;T)]~!~ + 3NkBT (4.4) 
For the two-state allostery system, the midwith frequency and half-widwith is WA 

- -
and dA respectively for the active state, and WI and dI for inactive state. 

Thus, the free energy difference is 

where ~w == WA - WI. 

With the rectangular band distribution of density of states, we have obtained 

the associated free energy and statistical weight under a similar fashion. Figure 4.1 

summarizes the states and weights in this case. 

In general, ~F depends on four parameters:; ,w: ,dA and dI and it is hard to see 

what each parameter does individually. To simplify things, we consider the following 

two cases: first, we take dA = dI and just observe the temperature dependence while 
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varying ~w; second, we can take their midwith frequency (average frequency in this 

rectangular band distribution) WI ~ w~ and just vary their widths dA and dI . We 

present here the analytic as well as the numerical results shown in the plots followed . 

• When the widths d of the two states are the same, i.e. dA = dI = d, we have 

~ ~E + ~NMw + 3NkBT[~i log(~~~)l (M« w) 

( 4.6) 

In this case, we can reproduce the thermal bioswitch behavior as Figure 4.2, 4.3 

and 4.4 shows. 

As dlw ---+ 0, ~i log(~~~) ~ ~wlw, and it reduces to the Einstein model, as we 

expected! This is because now the density of states functions are essentially delta 

functions in the first order. 

• Another scenario is when the mean of two distributions are the same, but with 

a different width, i.e. WA = WI = w. In this case, 

4.2 Debye Model 

A third model for the distribution of density of states is the Debye model. Instead of 

assuming independent vibration for each atom, we propose that the TSR protein be 

modeled as a cubical lattice with a corresponding spectrum of vibrational phonons. 

The density of states for the modes turns out to be quadratic, with p(w) = aw2 

However, there is a cut-off frequency W max since the minimum wavelength of a phonon 
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Figure 4,2: Free energy difference under rectangular distribution of density 
of states model. The plot is generated with parameters WA = 6,514 X 1013Hz, C:h = 

6,5 10 x 1013 Hz, L.wA = L5 X 1013 Hz and .6.wA = L5 X 1013 Hz and D.f = -67kbT~oom ' 
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Figure 4,3: Po.ctive under rectangular distribution of density of states model. 
Same parameters as in the previous figure, 
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Figure 4,4: Fold-change under rectangular distribution of density of states 
model. &tme parameters as in the previous figure, and R = 100 and CR = -12kBT, 

mode is the interatomic spacing, By imposing the normalization condition, we have 

the relationship a = -!!.J!-, 
6J",ax 

Now) for our two state alJostery theory, the cut-off frequencies for the two states are 

different, with w::u." and w~(J) for the active and inactive state, respectively, Applying 

the same fashion of derivation, we obtain the free energy difference between the active 

and inactive state 

( 4.8) 

under the condition that liM« kBT,L.wmo.x «wmax ' 

Compared to the free energy obtained from Einstein's model as in equation 2,14, 

we observe that if 28~ NSebyenL.Wm/),(f) = ~Nn!::.w) and 3N5ebyekBTL.&x(=,"/w~," 
3NkB TL.w/wI, we reduce the Debye model effectively to the Einstein modeL 

4.3 Coming Back to Einstein Model? 

As shown, the rectangular band distribution and the Debye model can produce the 

thermal bioswitch behavior as well, presuming the allostery framework Therefore, we 

are fairly confident about our two-state allostery modeL Furthermore, as it is hard 

to describe more complicated distribution with restricted parameters, we do have 

the freedom to prescribe our allostery model such that PA(W) and PJ(w) are similar 
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enough, just with a shift of the average vibrational frequency ~w. In that case, we 

want to show that the model generated with complicated density of states function 

can be effectively reduced to the allostery theory with Einstein model, as described 

in Chapter 2. Therefore, this is a future direction in which we want to prove formally 

that this is the case and we can conclude confidently that Einstein model, though 

over simplified, is not a gross misrepresentation of our allostery theory for TSR. 

32 



Chapter 5 

Conclusions 

To conclude, we show that our allostery model for TSR can reproduce the thermal 

bioswitch behavior consistent with the existing experimental data [151. Specifically, 

we propose that the allosteric effect is attributed both to an excess vibrational en

tropy due to the low frequency modes frequency shift and the conformational energy 

difference between the active and the inactive state. Further, we have also shown 

that a general class of vibrational frequency distributions can be effectively repre

sented as an Einstein frequency (delta function) in the allostery model. Thus, our 

theory provides a general framework that is simple enough to work with and can be 

experimentally verified with measurement of the frequency shift ~w and the confor

mational energy difference ~E. However, to do this, we need better spectroscopic 

techniques that target the low frequency modes of the protein. Precise experimental 

measurements of the vibrational frequency spectrum for different temperatures would 

elucidate the validity of our theoretical model. 

If we are right, the theory for allosteric TSR can inform the engineering and design 

of TSR mutants that have desired transition temperatures and sharpness, which has 

a great potential for medical applications. 
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Appendix A 

Mathematica Program 

An interactive Mathematica program for the entire allostery model can be found lle re. 
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