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1 Introduction 

1.1 Jamming 

When a collection of particles such as grains or coffee beans goes from a flowing state which acts like a liquid 

to a state in which they act like a rigid solid, we say that the system has undergone a jamming transition. 

This transition can be the result of a number of changes in the system. One important change that can 

lead to a jamming transition is if the density of the particles in a fixed volume increases. For example, 

when pouring coffee beans through a funnel, the density of the beans increases in the area of the funnel 

that is narrowest. Often at some point in this process, the density of beans increases enough that they stop 

flowing through the funnel and jam, even though each individual bean is still much smaller than the funnel's 

openmg. 

Similarly, when you step on sand, the grains on top are often loose, allowing your foot to sink through 

the sand as it might a fluid. Eventually, however, the pressure from your foot causes the collection of grains 

below to rearrange until they form a solid that can support some of your weight. This process prevents you 

from sinking into the sand and allows you to continue walking. The point at which the sand grains go from 

moving to supporting your weight and the density at which the coffee beans switch from a flowing state to 

a jammed state are the jamming thresholds of these systems. 

These two examples show two different ways in which we can approach the jamming point of a material 

from an unjammed state below the jamming threshold. We can start with particles arranged in a space such 

that they are not jammed and slowly increase the particle density (by increasing the number of particles or 

decreasing the amount of space), or we can increase the pressure on particles. We can also approach the 

jamming point from above the jamming threshold, by taking a system from a jammed state to an unjammed 

state. For a funnel full of coffee beans, this might look like shaking the funnel until the particles rearrange 

enough to continue to flow. 

Foams - such as toothpaste and shaving cream - gIve us another example of the jamming transition 

approached from either direction. They consist of a collection of densely packed particles in a fluid. In a 

container, these particles do not move around. However, by adding pressure to the container, foams can be 

made to flow out of an opening. Once these foams are out of the container, if there is no longer pressure, 
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with a repulsive harmonic interaction potential [4]. In two dimensions, this might model a system such as 

blood cells on a slide. This is the model we chose to use to study the jamming transition in systems with 

fixed obstacles. 

The transition between jammed and unjammed systems, can also be affected by the presence of pinned 

sites. These can include pins that allow the particle to enter a space, but at a cost, or sites which do not allow 

the particle to enter at all. Some examples of depinning transitions include vortices in superconductors and 

colloids interacting with other substances [5]. The effect of pinning on the jamming transition and properties 

of jammed systems has been studied for both periodic and randomly placed pinning sites by [5], [61, [7], and 

[81. Studies of random pinning ([5], [6]) have shown that systems with pins jam at lower densities and can 

potentially exhibit different behaviors. 

1.2 Our Model and Measurements 

We chose to expand on previous work in 2-D with bidisperse soft frictionless spheres with a repulsive harmonic 

potential. We were particularly interested in how the jamming transition would change if particles were less 

likely to move to certain locations that were arranged in a lattice. We created locations that particles were 

less likely to move to by introducing a lattice of fixed pins. The pins are much smaller than the particles, 

but interact with the particles via the same harmonic potential that particles interact with each other. 

Thus the pins make it more difficult, but not impossible for the particles to enter the spots in the box in 

which the pins are placed. The pins are arranged in an ordered lattice to better understand the effects of 

pin arrangement and density on the jamming transition and jammed configurations. To maintain periodic 

boundary conditions, we focused solely on pins arranged in square lattices, which can be evenly spaced within 

the simulation box. We looked at how the presence of these pin lattices and the density of pins affected the 

overall stability of jammed systems and affected the jamming transition. We also studied the structure of 

the final jammed configurations to determine whether an increase in the density of pins caused the particles 

in jammed solids to be more ordered than particles in jammed configurations without pins. 
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2 Stability in Jammed Systems 

In this section we describe the mechanics of jammed systems. We first describe various choices of interparticle 

interactions and our choice of a harmonic potential for our system. We then discuss close particle packings in 

ordered and disordered systems. Finally, we discuss the average contact number required for these packings 

to be stable, and the number of excess bonds that occur in configurations with more pins or higher densities. 

2.1 Potential 

When studying jamming, the dynamics of the system and the interactions between particles affect the 

requirements for a jammed system. Much work has been done studying jamming in systems for which 

particles interact only via repulsive forces and there are no dynamics (particles have no velocity). One 

type of repulsive force is a short-range interaction potential between the particles. This models particles in 

granular materials well, because the particles only interact with each other when they are in contact. A 

commonly used set of interaction potentials for the mobile particles is given by 

Tij > di,j 

otherwise 

where Tij is the distance between the centers of particles i and j and d ij is the sum of the radii of the two 

particles. The exponent 0: determines an effective spring constant between the particles. For our systems, 

a ~ 2. giving us a harmonic potential. This same potential has been used by [6]' [91 and others. Other 

potentials that have been studied are Hertzian interactions which have 0: = ~ and result in a harder spring 

constant, and Hernian interactions, which have 0: = ~ and create interactions with a lower spring constant. 

All three potentials were studied by O'Hern et aZ. in [2]. who showed that the jamming point as a function of 

density was independent of the potential. Additionally, they found that some critical exponents (which will 

be discussed in Section 3.1.3) were dependent on potential choice, but that others were not. This suggests 

a difference between the jamming transition and other phase transitions, as it has been found that for other 

phase transitions, the microscopic interactions of the particles have no effect on the macroscopic properties 

of the system. 

7 



Work has also been done studying systems of hard spheres, in which the potential is infinite if the 

particles overlap, and zero otherwise. In these systems, particles in jammed configurations are touching, 

but not overlapping. O'Hern et al. in [2] note that while systems of soft particles could have jammed 

configurations in which particles overlap, they could also have jammed configurations in which no particles 

overlap and the system resembles a jammed configuration of hard spheres. This suggests that some results 

found in soft-sphere systems can be extended to systems of hard spheres. 

2.2 Sphere Packings 

A jammed system is a configuration of spheres packed together so that they are touching or overlapping. 

When we study these systems, we consider the density rP at which they become jammed. Packings of hard 

spheres in mono disperse systems are well studied. It has been shown that for 2-D monodisperse hard sphere 

systems, the densest packing of spheres is a hexagonal lattice, which has density rP = 0.969. For 3-D systems 

it has been shown that the densest packings of particles are a face centered cubic packing and a hexagonal 

close packing which have density rP = 0.7405. Arrangements such as the hexagonal lattice and the face 

centered cubic lattice are known as close packings, because the particles are packed as close together as 

possible. In systems with no long range order, particle packings at the jamming transition occur at lower 

densities, since particles are not as closely packed. However, it is still useful to consider the maximum density 

of particles that can occur in systems with no long range order at the jamming transition. These packings 

are known as Random Close Packings (RCP) [101. For systems with frictional particles, packings known as 

Random Loose Packings (RLP) are also sometimes considered (see [10]). 

There is no universally accepted mathematical definition for Rep. However, numerical values for the 

density at which RCP occurs are generally agreed to be <PRCP ~ 0.84 for 2-D systems and <PRCP ~ 0.64 for 

3-D systems. Torquato et al. argued in [11] that there can be no consensus on a mathematical definition of 

Rep, because the calculated density of Rep is dependent on the protocol used to create jammed systems. 

Xu et aZ. have argued in [121 that RCP can be defined as the density at which the peak in the probability 

density of jamming curve occurs in the thermodynamic limit. They showed that for a large set of protocols 

this peak will occur at the same point, thus making this density a protocol-independent definition of Rep. 

However, 0 'Hern et al. argue that this is slightly different than Rep and call such systems maximally 
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random jammed (MRJ) states instead. O'Hern et aL also point out that finding a mathematical definition 

for Rep is hard because as particles in a system become more randomly arranged, they become less closely 

packed, thus requiring any definition of Rep to include a trade-off between the amount of randomness and 

the closeness of the particles. 

Tb create a Rep system in 2-D, we cannot use monodisperse particles. This is because 2-D systems with 

monodisperse particles are known to tend toward hexagonal packings. The particles in a hexagonal lattice 

form a tiling of small triangles. Such arrangements are known to be very stable, and are used, for example, 

in the construction of bridges because because they are stable under shearing, whereas shapes with more 

sides are not. Likewise, particles arranged in a triangle are less likely to be repositioned during equilibration 

because the forces between them are well balanced. Th combat this tendency of 2-D systems to order, it is 

common to use bidisperse systems to create random packings in 2-D, often with the radii of the two particle 

sizes related by rlat'ge = 1.4r small. 

Figure 2: Two particles of smaller radius tangent to each other and a particle of the larger radius. 

In this case we can consider the maximum number of particles that could be in contact with a given 

particle in the system if there is little or no overlap between the particles. It is clear that a large particle with 

only neighboring smaller particles will have the highest number of possible contacts. Th find out how many 

contacts a large particle in such a system could have, the angle between two smaller particles that are in 

contact with the large particle and each other can be calculated. This is shown in Figure 2. If r smal l = 1 and 

rlMge = 1.4, the lines from the center of the large particle to the center of a smaller particle have length 2.4. 

A line between the two smaller particles would have length 2. These lengths together with the law of cosines 
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give the angle between the centers of the two smaller particles, () = 49.5°. Because 360° /49.25° = 7.3, this 

implies that at most 7 small particles can fit around one large particle with minimal overlap between them. 

If a pin lattice is added to the system such that the distance between two pins (called the lattice constant, 

and denoted by a) is larger than 2.8, then such a large particle would have at most one pin in contact with it 

in addition to the smaller particles. So any particle in such a system can have at most 8 neighbors. Thus in 

Section 5.2 when we show statistics on contacts between particles, we only need to account for a maximum 

of 8 neighbors. 

2.3 Contact Number 

In a jammed system the particles form one rigid solid that is mechanically stable. This requires most of the 

individual particles to be mechanically stable as well. For systems with repulsive forces between the particles, 

the particles must be confined by some box. However, there can be a few particles within a stable jammed 

solid that are not stable themselves. These particles, called rattlers, are removed from the system after the 

equilibration routine finishes. In a system with no pins, if there are still particles remaining in the box after 

all of the rattlers are removed, then the system is jammed. To have mechanical stability, there must be no 

net torque and no net force acting on the system. Because the force of one particle on another particle from 

the potential between them is always along the particles' radii, the torque from this interaction, given by 

N=rxF, 

is always zero. Since interparticle interactions are the only cause of forces in our system and thus the only 

possible source of torque, there is never any torque in any part of our system, so we only need to consider 

the balance of forces on each particle. 

For there to be no net force acting on a system with d dimensions, there must be balanced forces in d 

directions (one for each dimension). If we have a system with N particles, this means that there are dN force 

equations that describe the system as a whole. For an individual particle, we require the forces to balance 

in d directions as well. For a system with d = 2, this implies a stable particle would have a minimum of 

three other particles in contact with it. If Z is the average number of contacts per particle, then there are 
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~z equations from all interparticle interactions. Maxwell's Criterion says that if the system is stable, the 

number of equations from interparticle interactions must be at least the number of force equations. This 

gives ~z ~ N d, and thus Z ~ 2d. This would suggest that when the system is isostatic, Ziso = 2d. However, 

we also need to consider the translational invariance of the system, as well as the nonzero bulk modulus of 

the system. Translational invariance implies that only dN - d force equations are needed to constrain the 

system [13]. But to ensure a positive bulk modulus, we add one equation. So there are dN - d + 1 force 

equations that must be satisfied. So by Maxwell's Criterion ~z ~ dN - d + 1, and the average contact 

number for an isostatic system with no fixed pins is given by [6] 

(1 ) 

If there are fixed pins, then the system looses its translational invariance. In this case the isostatic contact 

number is given by 

(2) 

2.4 Excess Bonds 

When we add pins to the jammed systems, we are interested in looking at whether or not they support 

jamming. One of the ways in which we can measure support for jamming is in the number of excess bonds 

at the jamming threshold. Here excess means over and above the number of bonds needed for isostaticity, 

which is discussed in the previous section. 

When counting the average number of contacts in a system as we did in the previous section, we must 

consider the contact between particles Ti and Tj as a contact for Ti and as a contact for Tj, thus double 

counting each contact. A bond is a single contact relationship between two particles. So if Ti and Tj have a 

contact as before, there is only one bond between them that we would take into account if we were to count 

the average number of bonds for the system as a whole. 

So while we required dN contacts for an isostatic system in the last section, only d!j bonds are required 

for isostaticity. When the system has more bonds than required for this condition, we say the system is 
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hypersiaiic, and has excess bonds. The number of excess bonds in the system with fixed pins is given by 

Nexcess = N mm + N mj - dN - 1, (3) 

where N mm is the number of bonds between pairs of mobile particles, and N mj is the number of bonds 

between fixed pins to mobile particles. Because the number of bonds between mobile particles is ~ the 

number of contacts between mobile particles as described above, we can write the number of bonds between 

mobile particles as 

Nmm=ZmmN 2 . (4) 

However, because we count contacts only for mobile particles, there is the same number of bonds between 

fixed pins and mobile particles as there are contacts. Thus the number of bonds between fixed pins and 

mobile particles is given by 

(5) 

This allows us to write Nexcess in terms of the average number of contacts between mobile particles and 

between mobile particles and fixed pins as 

(
Zmm ) Nexcess = -2- + Zmj - d N - 1. (6) 

In Section 5.2 we show how Nexcess changes when pins are present, and describe why this suggests that the 

pins support jamming. 
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3 Theory of Statistical Mechanics 

Since Liu and Nagel in [1] first proposed their phas€ diagram (See Figure 1) to dElScribe the jamming 

transition, differencElS and similaritiElS betwoon the jamming transition and other phas€ transitions have boon 

studied. In this section , we give examples of several other phas€ transitions and discuss the characteristics 

of the.se transitions, as well as the characteristics of the jamming transition. 

3.1 Phase Transitions 

A phase transition occurs in a system when there is a discontinuity in the froo energy of the system or 

one of its derivativElS. When a system undergoElS a phase transition, the properties of that system tend 

to change dramatically. Perhaps the most well known examples of phase transitions are the transitions of 

water to ice or water to steam. A phas€ diagram of thElSe transitions is given in Figure 3. The.se transitions, 

p 

Solid 
liquid 

Gas 

T 

Figure 3: A phas€ diagram for a fluid such as water. 

which occur at a discontinuity in the order parameter, are called first-order phase transitions. In the case 

of fluids, the discontinuous order parameter along the phase transition curve is the density of the fluid. 

Another example of a first-order phas€ transition is a ferromagnet at H = o. Figure 4 shows the phase 

diagram for such a ferromagnet. For this transition the order parameter is the magnetization. Figure 5 

shows the magnetization as a function of the temperature T. The point at which the magnetization is no 
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H 

T 

Figure 4: A phase diagram for a ferromagnet in zero external field. 

longer discontinuous corresponds exactly to the critical temperature (the open point) in the phase diagram 

in Figure 4 where the phase transition ends. The transition of water to gas also has a critical point. At the 

M 

T 

Figure 5: The magnetization for a ferromagnet in zero external field. 

critical point (labeled by C in Figure 3), and for higher temperatures, the liquid and gas phases of water 

lose their unique identities and are better referred to as 'fluids'. 

Another type of phase transition is a second-order tmnsition, and is characterized by an order parameter 

that is continuous [14], [15]. For this reason, it is also sometimes called a continuous phase tmnsition. One 

example of a second-order phase transition is the ferromagnetic transition in the presence of an external 

field or the same transition in zero external field and at the critical temperature shown in Figure 4. Another 
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3.1.1 A Critical Length Scale 

For a system that exhibits a continuous phase transition, there is a length scale that diverges as the critical 

point is approached via a control parameter. For a ferromagnet, this length scale is known as the correlation 

length of the system. For the ferromagnetic transition, the correlation length measures the approximate 

distance across which spins tend to point in the same direction. The correlation length of the ferromagnetic 

transition in part determines the correlation between spins. The correlation function for the spins is given 

by 

f(r) ~ (s(O)s(r)) - (s(On (7) 

This gives 

(8) 

where e is the system's correlation length and the critical exponents of T depend on the dimensionality of 

the system. The correlation length scales as 

(9) 

So at temperatures below the critical temperature, Te , all of the spins are aligned. Far above Te , there is no 

correlation between the spins. 

Other transitions also exhibit critical length scales. An example is the critical length scale for the 

percolation transition, which is analogous to that of the ferromagnetic transition and gives the size of the 

largest finite cluster. The critical length scale for the percolation transition is known as the connectedness 

length, and is given by 

(10) 

Here s is the number of sites in a cluster, ns is the average number of clusters of size s over the total number 
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of lattice sites, and Rs is the radius of gyration of a cluster of sites. The radius of gyration is given by 

2 1 ~ _ 2 R, ~ - ~(r; - r) , 
s 

(11) 
i=l 

where Ti is the position of a site in the cluster and T is the average position of a site in the cluster. The 

connectedness length scales as 

(12) 

where p is the probability that a site is in a cluster. 

If such a correlation length exists in jamming, we would expect it to grow with the distance from jamming 

as given by 

(13) 

for soft spheres, or 

(14) 

for hard spheres, where p is the pressure of the system, rP is the density of the system, and e is the critical 

length of the system. Below the critical point, there are no particles in a system in the thermodynamic limit. 

This prevents us from measuring a critical length by approaching rPj from below. However, there are particles 

in systems that have jammed above the critical point, so we define v by approaching the critical point from 

above. However, calculating v has proven difficult and studies using different algorithms for creating and 

defining jammed systems have found different resulting values of v. These discrepancies are described in 

[161· 

To better understand the critical length scale of the jamming transition, one might look at the vibrational 

frequencies of a jammed system. First, consider the familiar Debye solid. For the Debye solid, the density 

of vibrational states is given by D(w) ex w2 in 3-D because we count the normal modes of vibration. These 
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modes act as standing waves in a continuous medium which have amplitudes of zero at the boundaries of 

a cubic box representing the solid. The total number of these modes must sum to 3N for a solid with 

N partides. In 2-D) as in our simulations) these numbers would change to D(w) oc wand 2N modes of 

vibration. 

Figure 7 shows the density of states for the Debeye spectrum for a crystalline solid. This looks different 

than the density of states for a jammed material. Figure 8 shows the simulated density of states for soft 

jammed spheres first created by O'Hern et a1. in [2] and reproduced by Wyart et al. in [18]. 

' r--------------------------, 

, 
D(w) 3 

[I0 lSsI(rad m')l 

w [ 1012 rad/s1 

Figure 7: The density of states of a crystalline solid. Figure from [17]. 

The behavior in Figure 8 is also one seen in glasses. The difference between the density of states shown in 

Figures 7 and 8 is an excess of modes at low frequencies in the latter. The broad maximum in the spectrum 

has a height WpMk which does not change as ¢ approaches ¢j from above. However) the frequency w' at 

which there is an onset of a peak (measured in [18] as w· = wpeak/2) approaches zero as ¢ approaches ¢j. 

Wyart et al. in [19] found a way to calculate D(w) for a a weakly-interacting disordered .solid) a category 

that includes solids OJmpo.sed of soft repulsive spheres. They were able to show that there is an excess 

of low-lying vibrational states near jamming. Their argument centers on "floppy" or ".soft modes." These 

modes occur when large chucks of the partides involved move as a unit) conserving the distance between 

each pair of particles in the unit. In contrast) a chunk of Debye .solid would only have 6 soft modes in 

3-D or 3 soft modes in 2-D OJrresponding to two translations and one rotation of the entire object. In t he 
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a single contact does not create a floppy mode. The critical length scale is denoted by l*. Wyart et al. show 

that the connection between length scale and contact number is 

(16) 

As we will discuss in the next section, there is a critical exponent relating Z to the distance from the critical 

jamming volume fraction. This critical exponent relation is given by (Z - Z,) ex (cP - cPj)~, where j3 ~ 1/2 

for jamming of soft disks or spheres. This relation leads to 

(17) 

with v ~ 1/2. 

Goodrich et al. [91 have related Z' to a physical length scale that diverges near cPj. They show that Z' 

can be directly calculated as a length below which the system has a macroscopic rigid cluster whose radius 

of gyration is l * the "rigidity length scale." Here, rigid means that the group of particles would have no soft 

vibrational modes except for translation and rotation if they were isolated and their contacts were replaced 

by unstressed springs. 

3.1.2 Order Parameter 

As mentioned at the start of Section 3.1, continuous phase transitions are also characterized by the existence 

of an order parameter, which is typically zero below the critical point, but is nonzero above the critical point. 

This change in the order parameter is associated with a break in symmetry of outcomes of the system. As 

described above, the order parameter for the ferromagnetic transition is the magnetization, m, shown in 

Figure 5. The magnetization is related to the change in temperature by 

(18) 
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Figure 9: Poo as a function of P for a 128 x 128 lattice, as seen in [141. 

Figure 9 shows the order parameter for the percolation transition, Poo , taken from [141. Below the critical 

probability, Pc, there is no spanning cluster, so Poo = O. Above Pc there is a spanning cluster and thus a 

nonzero probability that a given occupied site is in the spanning cluster. We see that 

(19) 

Both of these changes in the order parameter correspond to breaks in the symmetry of outcomes of 

the system. For the ferromagnetic transition in the thermodynamic limit, the magnetization of a spin is 

equally likely to be up or down below the critical point. However, above the critical point, there is a net 

magnetization, making one state more likely than the other for any given spin. For the percolation transition, 

the ratio of occupied to unoccupied sites is fairly constant in any given chunk of the lattice below the critical 

point. Above the critical point, the presence of the spanning cluster breaks this homogeneity. 

For the jamming transition, one might think an order parameter is the probability of the system jamming, 

which has a curve that closely resembles the curve of Poo in Figure 9. However, the order parameter that is 

typically associated with the jamming transition is the average contact number Z. 
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Figure 10: The average contact number, Z, as a function of,p. The jump in the graph occurs at the critical 
point, ¢,. 

Figure 10 shows the average contact number, Z, as a function of,p. k with the ferromagnetic tramition 

and the percolation transition we can write 

(2JJ ) 

Like in the percolation tramition, Z is zero below the critical point. However, unlike in both the ferronngnetic 

tramition and the percolation tramition, there is a jump in Z at the critical point. FurtherlTDre, there is no 

apparent break in the system's symmetry at this point. This SuggESts that the jamming transition is a new 

type oftramition [16]. 

3.1.3 Critical Exponents 

Critical exponents allew ill to characterize the phase transition. Many propertiES of systems undergoing 

a transition exhibit a power law behavior when they are measured as a function of the distance from the 

system's critical point. Critical exponents describe this power law behavior of propertiES of the system. We 

have soon this pcwer law behavior in E::juatiom 18 and 19 which dEScribe properties of the ferromagnetic and 

percolation tramitiom, as well as in E::juatiom 13 and 20, which dEScribe properties of the jamming transition. 

Unlike the critical point, which variES from system to system depending on the lTDlecular interactiom, 

critical exponents are the same for all systems in the same universality class. For systeJTE with short range 

interactiom, such as these we studied, one would expect the critical exponents to depend only on the 
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dimension d of the system and on the symmetry of the order parameter, unless you are above the upper 

critical dimension. Indeed, critical exponents are the same across many different types of systems provided 

they have scalar order parameters [15]. For example, the study of the transition of the magnet MnF2 

was found to have the same critical exponent j3 = 0.33 as the phase separation of the fluid CClt +C7 F 16. 

Another example is the Ising model in three dimensions. Numerical estimates have found that for three 

different lattice arrangements of spins, the model has three different critical points. However, the critical 

exponent j3 ~ 0.327 has been found to be the same for all three arrangements [151. 

The jamming transition is characterized by a number of critical exponents, some of which we have already 

mentioned. One critical exponent is v, which is defined in Equation 13 by 

(21) 

Another critical exponent is j3, and is defined in Equation 20 by 

(22) 

where Zj(N) is the contact number at <Pj for a system with N mobile particles. It has been found in [131, 

[16] that in 2-D systems without fixed pins or particles, j3 = 0.5. A third critical exponent, 0:, is introduced 

in [20] and is the exponent associated with the behavior of the difference between the cumulative structure 

function and the average contact number when the system is isostatic. It is defined by 

Z(r) - Z ex (r _ al'-a, (23) 

where Z (r) is the average number of neighbors within a distance r from a reference particle, Z is the average 

number of contacts at isostaticity, and a is the diameter of a particle. While we did not calculate Z(r) and 

thus 0: for our data, we hope to do so in future work by making use of g(r) shown in Section 5.3.2. 
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3.1.4 Finite Size Scaling 

When we simulate systems we are constrained to finite numbers of particles. This can be an issue, as the 

jamming transition is only sharp in the thermodynamic limit. However, it has been shown in [13] and [21] 

that by scaling results found for finite systems we can collapse plots for different system sizes onto one curve, 

representing the behavior of the system in the thermodynamic limit. This allows us to exploit the results of 

simulations of finite systems to study the jamming transition in the thermodynamic limit. 

We can use finite-size scaling to study the probability of jamming for a given system. To find the scaled 

probability of jamming we look at the probability of jamming found for finite systems as a function of the 

scaled distance from rPj given by 

(24) 

Here, rPj(N,nj) is the critical jamming density for a system with N mobile particles and a ratio (nj) of 

the number of fixed pins to number of mobile particles. The scaling factor 1/2 comes from the slope of a 

log-log plot of the width at half maximum of the distribution of jamming thresholds for different system 

sizes plotted as a function of system size by O'Hern et al. in [2]. 

3.2 Pair-Correlation Function 

When we add pins to our system, a natural question is whether the particles in jammed systems become more 

ordered. One measure of ordering that we can look at is the correlation between the positions of particles. 

The pair-correlation function g(r) is a way to measure the likelihood that there is a particle a distance r 

away from some reference particle. It is given by [22] 

(25) 
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where 

N N 

p~)(h,r21) = (2:: 2:: 5(rl - ri)5(r2 - rj)), (26) 
i=l j=l,j#i 

and 

N 

P = (2:: 5(R1 - ri))' (27) 
i=l 

In Equations 26 and 27, the sums represent a sum over all pairs of particles and a sum over all particles, 

respectively. 

The pair-correlation function measures the density of particles a distance r apart and then normalizes 

this by the density of the system. For example, if the particles in a system are arranged in a hexagonal 

lattice with lattice constant a, the density when r is a multiple of a would be higher than the average density 

of the system. In this case g( r) would have a series of sharp peaks at each of the lattice points, and would 

be near 0 in between lattice points where the density is zero. Figure 11, taken from [23]' shows a set of 

Figure 11: On the left, a set of particles. On the right, the pair-correlation function g(r) measured from the 
black reference particle in the picture on the left[23]. 

particles whose positions are like those of a of a dense fluid. The particles are not in an ordered lattice, 

and the corresponding pair-correlation function of one of the particles (the black particle) is given as well. 
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Nearest the reference particle, the purple particles form a ring at r = 1 that is higher in density then the 

average density of the particles in the picture. This corresponds to the high peak at r = 1 on the plot on 

the right. The rings of colors further away from the black particle also give a higher density of particles at 

certain r values. However, there is more variability in the exact r value, so the peaks corresponding to these 

rings of particles are shorter and wider. When an r value is reached at which there is no correlation between 

particle positions, then the density is the same as the overall density and g(r) = 1. Thus the higher the 

value of r for which peaks continue to appear in g(r), the more correlation there is between particles that 

are further away. 

Our data for g(r) are found in Section 5.3.2. In all of our simulations, the square box always has side 

length 1. Because we use periodic boundary conditions, we only look at distances between particles up to 

r = 0.5 when calculating g(r). When calculating the distance between two particles, we take the minimum 

distance between a particle in the simulation box and another particle in any of the image cells or in the 

simulation box (see section 4.4). Thus we are limited to a distance of 0.5 between any two particles. 

3.3 Bond Angle 

In addition to measuring g(r), we can also measure the order orientation of the system with an angular order 

parameter. We choose to calculate P(B), the probability that the bond between two overlapping particles is 

at angle B as measured from one of the principal lattice directions. The bond angle between two particles is 

shown in Figure 12. The principal lattice directions are in the directions of the x and y axes. For jammed 

systems with no pins, the systems are isotropic and all bond angles are equally likely to occur, so we expect 

that P(B) should be approximately constant. If the particles become more ordered in systems with pin 

lattices then we might expect to see peaks in P(B). This local, orientational order teaches us about angles 

along the "bonds"; which is to say, overlaps between adjacent particles. 

3.4 Structure Factor 

Like g(r), the structure factor S(k) is a measure of long range ordering in a jammed system. However, while 

g(r) measures an average ordering over all directions, S(k) measures the ordering along a specified direction, 

thus giving us a third method by which to analyze the ordering of a jammed configuration. 
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Figure 12: The bond angle between two overlapping particles in a system with pins. 

Scattering experiments tell us how we can measure S(k). In a collection of N particles, the direction 

of a scattered beam of wavelength .\ is defined by the difference, q, in the wave vectors of the incident and 

scattered beam. The scattered wave is given by 

N 

W s( if) = L fje- iqR-' , 
j~l 

(28) 

the sum of the scattering from each particle. In Equation 28, fj is the atomic factor of the particle and R~ 

is its position. Since all of our particles are the same, they have the same atomic factor, so we can write 

fj = f. The intensity of this wave is then given by 

N N 
Ws(if)· W:(if) = LLf2e- iq(R;-Rk) 

j~lk~l 

N N 
= f2 L L e-iq(R;-R:). 

j~l k~l 
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We can normalize the intensity by multiplying it by 

1 

This normalized scatter intensity is the structure factor: 

1 
Np· 

N N 
S(i/) ~ ~ L 2.,>-i<1(R, -R,) 

j=lk=l 

(31) 

This scattering intensity, also denoted by S(k), is a convenient quantity familiar to experimentalists who 

use scattering to determine material structures. For ordered systems we might expect to see oscillations in 

S(k) like those seen by O'Hearn et al. in [21 for 3-D mono disperse systems. Oscillations in S(k) for certain 

k values tell us about the long range order in those directions. 
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4 Methods 

In this section we describe the simulation we used to create jammed systems and the bash script used to 

determine and set the simulation inputs. We also discuss the criteria used by the simulation to determine if 

a system is jammed. 

4.1 Simulation Algorithm 

To simulate jammed systems, we used as our source code, C++ code that was originally developed by L. 

and C. Goodrich and others in the A. Liu research group at the University of Pennsylvania Department of 

Physics [24]. The simulation creates a set of particles and situates them in a lxl box. To simulate an infinite 

system, we employ periodic boundary conditions. The pins are placed in a square lattice while the particles 

for our simulation are placed in random positions within the box. Multiple runs are performed with different 

seeds to a random value generator producing different starting configurations. Once the particles are placed 

in the box the simulation slowly "lowers the temperature" of the system to T = o. At this minimum energy 

configuration the simulation then checks whether or not the system has jammed. If the system is jammed 

then the simulation calculates and reports on structural properties of the system which are discussed in detail 

below. We have added functionality to the simulation so that in addition to calculating the average contact 

number and number of rattlers, it also calculates and reports the distribution of the contact numbers with 

and without mobile-pin contacts. the size of the rattlers removed. g(r). P(B). and S(k). 

4.2 Simulation Inputs 

The simulation takes as input parameters, the number of fixed pins in the lattice, L, the number of non-pin 

particles, N, a fixed volume fraction, rP, and a random seed, T. The number of particles in the simulation is 

the sum of the number of particles Ns of small radius and the number of particles N z of the larger radius. 

The volume fraction is given by 

(32) 
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Given the number of mobile particles and the volume fraction, the simulation uses this equation to calculate 

the radii of the particles and pins requiring that the number of particles of each radius is equal, or in the 

case of an odd number of particles, there is one more large particle than small particle. 

For each system size (choice of Nand L) we did runs at a range of volume fractions to encompass the 

entire span of the jamming transition. For our initial runs, we ran our simulation how it has been traditionally 

used for systems without pins. We kept N constant, and allowed rP to vary by choosing different radii for the 

particles. However, when we introduced pins to the system, we introduced a new length scale: the distance 

between two pins in a lattice, called the lattice constant, and denoted by a. To separate the effects of the 

lattice constant on the system from the effects of the varying radii we also ran our simulation a second way. 

In our new method, we chose to keep the particle radii constant across all runs of the same system size. To 

choose rP values, we instead varied the number of mobile particles. For each choice of N, L, and rP in either 

method we ran the simulation for 1000 different seeds. 

To implement the second method, we needed to control the size of the radii chosen by the simulation. 

We did this using a bash script for each run to give the simulation its inputs. We gave the script the number 

of pins in the lattice, the different numbers of mobile particles we wanted to use, a list of random seeds, 

and a reference number of particles No and reference volume fraction rPo. The script then used the reference 

number of particles and volume fraction to determine the fixed radii for that set of runs. It then calculated 

the necessary volume fraction for each number of mobile particles that would result in the correct particle 

radii. The simulation was then run for each number of mobile particles, and for each random seed. 

4.3 Particles and Pins 

It is well known that in two dimensions, when particles form dense clusters in a mono disperse system they 

tend to take the shape of a fairly ordered hexagonal lattice. In jamming, we want to study disordered 

systems. For this reason, we used a system of bidisperse particles which inhibits the particles' ability to 

arrange into ordered clusters. However, this issue of forming an ordered close-packed system is less present 

in higher dimensional lattices, so simulations in higher dimensions often use mono disperse particles [20]. For 

our system of bidisperse particles the ratio of the larger radii in our system to the smaller radii is 1.4/1.0, a 

commonly used ratio of particles when studying jamming [16]. The difference in radii is large enough that 
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the system doesn't crystallize, but it is also small enough that we don't see separate behavior for particles 

of different radii which could result in crystallization of one size of particle. (See Section 5.2 for data on 

segregation in our system.) The fixed lattice pins in our system are much smaller than the mobile particles. 

In particular, the pin radii are one one-thousandth the radii of the smaller mobile particles. 

The mobile particles in our system are soft disks, and have a short-range harmonic interaction potential 

given by 

v ~ { 0 
«1 _ 'iL)2 

dij 

Tij > di,j 
(33) 

otherwise 

where Tij is the distance between the centers of particles i and j, and d ij is the sum of the radii of the two 

particles. As a result, the energy of the system increases when any of the particles overlap, and it is zero if 

none of them are overlapping. When the system equilibrates, the simulation tries to reduce the energy of 

the system by minimizing particle overlap (see Section 4.5). 

Like the mobile particles in our system, the lattice pins in our system are also soft disks and have the same 

interaction potential as the mobile particles. But the pins are much smaller, are placed in fixed positions at 

the start of the simulation, and do not move during equilibration. However, the mobile particles can still 

overlap with the fixed pins as well as with other mobile particles. Because the pins are also soft disks, a 

particle overlapping with a pin will cause the total energy of the system to increase by just as much as if 

the particle overlapped with another particle by the same amount. However, it is a characteristic of the 

jamming threshold that the overlap between particles and between particles and pins is critically small. So 

at the threshold, the distance dij between a pin center and an overlapping particle center is very close to the 

sum of the pin radius and the radius of the mobile particle, Tij' so the quantity (1 - ~'J ) is near zero. Thus 
" 

near the jamming threshold, the pins contribute minimally to the overall energy of the system. 

4.4 Boundary Conditions 

Our simulation uses periodic boundary conditions (PBes), which in this case, are toroidal boundary con-

ditions. That is, we consider the left and right sides of the simulation box to be connected and the top 
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and bottom to be connected, so we have wrapped up our box to connect the sides forming a torus. These 

boundary conditions allow us to in some sense simulate an infinite system. We must be aware though, that 

any scales of size greater than the box side are not correctly evaluated in our simulation. While PEGs fix 

some problems, there still exist finite size effects. Some of these effects, as discussed in Section 3.1.4, actually 

work to our advantage; allowing us to calculate critical exponents. Other times, PEGs may lead to artifacts. 

These might be present, for example, in our data on short and long range order, discussed in Section 5.3. 

U l-l 

I.] 1 l-l 

Figure 13: The simulation box is outlined in black The particles in gray are in image cells kept track of by 
the simulation. 

Once the particles are placed in the simulation box the simulation also keeps track of image cells around 

the simulation box. Figure 13 shows a schematic of a simulation box and its surrounding image cells. Each 

image cell contains an exact copy of the simulation box. 'It calculate the distance between a particle in the 

simulation box and a second particle, the simulation finds the minimum distance between the first particle 

in the box and the second particle, whether this lies in the simulation box or is in any of the image cells. 
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4.5 Equilibration 

Our system uses the conjugate gradient technique to equilibrate down to a state of minimum energy. Given 

an initial position in the energy function, x, we want to approach the minimum value of x through a series 

of small successive steps, each of which takes us closer to the minimum. For each step, we need to specify a 

direction to step in and how big a step to take. We do this as follows: 

Let T ~ - F(x) and M ~ r(x). and 0"0 be a step parameter. Then the direction in which we intend to 

step is given by d ~ M-1T. Let 1)pr,v ~ [r (x + 0"0 d) f d, and 1) ~ [F (x) f d. Then the length of our step is 

given by 0: = -ao~. The particles in the simulation are then moved to the configuration corresponding 
T/pr e v -1] 

to x = x + ad, and this process is repeated. As the system moves closer to the jamming threshold, the steps 

get smaller and equilibration slows. The routine terminates when the norm of ad falls below the tolerance, 

E, set at the beginning of the routine [25]. If the norm of ad is not ever less than E, then the routine will 

terminate after 15,000 steps. After the conjugate gradient routine ends, particles are checked for mechanical 

stability, and any rattlers are removed. 

4.6 Defining a Jammed System 

The simulation stops equilibrating when the tolerance for changes in energy is reached; that is, when there 

is nowhere for the particles to move to significantly lower the energy of the system. In a system that never 

jams, the particles eventually reach a point in which they can continue to be moved around without ever 

overlapping, thus the energy stays at o. In this equilibrium state, the particles look as if they are in a fluid. 

In a jammed system, the particles cannot be displaced without raising the energy of the system. As per 

the definition of jamming in Section 2.3, we also require that this solid have some mechanical stability after 

rattlers are removed. In particular, the forces and torques on the remaining particles in this solid must 

balance in both dimensions. 

When we add pins to our system, we must add additional criteria to determine if a system is jammed. 

This is because the pins are placed in fixed positions from the start and they not only do not have to have 

balanced forces on them, but they can also support an arbitrarily large force on mobile particles. This means 

that after all of the rattlers are removed, there might still be clusters of particles held in place by the pins. 
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These clusters could be isolated from each other so that the entire system is not one continuous solid. As 

interesting as these states of finite rigid clusters might be, we chose not to count such states as jammed. 

Because we choose not to include these systems as jammed states, we add an additional criteria and check 

to see if our final configuration of particles percolates, existing as one continuous rigid solid. A system is 

considered to percolate if we can find a connected path of particles that goes from the top of the box to 

the bottom of the box and from the left side of the box to the right side. The percolation routine for our 

simulation was created by E. Padgett. 

4.7 Other Approaches to Jamming 

Beginning with a fixed particle size and lowering the system to T = 0 is not the only possible algorithm for 

finding jammed systems of soft particles. Other algorithms start with non-overlapping small particles and 

slowly increase the particle size until the system is jammed [13]. This finds the jamming threshold for each 

starting configuration individually. Other work has looked at jamming when particles are flowing and there 

is a driving force moving the particles. In this case, jamming is defined as occurring when the velocity of 

the mobile particles becomes zero and there is mechanical stability [8]. As mentioned in the introduction, 

jamming of frictional, non-spherical, and hard particles have all been studied as well. Each of these also 

requires their own method of equilibration [16]. 
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5 Results 

In this section we present some of the results of our simulation, which are then discussed further in the next 

section. In Section 5.1 we show the effects of introducing pins to our system of particles on the probability of 

jamming curve, and the jamming threshold, as well as the effectiveness of finite size scaling on systems with 

fixed pins. Then in Section 5.2 we show that in systems with pinned lattices, a particle's average number of 

contacts and number of excess bonds both increase in systems that jam. However, both systems with and 

without pins show no segregation of particles by size. In addition to this we show that the particles do not 

separate by size. Finally, in Section 5.3, we show plots of P(B), g(r), and S(k) near the jamming threshold 

for systems with and without pins. These allow us to look at the structure of the jammed systems with fixed 

pins. 

5.1 Probability of Jamming 

o 

o 
(a) (b) 

Figure 14: Configuration of N = 249 mobile particles and L = 144 pins that (a) jams, but does not percolate, 
and (b) jams and percolates 

We looked at how the probability of jamming as a function of density changes with different system sizes, 

and different pin densities. To find the probability of jamming when there is no lattice in place, it is enough 

to check if the final configuration of particles is a solid and has mechanical stability as described in Section 

4.6. However, when we fixed pins are present in our simulation, we may end up with a configuration of 
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particles that does not percolate. A configuration that jams based on this criteria but does not percolate is 

shown in Figure 14a. When we discuss the probability of jamming for a system with pins, we will consider 

only systems that both jam and percolate as in Figure 14b. 
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Figure 15: Pj (¢) for systems with around 256 mobile particles and L pins. The solid symbols are for data 
taken in the traditional method, the open symbols are for data taken using the new method. 

New Method ¢j Old Method ¢j New Method w Old Method w 
L~O 0.83802 ± .00008 0.83785 ± 0.00005 560 ± 28 511 ± 16 
L -36 0.82776 ± 0.00006 0.82765 ± 0.00006 458 ± 12 452 ± 14 
L ~64 - 0.82023 ± 0.00005 - 475 ± 14 
L ~ 81 0.80678 ± 0.00005 0.80705 ± 0.00004 373 ±6 356 ±5 
L ~ 100 0.80159 ± 0.00007 0.80158 ± 0.00009 363 ±8 360 ± 10 
L ~ 144 0.78515 ± 0.00016 0.78861 ± 0.00012 211 ±6 311 ±9 
L - 169 0.76124 ± 0.00038 0.76962 ± 0.00034 131 ±6 178 ±9 

Table 1: Calculated ¢j value and fit parameter, w, for systems with N '" 256 particles and L pins for systems 
using both the traditional and new methods of data collection. 

In the thermodynamic limit, the probability of a system jamming, Pj(¢), follows a sharp sigmoid, which 
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jumps from 0 (no systems jam) to 1 (all systems jam) at one density. It is given by 

(34) 

In the limit as w goes to 00, the density at which the sigmoid jumps from 0 to 1 is called the jamming 

threshold and is denoted by rPj. The probability of jamming in finite systems, such as those shown in Figure 

15, does not have as sharp a jump. We define the jamming threshold for these systems to be the inflection 

point of the probability curve. The parameter w in Equation 34 is inversely proportional to the width of 

these curves. In Figure 15 we show the probability of jamming curves for systems using two different methods 

for simulation input - the old method (solid symbols), and the new method (open symbols). Table 1 shows 

the values for rPj and w given by fitting Equation 34 to each curve in Figure 15. 

We can see that for both methods, when pins are introduced to our system, the jamming threshold 

decreases and the probability of jamming curve widens. We can see also see that systems with no or few pins 

have very similar probability curves for both methods of taking data, and the values for rPj and w extracted 

from the fits with different methods are within two standard deviations of each other. However, at higher 

pin densities, the values of rPj for the two different methods begin to diverge from each other and are not 

within the error bounds. Furthermore, the probability curves for the new method at higher pin densities are 

wider (w is smaller) than the probability curves for the old method at the same densities. This tells us that 

at high pin densities, there is a significant difference between our two methods of taking data. The values 

from the new method also suggest that the lattice constant has a larger effect on the probability of jamming 

than was originally suggested by our data using the old method. 

Because our systems are finite, we can use finite size scaling to scale our results in Figure 15 to find 

Pj(rP) in the thermodynamic limit as described in section 3.1.4. For systems with the same density of pins, 

we expect to see all scaled curves collapse onto one curve, representing Pj(rP) for that pin density in the 

thermodynamic limit. 

Figure 16 shows the probability of jamming curves for systems with 64 mobiles/9 pins, 256 mobiles/36 

pins, and 1024 mobiles/144 pins using the new method (Figure 16a) and the old method (Figure 16b). Figure 

17 shows that when we scale the curves using Equation 24, all three probability curves fall onto one curve, 
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Figure 16: Pj (¢) curves for three different system sizes with the same pin density. In (a) the new input 
method is used, in (b) the old input method is used. 
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Figure 17: Scaled Pj (¢) curves for three different system sizes with the same pin density. In (a) data were 
taken with radii held constant at different densities, in (b) data were taken with the number of particles held 
constant at different densities 

as we expected (see Section 3.1.4). We can also see that when we take into account that N varies in the new 

method, data taken with both methods can be scaled using Equation 24. At first glance, Figure 17 seems 

to indicate that the scaling is better when we used the new method. However, using this method we can 

38 



take fewer data points across the transition, and there is not enough data to tell if the curves in Figure 17a 

collapse better than those in Figure 17b. 
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Figure 18: The jamming threshold (¢j) vs. the pin density (nf ) for systems with 256 mobile particles. In 
(a) the new method is used. In (b) the old method is used. 

We can also use the values of ¢j calculated in Table 1 to calculate a value for our critical exponent v 

defined by Equation 21. Figure 18 shows the jamming threshold as a function of the pin density, n j - where 

n j is the number of pins divided by the number of particles. For Figure 18b the number of particles was 

constant at 256 for all runs. For Figure 18a, the number of particles at ¢ closest to the jamming threshold 

was used to calculate n j . These figures show that there is a linear relation between the pin density and the 

jamming threshold. The slope of the line fitting data taken with the old met hod is -0.101 ± 0.007. The 

slope of the line fitting data taken with the new method is -0.106 ± 0.007. These are the same within error. 

This linear relationship allows us to find the critical exponent v. Graves et al. showed in [6] t hat 

(35) 

where d = 2. Thus the linear fits of ¢ vs. n j shown in Figure 18 suggest that v = ~, which is consistent 

with findings in [51 and [61. 
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5.2 Contacts 

,"",_0.25 

~ 0.2 

(b) 

r;t7a O.25 

(a) 

-a-IIFO.83222 
--e-<p=0. 83852 
-B--q>= 0 844ffi 

-9-0;>=0. 851 13 

-a-<p:o. 85744 
-B--q>= 0 83C08697 

~o.83639 1 64 
-s--,.,,0e4269632 
-B--<j>= O. 24S(X))99 

--e-<p=0. 85530566 

( c) 

Figure 19: Probability a particle has Zall contacts for (a) a system with around 256 particles and no pins 
and (b) a system with around 256 particles and 81 pins. (c) Probability a system with around 256 particles 
and 81 pins has Zmm contacts with mobile particles. Bold lines indicate value of 1; closes to 1;j. 
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Figure 20: Probability a particle in a system with around 256 particles and 144 pins has (a) ZaZZ contacts 
with particles and pins and (b) Zmm contacts with other mobile particles. Black lines indicate value of 1; 
closest to 1;j. 
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We looked at the probability a particle had Zall contacts with particles and pins and Zmm contacts with 

other particles for three different systems. Figure 19a shows the probability that a particle in a jammed 

system with about 256 mobile particles and no pins has Z contacts. Figure 19b shows the probability that a 

particle in a jammed system with around 256 mobile particles and 81 pins has Z contacts with other mobile 

particles or with fixed pins. Figure 19c shows the probability that a particle in a jammed system with 256 

mobile particles and 81 pins has Z contacts with other mobile particles. This plot does not take into account 

a particles contacts with pins. Figure 20a shows the probability of a particle in a jammed system with 

around 256 mobile particles and 144 pins having Z contacts with other mobile particles or with fixed pins. 

Figure 20b shows the probability of a particle in a jammed system with around 256 mobile particles and 144 

pins having Z contacts with other mobile particles. In each of these figures, the dark black curve indicates 

the curve for the density nearest the jamming threshold. 

The first two of these figures show that as the density of the pins in the system increases, the probability of 

a particle having only 4 bonds decreases. This is because the particles gain extra contacts. This corresponds 

to an increase in the average contact number for higher density systems which we expect. We can see from 

Figures 19b, 19c, and 20 that the pins change the formation of the jammed configurations, because they 

allow a particle to be part of a configuration even if it has only three contacts with other mobile particles. 
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Figure 21: The average number of contacts per particle in a jammed system with 256 mobile particles. 
Systems have 0 pins (blue), 81 pins (red), and 144 pins (green). Circles indicate <Pj for each system, and the 
line occurs at Ziso for these systems. 
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Figure 21 shows the average number of contacts per particle as a function of density for systems with 

around 256 particles and 0, 81, and 144 pins. This shows that the average number of contacts per particle 

is lower in systems with more pins, but increases with particle density in all cases. 
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Figure 22: The average number of excess bonds in a jammed system near the jamming threshold (a) as a 
function of pin density and (b) as a function of the lattice constant a. All systems had about 256 mobile 
particles. 

Figure 22 shows the number of excess bonds at the jamming threshold as a function of pin density of 

the system and as a function of the lattice constant. As the fraction of pins increases, the lattice constant 

decreases, and the number of excess bonds increases. As with the lowered jamming threshold in higher pin 

density systems, this is because the pins provide support to the system, but don't require support themselves. 

Figure 23 shows the average fraction of a particle's contacts that are the same size as it. For the system 

without pins, we see that about 50% of a particles contacts are the same size as it. For the system with pins, 

we see that at low densities a particle's neighbor is slightly more likely to be the same size as it. However, for 

configurations with density at or above the jamming threshold, we again see that about 50% of a particle's 

contacts are the same size as it. This tells us that there is little or no size-segregation occurring between the 

two different sizes particles. So even on small scales our system looks bidisperse. 
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Figure 23: Percentage of a particle's contacts that are the same size as it for systems with around 256 
particles and no pins (blue circles) and 144 pins (red squares). For the system with no pins, <Pj = 0.838. For 
the system with pins, <Pj = 0.785. 

5.3 Structure of Pinned Systems 

5.3.1 Orientational Order Parameter (p(e)) 
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Figure 24: pee) for three system sizes with the same pin density 

Jammed systems are disordered solids, so we expect to see no preference in the system for a given bond 

angle between two particles. Figure 24 shows pee) for a system with near 256 mobile particles at three 

different densities slightly above <pj = 0.838. We expect to see no preferred bond angle between particles 

when there are no pins present. This plot suggests that there might be a preference for bonds between 
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Figure 25: p(e) for three system sizes with the same pin density. 

particles along the 45 degree and 135 degree lines. However, the variation seen is quite small. Figure 25 

shows P( e) for three different systems with density near <Pj and with the same, low, pin density. For all 

three of these systems, there are peaks in p(e) at e = :;f and e = 3471". This indicates that two particles are 

more likely to be in contact with each other at a 45 degree angle relative to the lattice axis. We can see that 

the smaller systems (64 particles, and 256 particles) are noisier, but still show the same overall trend as the 

largest system (1024 particles). 
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Figure 26: p(e) for a system with 266 particles and no pins and a system with 249 particles and 144 pins. 

At higher pin densities, however, p(e) for systems with around 256 mobile particles becomes less noisy. 

Figure 26 shows p(e) for a system with 249 particles and 144 pins and a system with 266 particles and no 

pins. In the system with 144 pins, the peaks at e = :;f and e = 3471" are much stronger, than in the system 
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with 36 pins. This indicates that the particles are more ordered along the 45 degree diagonal. There is also 

a smaller peak at e =~, suggesting that there is some ordering (although much less) along the lattice axis. 

0.03 

0.028 

0.026 

0.024 

0.022 

~ 0.02 

0.018
1 

0.016 

0.014 

0.012 

0.01 
0 0.5 

--N:266. L--o, ... ~.836523 
_N~49.lo<'44. ~..{J.788595 

__ N=241 ,w.169, ~.76073556 

3.5 

Figure 27: p(e) for a system with 249 particles and 144 pins and a system with 241 particles and 169 pins. 

Figure 27 shows p(e) for a system of N = 249 mobile particles and L = 169 pins a.s well a.s a system 

with N = 249 and L = 144. Like p(e) for the system with 144, pins, p(e) for the system with 169 pins ha.s 

peaks at e = 'I and e = 3;. However, with 169 pins , the peak at e = ~ is larger than the other two peaks. 

This suggests that at this higher pin density, the particles are more likely to connect in the direction of the 

lattice axis. 

5.3.2 Pair-Correlation Function (g(r)) 

Figure 28 shows g( r) for a system with 63 mobile particles and no fixed pins. The radii of the particles in this 

system are rs=all = 0.0531305 and rbig = 0.0743827, and the lattice constant is a = 0.125. The three large 

peaks in the graph occur at r values just below each of rs=all + rs=all = 0.106261 , rs=all + rbig = 0.1275132, 

and rbig + rbig = 0.1487654, respectively. These values correspond with the distance from the center of the 

reference particle to the center of particles in the first layer around the reference particle. In a jammed 

system, these particles should be touching or overlapping slightly. After these three peaks, g(r) for this 

system mostly levels off, indicating that there is no long range order to the system a.s we expect. 

Figure 29a shows g(r) for two systems with 256 mobile particles - one with no pins and one with 36 
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Figure 28: g(r) for a system with 63 particles and no pins. The three largest peaks occur at r = 0.105, 
r = 0.125, and r = 0.1475. 
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Figure 29: g( r) for a system with 256 particles and no pins (blue) and a system with 256 particles and 36 
pins (red). (a) Shows the full g(r). (b) Shows g(r) zoomed in at long-range scales. 

pins. For these systems the spatial period of g(r) is 0.6 ± 0.01, the radii are rsmall = 0.0263692, and 

rZ arge = 0.369169. The lattice constant for the system with 36 pins is a = 0.1667. The three peaks seen in 

Figure 28 are not present here, because this data was taken with one quarter the number of r points, which 

was not enough to resolve these peaks. Figure 29b shows the same plot of g( r), zoomed in on the longer half 

of the r values. It shows that even at the longer ranges, there is very little difference between the system 

with no pins and the system with 36 pins. These small oscillations at large distances are perhaps an artifact 

of periodic boundary conditions. However, they are not present in the larger system with 1024 particles and 

no pins (the blue curve in Figure 30 shown below). 
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Figure 30: g(r) for a system with 1024 particles and no pins and a system with 1024 particles and 144 pins. 
(a) Short-range scale (b) Long-range scale 

Figure 30 shows g(r) at different ranges for two systems with 1024 particles. The short-range distances 

are shown in Figure 30a. Here we see the same three peaks seen in the smaller system, which correspond to 

two overlapping small particles, an overlapping small and large particle, and two overlapping large particles. 

For this system the radii are rsmall = 0.0132826 and rbig = 0.0185957; the first three peaks in g(r) occur 

at r = 0.025, r = 0.030, and r = 0.035. The spatial period of g(r) for this system is 0.03 ± 0.005, and the 

lattice constant for the system with 144 pins is a = 0.0833. 

The g(r) plot for this system at higher r values is shown in Figure 30b. In this plot, we see small 

oscillations in g(r) at higher r values for the system with 144 pins, that are not present in the system with 

no pins. These oscillations suggest that there is long-range ordering in the pinned system at larger system 

sizes that is not present in smaller systems with the same pin density. 

Figure 31 shows g(r) for two systems with around 256 mobile particles - one with no pins and one with 

169 pins. For the system with 169 pins, the spatial period of g(r) is 0.5 ± 0.05, which is slightly smaller than 

the spatial period for the system without pins. The radii for the system with pins is rsmall = 0.0260382, and 

rl arge = 0.364535. The lattice constant is a = 0.0769. This system has a much higher pin density than the 

other systems for which g( r) is shown above. The higher initial peaks in g( r) for this system as well as the 

larger oscillations at long-range distances suggest that there is more order to the particles in systems with 

this higher pin density. 
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Figure 31: g(r) for a system with around 256 particles and no pins and a system with around 256 particles 
and 169 pins. 

5.3.3 Structure Factor (5(k)) 
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Figure 32: 5(k) in the (1,0), (1,1) and (1,2) directions for (a)-(c) a system with 1024 particles and 0 pins 
and (d)-(f) a system with 1024 particles and 144 pins. 

Figure 32 shows plots for 5(k) for two systems with 1024 mobile particles, one with no pins and one 

with 144 pins. 5(k) in the (1,0) direction measures the structure factor along a lattice axis, 5(k) in the 
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(1,1) direction measures the structure factor along the line 45 degrees from a lattice axis and S (k) in the 

(1,2) direction measures the structure factor along a line 60 degrees from a lattice axis. Figures 32a and 32b 

appear to show a few peaks in S (k) in the (1, 0) and (1, 1) directions for a system with no lattice. However, 

these graphs have a y-axis scale ten times smaller than the graphs for the pinned system, and these peaks 

do not appear to be significant on the larger scale. The tallest peak, in Figure 32e, is in S (k) in the (1, 1) 

direction for the system with pins and is much larger than the peaks in S (k) for the system with no pins. In 

particular, it is 25 times larger than the peak at a similar k value for the system with no pins. This peak in 

S(k) occurs at wave number k = 213.3. We can relate this wave number to the spatial period of the system 

by k = 2;:. This particular wave number corresponds to a spatial period of A = 0.0295. This is consistent 

with the spatial period of g(r), which is around 0.03 for this system (see Figure 29). 

015 
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15 

( c) 

Figure 33: S(k) for a system with 256 particles and 169 pins. S(k) is measured along (a) the (1,0) direction, 
(b) the (1,1) direction and (c) the (1,2) direction. 

Figure 33 shows S(k) for a system with approximately 256 particles and 169 pins. The peak in S(k) in 

the (1,1) direction occurs at k = 1115.5, which corresponds to a spatial period of A = 0.054. This peak in 
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S(k) is lower than the peak for the system with 1024 particles and 144 pins, which matches the lower peaks 

at 'f and 3: in P(B) for N256/LI69. However, there is no peak in S(k) in the (1,0) direction corresponding 

to the higher peak in P(B) at 1i for the system with higher pin density. 
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6 Discussion 

6.1 Lattice Supports Jamming 

It has been shown that when fixed obstacles of various sizes and arrangements are introduced to a system 

of soft bidisperse particles, the jamming threshold of the system is lowered. For our system, this is expected 

because the fixed pins in our system can support an infinite force, but do not need balanced forces to stay 

in place. This means that the pins should provide extra support to the system without needing additional 

support, making it easier for a system to jam. We see in Figure 18 that this is the case for our system. We 

might also wonder whether the addition of pins alters the jamming transition more profoundly, by altering 

the critical exponents of the transition. However, while the threshold does change, our calculation of v 

suggest that it is identical to the pin-free value. 

When we rescaled our jamming probability curves according to Equation 24, we saw that all three curves 

collapsed onto one curve. This supports previous findings discussed in [6] and [16] and suggests that our 

findings can be extended to study the jamming threshold in the thermodynamic limit. 

The probability distribution of the contacts (Figures 19 and 20) show that for some fraction of the 

particles, a contact with a pin is one of the approximately four necessary contacts for forces on the particle 

to be balanced. The plot of Nexcess at the jamming threshold as a function of pin density (Figure 22) shows 

that as the pin density increases in the system, the number of excess bonds increases. It also shows that 

even systems with no pins have excess bonds, which is consistent with our definition of Nexcess given by 

Equation 3 in Section 2.4, which we can rewrite as 

( Zmm) 
Nexcess = Zall - -2- - d N - 1. 

Figures 19 and 20 show that as the average number of contacts (Zall) changes, so does the average 

number of mobile particles (Zmm). This suggests that in our new expression for Nexcess, the expression in 

parentheses will remain about the same regardless of system size. This then implies, that as the number of 

particles (and hence density) increases, we expect an increase in Nexcess, as seen in Figure 22. 

Nguyen et al. showed in [8] that a phase separation between particles of different sizes can occur in some 
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systems that undergo a clogging transition. However, they did not find such a separation in their systems 

that jammed. Our results show that even with different criteria for jamming, we still do not see any phase 

separation among the particles, supporting the evidence that the jamming transition is indeed a unique 

transition. 

6,2 Lattice Induced Structure 

By looking at P(B), g(r) and S(k), we can try to determine how the final configurations of jammed systems 

change when fixed pins are added to the system. 

In looking at P(B), the peaks along the 45 degree line for low pin densities seems to suggest that adding 

pins to the system still adds some structure. However, this structure is along the diagonal of the system, 

not the lattice directions as we expected. Furthermore, in Figure 24 we see that in systems with no pins 

there is still a slightly higher probability for the bond between two particles to be along the 45 degree line. 

This suggests that the peaks might be partially the result of effects of the toroidal boundary conditions on 

the system. However, when the pin density is high enough (169 pins to 256 mobiles), we see more ordering 

along the direction of the lattice than along the diagonal. We also note that there are no peaks that are 

60 degrees apart, which we might expect if the particles were beginning to form a hexagonal lattice in the 

presence of the pins. 

It has been shown that hexagonal clusters are a property of mono disperse particles, and do not form in 

clusters of bidisperse particles. It has further been shown that the ratio of Tzarge to T small of 1.4 that we 

used particularly prevents the formation of these clusters. In Figure 23 we see that about fifty percent of 

a typical particle's neighbors are the same size as it. This suggests that there is no size segregation in our 

system, and any cluster of particle we might select is bidisperse. This further suggests that the particles are 

not in hexagonal clusters in the final configurations. 

The pair correlation function g( T) represents the number of particles a distance T away from some reference 

particle. For us, g(T) is calculated without including rattlers, and averages over the results of each particle 

as the reference particle. The first three prominent peaks in g(T) correspond to T values slightly below 

Tsmall + Tsmall (a small particle adjacent to a small reference particle), Tsmall + Tbig (a big particle adjacent 

to a small reference particle or a small particle adjacent to a big reference particle) and Tbig + Tbig (a big 
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particle adjacent to a big reference particle). If the particles were touching without overlapping we would 

expect these peaks to occur at exactly the radii sums. However, because it is likely that many of the particles 

are overlapping a smidge, this would bring the particle centers slightly closer than the sum of their radii, 

moving the peaks to slightly lower r values. These peaks are seen in systems with (small or no) pins and 

systems with a high density of pins. They represent a short range ordering in a jammed system that is 

independent of the number of particles or pins in the system. 

However, the plots of g(r) do show long range ordering at the highest pin densities. Figures 3Gb and 

31 show oscillations in g(r) at high r values for the systems with more pins. The spatial period of the 

oscillations in g(r) (for both small and large r values) is smaller than the lattice constant a, suggesting 

that the oscillations are indeed an effect of long-range ordering, not just simply the presence of a lattice. 

Furthermore, the plot of g(r) for N ~ 256 and L ~ 169 pins suggests that at high enough pin densities there 

is more ordering on all scales. 

We also investigated the question of whether pins add structure to the jammed system, and if so, what 

that structure looks like. One possibility is that the system would take on a hexagonal packing as is the 

tendency in mono disperse systems. However, if this were the case, we would expect to see peaks in S(k) in 

the (1,2) direction (along the the 60 degree line) when the system has pins. The lack of peaks in Figure 32f 

suggest, that there is not any hexagonal packing in our pinned system. This is consistent with the absence 

of peaks in P(B) at ~ and 2;. The peak in the (1,1) direction for the pinned system suggests instead, that 

the particles are lined up along the 45 degree line. This is consistent with the peaks in P(B) at ~ and 3
4

71" as 

seen in Figure 26 for a system with fewer particles, but the same pin to particle ratio. This peak in the (1,1) 

direction for the pinned system also corresponds with the period of g(r) for these systems, again supporting 

the theory that the particles are aligned in this direction. 
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7 Conclusion 

As we expected based on past work, we have found that introducing a pinned lattice to our simulation 

supports jamming. Systems with a higher density of pins have lower jamming thresholds, and an increased 

number of excess bonds at the jamming threshold when compared to systems without pins. Additionally, 

the average contact number for mobile particles is lower for systems with more pins. We found that systems 

with pins still obey finite size scaling, so that results from our finite systems can be extended, allowing us 

to study the jamming transition in the thermodynamic limit. We have also found that at least one critical 

exponent of the jamming transition, v, does not change when pins are added to the system. 

In addition to supporting the jamming transition, the presence of pins in the systems has also changed 

the structure of the jammed configurations near the jamming threshold. The probability curve of bond 

angles in systems with pins suggest that the angle between particle bonds becomes less random at higher pin 

densities. Furthermore, plots of g(r) show that in systems with higher pin densities, the particles become 

more correlated on longer scales, suggesting that the pins are introducing long range ordering to the system. 

However, the peaks in the plots of S(k) do not seem to align with the peaks in P(B) at all pin densities, 

suggesting more work is needed to fully understand how the pin lattice affects the structure of the jammed 

configurations. 

To better understand the structure of the jammed systems with the lattices present, it would help to 

study systems with other periodic lattices, such as triangular, honeycomb, and kagome lattices. In particular, 

it would be interesting to look at the peaks in the bond angle probability for these lattices and the peaks in 

S(k) to see if the structure of jammed configurations in the presence of these lattices changes. For instance, 

because monodisperse particles naturally form hexagonal packings, the triangular lattice might induce these 

clusters in the bidisperse system. Additionally, data such as those shown in Figures 18 and 22 may reveal 

whether some lattice geometries support jamming more than others. For example, one could compare two 

lattices with the same density of pins nj, but different lattice constants a. 
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