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Abstract
We aim to describe the fundamental physics and results of compression and
acceleration experiments performed on the Swarthmore Spheromak Experiment
(SSX). The fundamental research objective is to maximize the energy and density of a Taylor state (a relaxed, twisted, and force-free equilibrium which will
be discussed in detail in chapter 2) plasmas with the potential goal of forming a
target for magneto-inertial fusion (MIF). This includes characterizing the equation of state for compression of Taylor state plasma structures and evaluating
the effectiveness of acceleration modules acting on these states.
We present a comprehensive review of both the theory and experimental proced ure followed in these investigations. First, the basic ideas of plasma physics
are discussed. This includes key parameters and basic theoretical models including magnetohydrodynamic theory. Next we explore more advanced concepts
related to SSX physics, such as Woltjer- Taylor relaxation and thermodynamic
properties of magnetized plasmas.
Since the ultimate purpose of the compression and acceleration experiments
is to provide a target for MIF schemes, we will also discuss the essentials of
fusion theory and review research being conducted in the fields of fusion and
plasma compression. Next, we will give an in depth description of the SSX
apparatus and the experimental set up for the compression and acceleration
experiments. This will include a discussion of the three primary diagnostics
used in SSX as well as the design approach for the new acceleration modules.
Finally, we will present our findings as well as analysis and remaining research
questions.
Ultimately, we will show that, although unable to maintain cohesive Taylor plumes, the acceleration modules succeeded in inducing substantial plasma
acceleration while introducing some unexpected dynamics. We will also show
that the magnetohydrodynamic equation of state does not describe the observed
compression. And we will give evidence suggesting that the compression of Taylor state plasmas in SSX is predominately governed by the conservation of :J,
the adiabatic invariant corresponding to particle motion parallel to magnetic
field lines. Finally, we will address whether or not the plasma structures formed
on SSX could possibly be used for MIF experiments, and present next steps in
exploring their viability.
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1

Basic Plasma Introduction

Though it '8 the most common state of baryonic matter in our universe, humans
seldom interact directly with plasma. Here we'll provide a little background on
what physical qualities define plasmas, and some basic properties.

1.1

What is Plasma?

As a starting point, we can loosely identify a plasma as a group of charged particles which exhibits collective behavior. In some ways, plasmas are very similar
to gases. But where gases are composed of neutral particles which interact via
collisions, charged particles in plasmas can interact through the Coulomb force
and respond to external electromagnetic fields. Some terrestrial examples of
plasmas include lightning, neon lamps, and the Northern Lights, though the
sun and all other stars are also made of plasma.

1.2

Essential Plasma Parameters

The many different possible types of interactions in plasmas lead to myriad
regimes in which plasmas can exist. The different regimes can exhibit wildly
different behavior, meaning a group of several fundamental parameters are essential to classifying plasma behavior. The three most basic of these are the
number density, n, the temperature, T, and the steady state magnetic field, B.
Temperature and density may be specific to each individual plasma species (i.e.
the different types of charged particles in a plasma), while B is independent of
species. These three parameters are essential to characterizing any plasma, and
will be used to derive several important length and time scales.

Debye Length The fundamental length scale of a plasma is the Debye length.
The Debye length is a function of density and temperature in plasma, and
represents the distance over which the electrostatic effects of a test charge are
shielded out in a uniform plasma. Functionally, the Debye length, AD, can be
thought of as the length over which inhomogeneities in charge distribution cause
meaningful effects. This means that among other things, the Debye length gives
a scale at which measurements are indicative of local, non-uniform effects, or
more global, collective behavior. The full derivation is given in appendix A, but
the Debye length is related to temperature and density by

A2 _ conTe
D -

ni e2 '

(1.1)

where the i subscript denotes the ion species in the plasma. In SSX, AD is about
a mIcron.

Plasma Frequency and the Sound Speed

The plasma frequency gives the
time scale on which a plasma collectively responds to perturbations. A full
derivation is given in Appendix A, but we will give a little motivation here[l].
5

If we imagine slightly displacing all the electrons in a uniform plasma, the
resulting potential can be modeled as a harmonic oscillator. The frequency of
these oscillations is the plasma frequency, given by

(1.2)
where the a indicates the plasma species. The plasma frequency in SSX is a few
hundred GH z. The sound speed of the plasma describes how quickly oscillations
of this type propagate through a plasma. It is dependent on the Debye length
as well:
(1.3)

Cyclotron Frequency The cyclotron frequency, derived in the next section,
gives a fundamental timescale for a plasma. The cyclotron frequency refers to
the frequency with which a given plasma particle orbits in a magnetic field. The
timescale is important in evaluating the effects of external magnetic fields on a
plasma. For SSX, the cyclotron frequency is about 1 MHz.

1.3

Single Particle Motion

An important piece of understanding how plasmas collectively interact with
external electric and magnetic fields is understanding how individual particles
respond. The motion of a charged particle in electromagnetic fields is dictated
by the Lorentz Force Law:

F ~ q(E + if X

B).

(1.4)

We will now examine several classes of motion that can be derived from this
equation of motion. These derivations can be found in any Plasma Physics
textbook[11l2]' but are reproduced here with emphasis on ideas which will be
important when we look at conserved quantities and equations of state later on.

1.3.1

Cyclotron Motion

First we consider the case when E = 0 and B = B% is constant. Suppose that
a test charge has some initial velocity iJ = vox. The charge will experience a
force in either the positive or negative f) direction depending on the sign of the
charge. As the particle moves, this force will always be mutually perpendicular
to the direction of motion and the magnetic field, and the charge will trace out a
circular orbit in the x - y plane. Using some basic principles of circular motion
from classical mechanics, we see that

which can be rearranged to give

=

v~

T

6

qB

(1.5)

The test particle executes cyclotron orbits with angular frequency

qB

WC(J

=-.

mu

(1.6)

The radius at which the particle orbits is called the Larmor radius, PW. As we
will discuss later, these both provide important scales for measuring the effects
of magnetization in a plasma.
In the case where a particle has some non-zero velocity directed parallel
or anti parallel to the magnetic field, this velocity will be conserved, while the
perpendicular velocity component will still incur cyclotron motion. Thus the
particle will trace out a helical orbit along magnetic field lines. It is important to
note that the two modes of motion-corresponding to perpendicular and parallel
velocities-are indicative of two independent degrees of freedom in the motion
of the particle. This means we can talk about separate kinetic energies for the
different modes,

(1.7)
1.3.2

Ex 13

Drifts

Another important effect can be observed when we introduce a constant electric field. Qualitatively, we can envision how this might effect the motion of a
charged particle[11l2]. The electric field will accelerate the particle in the direction of E, which may result in acceleration both parallel and perpendicular to
the magnetic field, thus complicating the natural helical motion of the particle.
Our goal is thus to find a frame of reference where E = 0 and we have a better
grasp of the particle's dynamics.
We know that the electric field transforms according to E! = E +
X
B, where iYr refers to the velocity of a frame moving in a direction mutually
perpendicular[3] to E and B. Given that we want to get rid of the electric field
in our new reference frame, we may set this equal to zero and solve to find that

vr

(1.8)
If we transform back to the lab frame, we see that this implies the standard
helical motion is superimposed on a constant velocity in the direction of ?Jr.
This motion is called a drift, and the drift velocity ifr == VExB is called the E
cross B drift velocity. Any time there is an electric field present, particles in a
plasma will experience this drift. The frame in which the particle only exhibits
cyclotron motion is called the guiding center of the particle.
1.3.3

171131

Drifts

The idea of an E X B drift is naturally extended to include any force which is
directed perpendicular to the magnetic field. But this still does not describe
all the possible external forces which can complicate single particle motion.

7

Imagine a particle moving in spatially varied magnetic field[2]. In regions of
large IBI, the particle will experience a strong Lorentz force while the force will
be weaker in regions of low IBI. To derive an analytic expression for this force,
0

y

0

, >----.x

0 8
0
0
0
0

0-* V B
0
0

0
0 0

Figure 1.1 : A schematic of a particle moving in a spatially varied magnetic
field[l]
we imagine a particle moving in a i magnetic field with a gradient \lIBI directed
in the x direction. The particle is moving in a cyclotron fashion in the x - y
plane. Since the field magni tude cha nges in the x direction, the u x B force will
drive t he particle in t he f) direction.
The part icle motion will be periodic in the x direction, so we know that over
the course of one orbit

If we assume that the spatial variation is small with raspect to the radius of

this orbit, we may expand the magne t ic field for small perturbations about the
center of the orbit[l]:

Bz(x)

=

Bz(x"",.,.;o")

+ 8ffx" (x - Xo ontO") + 88~" (x - X""nt o")2 +.

Assuming small perturbations, we may neglect terms of O(x 2 ) , and write

f

B z (x""nt o" )tJ~dt +

f

8ffx'

tJ~( X -

x"",.,.;O" )dt

=

0.

(1. Q)

Since Bz(x"",.,.;o") is cons tant, the first term of the equation is exactly proportional to the f) direction displacement. Since the magnetic field derivative is
evaluated at X""nto", it can be pulled out of the second integral, and eq. l.g can
be rewritten

s

The integral on the right hand side is exactly the area enclosed by a single
particle orbit. Whether this quantity is positive or negative is determined by
the charge of the given particle. Written in terms of the Larmor radius, we see

that

f

(x - xcen',r)dy

~ -1:I 7rP;.

Using Tc as the period for a single orbit, and D..y as the f) displacement, we
can define the gradient drift velocity:
fly

VYIBI ~ --:;:; ~

1
T

1
aBz
Bz(x,w',r) ax

(q]q[7r P,2) .

(1.10)

Writing the perpendicular energy W...l in terms of Pc, we can generalize eq. 1.10
to a drift for an arbitrary field gradient:

(1.11 )
Note that unlike the Ex jj drift, the direction of the gradient drift does depend
on the charge of a given particle. This means that in a two species plasma, the
gradient drift will cause electrons and ions to separate.
1.3.4

Curvature Drift

The gradient drift is an effect experienced by particles moving in the plane perpendicular to a spatially varied magnetic field. However, if we imagine a particle
moving helically along a curved magnetic field. The particle will naturally ex-

perience some force directed along the radius of the curved magnetic field[11 [21.
We can quantify this curvature drift by modeling the circular motion of the
guiding center of the orbit. The centrifugal force will be
mV

Fc

2

Rc

=

11
1

where Rc is the radius of curvature for the field. As mentioned before, we can
extend the notion of an it X B drift to any force perpendicular to the magnetic
field. Since this centrifugal force is always directed perpendicular to the field,
we see that
2
F, X B
VII R, X B
Vc = - - - =-m
qB2
R~ qB2
---t

---t

---t

---t

If we rewrite this in terms of the kinetic energy corresponding to parallel motion,
we can characterize the curvature drift:

(1.12)
Just like the gradient drift, the curvature drift is sign dependent. This means
that it can also have the effect of separating species in a plasma.
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Guiding center ~ Fe

V,
B

Figure 1.2: An illustration of the field configuration leading to a curvature
drift[l]. Helical particle motion along the curved field lines means that the
guiding center must experience some centripetal acceleration towards the center
of curvature.

1.4

Collisions and Mean Free Path

Though single particle motions are important in characterizing the collective
behavior of a plasma, their effects can often be significantly altered by the
interactions of individual plasma particles with each other. Indood, t he difference between the relative signi fi cance of collisional vs. orbital effects in a given
plasma is often a key piece in modeling plasma behavior. Our di.scussion of
collision dynamics will focus on developing the canonical.scattering model and
conclude with some intuition as to the effects of different typElS of collisions.
1.4.1

Describing Collisions in a Plasma

Our basic approach is to determine the nature of collisions for some test particle
placed into a plasma of fixed ions and electrons. Classical scattering theory for
hard spherElS ascribElS to every collision some imjXlct parame ter, b which fully
encapsulates the angle of impact and .scattering angle. Rutherford adapted
this approach fo r the 'collisions' of charged particlElS which interact via the
Coulomb force. His work shows that the scattering angle is related to the
impad parameter via the equation[2]

8, cau''fi!?(j = 2 arctan (

qrqB 2b)'

411" f 000 Vo

(113)

where qr and qB denote the chargElS of the tElSt and background particles, and
Vo is the pre-collision velocity of the tast particle. The argument of t he arctan
is roughly the ratio of electric potential energy to kinetic energy of the system.
Equation 1.13 de.scribes the course of a single collision between the test particle and a background particle. We want to generalize this into some form we
10

trl2 scattering

small
angle
scattering

- - differen tial cross-section 2tr bdb
for small-angle scattering

cross-section trb;12
for large-angle scattering

Figure 1.3: A sketch showing the relationship between impact parameter and
scattering angle[2]. The arrows represent the trajectories of particles with different impact parameters and their scattering angles.

can use to describe plasma collisions more broadly. An important question to
ask during this process is 'when does a collision become significant?' Due to
the inverse-square relation of the Coulomb force, the vast majority of collisions
between the test particle and background particles will be low impact collisions,
for which the scattering angle is small. However, a large number of these collisions will have the cumulative effect of greatly altering the particle's trajectory.
Thus we will need to define these cumulative effects in terms of a single, large
angle scattering event.
When considering scattering problems, it is often much more physically relevant to work with the scattering cross-section-which is related to the mean free
path of the test particle. Generally, the impact parameter is the linear distance
between the center of the rest particle and the test particle's point of closest
approach. And so it is related to the scattering cross section cr by

As stated before, our goal is to relate the cumulative effects of small angle
collisions to a single large angle collisions. For the sake of computational ease,
we will define a large angle collision as one with a scattering angle of at least
7r /2. From eq. 1.13, this implies that the impact parameter for 7r /2 scattering
IS

b
IT

_ qrqB
/2 - 47rfo!'v5·

This means that the scattering cross section for large angle collisions is

(114)
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Using some statistical arguments[2]' it can be shown that the cumulative
scattering cross section for collisions of impact parameter between bl and b2 is
given by
(7,

~

b

r 2rr[B(bWdb.
Jb,
,

(1.15)

As stated previously, the impact parameter depends on the test particle's distance of closest approach. In a plasma, we know that if this distance is greater
than the Debye length, then the Coulomb interaction will be screened out and
there will be no scattering. Thus, the upper limit on the integral in eq. 1.15
is AD. Naturally, the lower bound is our choice of impact parameter for large
angle scattering, b7r /2.
For small-angle collisions, we may approximate eq. 1.13 as

=

qTqB 2 .

B(b) ~

47rEO/lvob

This means that the integral in eq. 1.15 can be evaluated to give
(7,

~ 81n (AD)

( qTqB 2)2

b7r /2

27rEo/lvo

Noting that the quantity in parentheses on the right hand side above is exactly
the scattering cross section for large angle collisions, we finally have the relation
between cumulative small angle collisions and a single large angle collision:
(7,

~ 81n (bAD)
~ /2

(7L.

(1.16)

It should be noted that

aL and b7r / 2 are dependent only on fundamental parameters of a plasma-the masses and charges of the species-and so a e is inextricably
related to the Debye length (temperature and density) of a plasma.

Collision Frequency and Mean Free Path Though the cross-section has
all the necessary information to describe collisional properties of a plasma, it
can be used to define length and time scales which are more easily compared to
other plasma scalings. This distance scale is called the mean free path, AMP P
and is defined as the distance over which the average particle travels before a
collision. The mean free path is related to the cross section by

(1.17)
The natural time scale for collisional processes is the average time between
collisions, Teall. The collision time depends on the average velocity of the species
of a given particle, and is related to the cross section by

1

Teall = - - .

aenv
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(1.18)

The inverse of Teall is the collision frequency,
of the mean free path:
v

v,

and can also be written in terms

v~---.

AMPP

1.4.2

Different Types of Collisions

All of the collision theory derived above depends on both the charges and masses
of the particles involved in collisions. This means that in a two species plasma,
there will be different collision frequencies and mean free paths corresponding
to the different types of possible collisions (e.g. electron-electron collisions will
be different then ion-electron collisions).

1.5

Modeling Plasmas

These are just a few basic results from studying particle dynamics under the
Lorentz force. More complicated effects are introduced when we consider bulk
particle motions. Large amounts of moving charge provide the source terms for
Maxwell's equations, which in turn dictate new electromagnetic fields that affect
particle motion via the Lorentz force. In theory we can completely describe the
behavior of a plasma by repeatedly computing the Lorentz force and solving
Maxwell's equations for every particle in it.
Unfortunately this is computationally impossible for systems of realistic size.
Thus it is the job of plasma physicists to make assumptions and simplifications which allow for mathematical descriptions of collective behavior. The
assumptions-often relating the parameters introduced above-describe different
regimes in which different models best apply. We will now introduce a few of
these different models.

1.5.1

Vlasov Equation

One of the first simplifications we can make to studying the dynamics of every
particle is to treat the plasma species statistically. Rather than tracking each
particle's specific position and velocity, we turn to a phase space description of
the distributions of many particles at given positions with given velocities. Using
this method, we lose the ability to track an individual particle's motion, but can
analyze the bulk motions of a plasma species. The full Vlasov equation[!],

3f

q

~

~

,,+ii Vxf+-[E+iix Bj. Viff
ut
m

~O,

(1.19)

allows us to analyze the evolution of single species distribution functions,
The full derivation of the Vlasov equation is given in Appendix B.

1.5.2

f u.

Two Fluid Equations

Though a powerful result, Vlasov equation is often still too analytically complex
to work with. By considering moments of the distribution function, we can be

!3

simplify the Vlasov equation and describe a plasma in terms of two fluids. This
is aptly called the two-fluid model, and the full derivation is given in appendix

c.
1.5.3

Magnetohydrodynamics

Though much more tractable than the Vlasov equation, the two-fluid equations
are still often computationally taxing. When the species in a plasma are largely
uniform and bound by magnetic fields, it is often useful to simplify the two fluid
equations by looking at the plasma as a single, conducting fluid. Effectively,
this means tracking the center of mass motion of the whole plasma, rather than

the mean velocities of the constituent species[1112].
This approach--{;alled Magnetohydrodynamic (MHD) theory-is one of the
most widely employed models, being used to describe both astrophysical and lab
plasmas. MHD theory is particularly adept at describing magnetized plasmas
such as those used in fusion experiments. And it figures heavily into the design

of SSX.
First, we define the primary variables of an MHD plasma. Since we are no
longer concerned with single species effects, we consider only the collective effect
of moving charge. The current density is given by

(1.20)
and represents the net flow of charge in the plasma. The mass density is just
the weighted average of the consituent mass densities:

(1.21 )
Using the density, we can then define the center of mass velocity of the plasma:

(1.22)
Using these quantities, we are ready to give the fundamental MHD equations.
Averaging the two-fluid conservation equations gives the MHD mass conservation equation:

'::: + V . (pO).

(1.23)

The equation of motion is similarly obtained by summing over the species equations of motion. Using D / Dt as the convective derivative, this gives[2]

(1.24)

2ft

where EO" and
are the pressure tensor and viscosity terms for each species
(these come from the moments of the Vlasov equation, see Appendices Band
C for more information).
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We can simplify this expression with a few assumptions. First, we assume
that the plasma is essentially neutral. This means that the net charge vanishes,
and E has little effect on the bulk motion of the plasma. Secondly, we know that
the plasma cannot exert a drag force on itself, so the summed viscosity term
also vanishes. We can also simplify things by defining a new pressure tensor,
which corresponds to the pressure on a single fluid element. This is similar to
the pressure tensor of the individual species, but depends on the center of mass
velocity rather than species velocity. It is given by[2]

P MHD == Lmu
u

I:

(ii- U)(ii-U)Ju(ii)dii.

(1.25)

These simplifications allow use to write the MHD equation of motion:

(1.26)

MHD and Ohm's Law The momentum equation derived above dictates how
an MHD plasma will respond to an external magnetic field[l]. However, given
that MHD theory treats the plasma as a conducting fluid, we would expect
some relationship between the current density and an external electric field. As
a first guess, we might suppose that this relationship will be somewhat similar
to Ohm's Law:
(1.27)
where a is the conductivity of the plasma. This simple form of Ohm's law
describes the relationship between J and if in the rest frame of the plasma. We
can transform[3] to the lab frame and obtain the relationship

J ~ "(E+ U X

B).

(1.28)

The conductivity, a, depends on the collisionality of the plasma. In a completely
collisionless plasma, we would except the quantity to be infinite, and eq. 1.28
reduces to
(1.29)
This collisionless plasma is called an ideal MHD plasma and has the umque
feature that all magnetic field lines are also equipotential lines.
It turns out that eq. 1.28 is in fact a simplification of a much more general
equation dictating the relationship between -0 and E. However, this simplified
Ohm's Law has proven to be a good enough approximation when the characteristic length of the plasma is much longer than the mean free path of the
plasma particles[l]. Often, the conductivity is rewritten in terms of the resistivity 71 == 1/,,:
(1.30)
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MHD and Maxwell's Equations In order to completely specify the time
evolution of an MHD fluid, we need a form of Maxwell's equations which are consistent with the theory. One of our first assumptions was that the plasma has no
net charge. This means that the source term in Poisson's equation must vanish.
We also assume that motions in the plasma occur on slow enough timescales that
the displacement current is negligible. Combining these adjustments with our
new MHD variables, we arrive at the MHD formulation of Maxwell's equations:
VE~O
~

313

VxE~-

at

VB ~O
V X 13 ~ 1"01.
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(1.31 )

2

Key Theory

In this chapter, we will discuss some of the key theoretical concepts describing the formation of Taylor state plasmas in SSX, as well as the theoretical
motivations for the recent compression and acceleration experiments.

2.1

Relaxation Theory and Magnetohydrodynamics

The plasmas formed in SSX are initially called spheromaks. These structures
are magnetized toroidal plasmas, which are stable in the short aspect ratio, but
unstable in larger aspect ratio. This tilt instability drives the plasma into a new
minimum energy state. These states were first detailed by J. B. Taylor and L.

Woltjer[4] [5] [6].
The derivation starts with the MHD assumption that our plasma can be
treated like a conducting fluid contained in a perfectly conducting vessel. The
plasma is magnetized and so all field lines in it are closed. The topology is that
of a compact torus. Once released, the plasma will rapidly evolve into some
minimum energy state. If we consider the internal energy of the plasma to be
dominated by magnetic energy, then we must focus on minimizing
(2.1 )
Assuming that there exists some mInImUm energy B f:- 0, we must find
constraints on B. One such constraint comes from the fact that in a perfectly
conducting fluid, the MHD form of Ohm's law reduces to

(2.2)
where iJ is the fluid velocity. Taking the curl of eq. 2.2 gives

oR
at
~ V X

(v

~

X

B).

(2.3)

Essentially, this equation states the system must be topologically invariant: the
magnetic field lines of the system cannot disappear or merge as the plasma
evolves in time. Field lines which are not initially linked can never be linked
during the evolution of the system.
Thinking about the magnetic field in terms of the vector potential, B =
\7 X A, it is clear that eq. 2.3 is equivalent to

e

where is some arbitrary gauge. This doesn't quite give us a full constraint on
the system. Any change in the perpendicular component of the vector potential
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can correspond to a change in V, not in B. However, if we take the dot product of both sides with B, we find a differential equation which constrains the
component of A parallel to 1l

(2.4)

Eq. 2.4 can only be satisfied when[4]

on any closed field line or closed magnetic surface in the plasma. These constraints can be summarized by a single invariant for any volume bounded by
field lines:

Ki ==

r A· B dV;

iv,

(2.5)

where Vi is an infinitesimal flux tube corresponding to each closed flux line. The
corresponding minimum energy magnetic field is given by

v

X

B ~ A(a,b)B

(2.6)

where A(a,b) is constant along any particular field line specified by (a,b). Eq.
2.6 is a force free equation for the magnetic field, and dictates that all currents
flow along field lines. However, eq. 2.6 only describes invariants of individual
flux tubes, and moreover, K and ,\ cannot be determined without knowing the
initial values of one or the other, and thus allow for multitudinous force free
configurations of the larger system
In order to bypass this difficulty, we consider what happens if our plasma
is not quite a perfect conductor. When we drop the assumption of perfect
conductivity, eqs. 2.2 and 2.3 no longer hold, and field lines may disappear
and merge together. Under these conditions, it is clear that Ki is no longer
a suitable invariant for individual flux tubes. However, when conductivity is
nearly perfect, these small topological changes will not have a substantive affect
on the overall field properties[6]. Thus, summing over the individual invariants
along individual field lines, we may define

(2.7)
Eq. 2.7 has the corresponding constraint on the magnetic field:

v X B ~ p.B.

(2.8)

Thus fJ has only one value, and there is only one force free configuration completely determined by p. and the boundary geometry.
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2.2

Magnetothermodynamics

The thermodynamics of an ideal gas during compression are very well understood [7].

If the compression is slow and the gas is allowed to exchange heat with its surroundings, only the density of the gas changes. If the gas is compressed quickly
without any heat exchange with the surroundings, then the temperature and

density both increase. Crucially, these results rely on the assumption that the
individual particles in an ideal glass are neutral.
This is not the case in a plasma, where ion-ion, ion-electron, electron-

electron, and magnetic field interactions dominate individual particle motion
in certain regimes. Different theoretical models exist which describe adiabatic
processes in these regimes, but few experiments have been done to investigate
how well these different models reflect plasma compression. We call this study
of thermodynamic compression in plasma magnetothermodynamics[8] [9].

2.2.1

Equations of State

Adiabatic processes are characterized by the conservation of some adiabatic invariant and the conservation equation is called an equation of state (EOS). The
specifics of the conserved quantity depend on the approximations made in modeling the plasma. We will compare the MHD equation of state which assumes
a uniform collisional plasma and the Chew-Goldberger-Low (CGL) equations of
state which incorporate individual particle motion along field lines.

2.2.2

MHD Equation of State

With a traditional MHD approach, we may treat the plasma like an ideal gas.
This assumption requires that the plasma be collisional with Teall < l/w e . This
means that the cyclotron motion of charged particles is subsumed by collisional
dynamics. When highly collisional, the thermodynamics are nearly identical
to those of neutral gas particles which only interact via collisions and do not
interact with magnetic fields.

This means that a plasma will obey the ideal gas law
PV~NRT

(2.9)

where N is the total number of particles in the gas (an equivalent statement
is P = nkT where n is the number density of particles). In order to find the
equation of state for adiabatic process, we need to find some quantity which is
conserved during adiabatic compression and expansion.
First, we note that in an adiabatic process no heat is exchanged between
the plasma and its environment, so the first law of thermodynamics reduces to

dU

~

-PdV. This can be combined with the fixed volume specific heat[lO].

1 dU
Cv ~; dT'

(2.10)

to yield

(2.11 )
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Noting that the idea gas constant is the different between the fixed pressure and
fixed volume specific heats, R = Cp - Cv , we turn to the differential form of eq.

2.9:

PdV + V dP

~

nRdT.

We can combine these two equations with eq. 2.11 to get

ndT~ PdV+VdP ~ -P dV
'
C p - Cv
Cv
which can be rearranged to give

=

dP

CpdV

p+cV~O.

(2.12)

v

Using the ratio of specific heats, r = Cp/ev, the differential equation can be
solved for the conserved quantity[lO]

PVI'

=

(2.13)

canst.

This is an equation of state which governs adiabatic processes. The ratio of
specific heats depends upon the number of degrees of freedom of the system[7].
And so we may alternatively define 'I == (J + 2) / f where f is the degrees of
freedom.
Noting that PVI' rv P / n 1', and since PVI' is constant in time, we may write
our MHD equation of state as:

(2.14)
This EOS does not depend on any magnetic properties of the plasma, only the
density and thermal pressure. This implies that the plasma is isotropized, and
the MHD pressure tensor reduces to a scalar[2].

2.2.3

Chew-Goldberger-Low Equations of State

Taking into account the cyclotron motion of ions and electrons in a magnetic
field, Chew, Goldberger, and Low developed another set of equations of state.
Their double adiabatic theory depends on the two magnetic adiabatic invariants:
!l and J.

The Magnetic Moment, fJ

The first conserved quantity is the magnetic
moment of an ion orbiting around a field line[l] [2]. For our purposes, we consider
a hydrogen plasma so that the current of an orbiting proton is

(2.15)
Let Pci be the Larmor radius of a proton, then the magnetic moment is given
by
~ viqwci

2
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w~i

This can be simplified to give

1 Mv 2
2 B .

!l ~ ---~

(2.16)

where V...l is the velocity of the proton perpendicular to the direction of the
magnetic field (tangent to the orbit). The fact that!l is conserved can be shown
a couple different ways. First we consider the Poincare invariant

I

~

f

pdq,

(2.17)

where p and q are generalized momentum and position. For cyclotron motion,
the generalized position is some angular coordinate, B, while the generalized
momentum is the angular momentum MVT. This gives the invariant

which can be simplified to

(2.18)
Clearly, this only differs from fJ by a constant. And so, if I is invariant, then so
IS

fJ.

Moreover, from eq. 1.7, we know that (1/2)Mvl ~ T~ is the kinetic energy associated with motion perpendicular to the magnetic field. The pressure
associated with perpendicular motion is then given by
P...l

=nT...l,

(2.19)

where n is the number density. Since nand fJ are constant, this means that
P...l/nB is also conserved. Writing this in the same form as eq. 2.14, we arrive
at the first CG L equation of state:

(2.20)
As with many quantities encountered in plasma physics, the conservation of fJ is
more important on some time scales than others. Since the magnetic moment is
modeled by a proton's cyclotron orbit constituting a continuous current, fJ will
only be conserved on time scales much longer than 27r lWei. Furthermore, since
the effects of cyclotron motion depend on plasma being largely collisionless, fJ
will not be conserved on timescales larger than l/vii.

If the first invariant is related to perpendicular motion, it makes sense that the second would be related to streaming
motion parallel to field lines. Using the momentum along field lines, MVII' and
axial position z, we may find another Poincare invariant:

The Parallel Motion Invariant,:J

(2.21 )
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where L is the length of the field line. This means that vII L is also conserved. In
order to arrive at the second CGL equation, we introduce two more conserved
quantities in magnetized plasmas. These are best thought of in terms of an
infinitesimal flux tube around some magnetic field line. The first invariant is
the total number of particles in a given flux tube, N. The second is the magnetic
flux through the flux tube: ~ = BA, where A is the cross sectional area of the
tube. We may rewrite N in terms of the volume of the flux tube and number
density:
N

N

~

nV

~

nLA

=

A

~

nL

where L is the length of the flux tube-this is the same as the length of whatever
field line is enclosed in the tube. Since P is conserved, so is p2, and we can
write

Thus we can conclude that

B2 n
ej} ~ -;;:0; £2'

(2.22)

and since rjJ2 is conserved, the RHS above must also be conserved.
Just as P~ ~ nT~ for motion perpendicular to the field lines, ljl
parallel motion. With a little bit of rearrangement, we can see that

~

nT1 for

1
2
21 n
~ 2nMvii ~ MJ 2£2·
We can plug this into the RHS of eq. 2.22 to obtain

B2 n
2 B2
1 n
2 B2
-;;:0; £2 ~ M J2 -;;:0; M J2 2 £2 ~ M J2 -;;:0; PII·

(2.23)

B' P

And since both M and :J are conserved, we know that ~ is conserved and
so we can write the second CGL EOS:

~
dt

(B2ljl)
3
n

~ o.

(2.24)

Again, since :J is essentially a measure of phase space flux, its conservation
requires that phase space trajectories be largely unaffected by collisions. That
is, :J is conserved on timescales much less than Teall.

eGL Equations and the MHD Pressure Tensor It should be noted that
the CGL equations can be incorporated into MHD theory. If a plasma exists
in the double adiabatic mode, then the plasma pressure is anisotropic. The
usual assumption for this regime is that the pressure tensor of eq. 1.26 takes
the forml1]

o
P~

o
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(2.25)

The diagonal structure of this tensor is of great importance. Whereas the fully
isotropized pressure is a scalar, the diagonal tensor partitions the pressure into
separate modes which can still be accommodated by the MHD model.
The interplay between adiabatic invariants and energy conservation can be
very helpful in understanding the role of compression in fusion plasmas. Further
discussion and examples is given in appendix D.
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3

Fusion Physics

One of the primary motivations for the compression experiments on SSX is to
evaluate the potential use of Taylor state plasmas in nuclear fusion experiments.
Fusion is the process which powers stars, and these experiments seek to reproduce a bit of that power as an energy source. As we'll discuss in the next
section, if achieved, a sustained fusion reaction would completely revolutionize
energy production, both in terms of the magnitude of energy produced and the
environmental impact of the process. We will also give an overview of the basic
physics involved in fusion reactions, as well as a description of several experimental approaches for attaining fusion and the potential role of Taylor state
plasmas in the experimental landscape.

3.1

Comparison of Fusion and Other Energy Production
Methods

The primary methods of energy production can be broken down into two main
classes: chemical reactions and nuclear reactions. Chemical reactions, such as
burning coal and gasoline, or solar power, rework the chemical bonds between
atoms, releasing stored electrical energy[ll]. Nuclear reactions, however, rework
the bonds between nucleons inside the nuclei of atoms. This change in binding
energy results in a slight change of the total mass of the system. The lost mass
is recovered as energy via E = mc 2 .
Once released, the stored energy can be harnessed for any number of tasks
such powering the pistons of an engine or cranking a steam turbine to generate
electricity. We'll give a quick overview of two of the most common methods,
the burning of fossil fuels and nuclear fission, and see how the potential gains
of fusion technology compare.

Fossil Fuels The burning of fossil fuels, and other carbon based materials
such as coal and wood, has long been the primary method of energy production. The energy is produced via the rearrangement of molecular bonds between
Carbon, Hydrogen, and Oxygen, when high temperature and a steady supply of
Oxygen are introd uced. The new bonds are at a lower electric potential than the
originals, and so the reaction releases energy in the form of heat and radiation.
As an example, consider the reaction of burning octane[12] (CSRIS):

The energy released is equivalent to about .1 GJ per gallon of gasoline.
Though this does give us access to a tremendous amount of energy, the
limited supply of fossil fuels and detrimental environmental effects constitute
significant drawbacks to chemical combustion energy production.

Nuclear Fission As mentioned above, the mechanism for energy production
in a nuclear reaction is a change in mass of the system. For initial particles
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Figure 3.1: A diagram of the chemical structure of octane. When burned) all of
the C-C and C-H bonds are broken) releasing large amounts of energy.

Pb' .. ) Pn and final products) Pn+b'" ) Pm) the reaction can be written[12]
P1 + ... + Pn --+ Pn+1 + .. . + Pm + E) where the energy is given by

In a fission reaction) some external catalyst causes an unstable atom decay into
lighter) more stable products. The stable products will have a lower composite
mass than the unstable system) and so energy will be released. Generally this
energy is more than a million times greater than that released by chemical
reactions involving the same number of molecules.
By far the most widely used fission reaction in industrial and military applications is the decay of Uranium 235) which releases over 200 MeV per reaction.
The reaction begins when a low-energy neutron collides with a Un5 nucleus and
ultimately results in the production of Cesium and Zirconium isotopes alongside
electrons and neutrons[12]:
n 1 + U 235 --+

ee 140 + Zr 94 + 2n 1 + 6e- + E,

Uranium 235 is such an excellent candidate for fission reaction because the
product neutrons can move on to catalyze two more reactions) resulting in a
cascading) sustained release of energy. Moreover) since neutrons are neutral
particles) they are not repelled by positively charged nuclei) and so they need
le.s.s initial energy to catalyze a collision.
Undoubtedly) fission reactors are able to provide significantly more energy
than chemical reaction based pO\Ver plants. The downside is that) although they
have le.s.s immediate environmental impact) the final products of fission reactions
are often hazardous) and difficult to dispose of. There are also potentially
disastrous results if there is a malfunction in the plant.
Nuclear Fusion Whereas fission involves the decomposition of heavier atoms
into lighter ones) fusion involves the combination of .some number of atoms and
other particles into at least one heavier atom. As a first example) we might
OJnsider the collision of a neutron with a Deuterium) H2) atom resulting in the
release of energy along with a Helium 3 isotope and an electron[13]:

n 1 + H2 --+ He 3 + e-
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+ E,

Yes, the reaction does produce energy, but it is not sustainable; the reaction
does not produce any neutrons which might then catalyze subsequent reactions.
Thus, a sustained reaction requires a sustained neutron source, which is inefficient given the energy output.
It turns out that the same result will be found with all neutron bombardment
fusion reactions[12]. However, sustained reactions can be achieved by the fusion
of two light atoms-this is the mechanism responsible for energy production in
stars. Unfortunately, this presents a new set of problems which scientists have
attempted to resolve for the last 70 years. Neutrons are neutral, and so can
easily interact with charged nuclei via the strong and weak forces without any
electromagnetic repulsion. Two nuclei, however, will naturally repel each other.
Thus, in order to achieve a nuclear reaction, the two atoms must have sufficient
energy to overcome their Coulomb repulsion. Thus the primary focus of fusion
research can be thought of as finding a mechanism to overcome the Coulomb
force between nuclei.

3.2

Basic Fusion Collision Theory

Before discussing specific fusion reactions and different experimental strategies,
it is useful to look at some ofthe basic physics involved in fusion reactions[121111].
Our first step will be to apply framework of the collision theory discussed earlier
to model nuclear rather than Coulomb interactions. Then, we will use this new
scattering theory to calculate reaction rates and estimate the power output of
various fusion reactions.

3.2.1

Back to Cross-section and Mean Free Path

Previously, we defined the scattering cross section in terms of the impact parameter, b, which quantified how close two particles approach during a collision.
The nuclear force, however, acts over such a short range that we can assume a
simpler model to begin with. Specifically, we assume that the cross section is
constant close to the target nucleus and then sharply drops off. In other words,
the fundamental model for fusion scattering is the same as the canonical 'hard
sphere' scattering model[12].
An important difference between nuclear and Coulomb collisions is that particles cannot undergo multiple nuclear collisions. A collision means that a nuclear reaction takes place, effectively annihilating the two particles. Thus the
mean free path can be thought of a the distance a particle travels before a fusion reaction instead of the average distance between collisions. The collision
frequency is not the average number of collisions a particle undergoes in a second, but the average number of particles which undergo a fusion reaction in one
second.
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Figure 3.2: A visualization of the 'hard sphere' scattering cross section for a
collision between TIitium and Deuterium nuclei[12]. Note that the diameter of
the cross section is larger than the nuclear diameter.
3.2.2

Determining Reaction Rates and Power Density

Assuming that a fusion reaction will occur whenever a nuclear collision takes
place, we can extend the idea of collision frequency to a reaction m te , which is
the number of nuclear reactions taking place per unit volume every second[13].
For hard sphere scattering, this is clearly given by multiplying the collision
frequency of the incident particles with the density of the target particles:
(3.1 )
where target particles are at rest and v is the velocity of the incident particles. If
each fusion reaction releases energy E" then the power density for hard sphere
scattering is given by

(3.2)
But this model assume:; a simple cross section and uniform velocity for every
particle. We need to generalize our analysis in order to describe more realistic
situations.
The first step is to re'Write the density in terms of a six-dimensional distribution:

(3.3)
Noting that the velocity v in eq. 3.1 is just the mean velocity of the system,
v = 10'1-v21. and assuming that the scattering cross section has some dependence
on the relative velocity (Le. 0" = 0"(IV1-v21)), we can generalize eq. 3.1 to[12] [14]

R=

1:

Jt(v1)h(iS)0"(lV1 -

iSl)I V1 -V2I dv1dv2.

The quantity in the integrand can be 'Written in terms of the densities and
weighted average of O"v:
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Determining the Fusion Cross Section In order to find actual reaction
rates and power densities, it is necessary to determine some functional model
for the fusion cro.ss section[ll]. A decent first approximation is given by the
hard sphere model. Assuming that the crass section is on the order of a nuclear
diameter[12]' the crass section is
cr

r::!

1 barn.

However, this neglects the fact that Coulomb forces will repel slow moving
particlElS thereby giving the cro.ss section some velocity dependence.
In order achieve a nuclear collision, the two particles must have sufficient
relative velocity to overcome the repelling Coulomb force between them. In
other words, the kinetic energy of the system must be greater than the Coulomb
potential betwoon t hem. Mathematically, this condition can be stated in terms
of the reduced mass, V
1
_IIV 2 >
(3.5 )
2c
where d is the diameter of a nucleus. This is the condition for the classirol
fusion crass section. When the condition is met, the crass section is identical to
the hard sphere case, otherwise it vanishElS. This behavior is shown in fig. 3.3.

a

------r-----

288 ke V

K

Figure 3.3: The classical fusion cro.ss section for Deuterium-Tritium collision as
a function of kinetic energy[12]. The crass section vanishes when kinetic energy
is insufficient to catalyze a fusion reaction, then immediately jumps to the hard
sphere approximation when the energy threshold is reached.
The main problem with the classical model is that nuclear interactions occur on atomic scales, meaning quantum effects must also be considered[12][13].
There are three main effects we will consider: tunneling, rElSonance, and highspeed interaction. Quantum tunneling permits the particles to effectively pass
through the Coulomb barrier and achieve a nuclear collision. Though unlikely
at low velocitiElS, tunneling doElS provide a nonzero probability that an incident
particle might traveling through the Coulomb potential. In the mid-velocity
regime, the dominating quantum effect is rElSonance betwoon the particlElS' wavefunctions. This phenomenon has the net effect of increasing the likelihood of a
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Figure 3.4: Cros.s section for Tritium-Deuterium collisions with quantum
corrections[12]. Tunneling makes it poosible for collisions to occur in the classically forbidden, low-energy region. Resonance between overlapping wavefunction increases the likelihood of collisions for more energetic particles. And highspeed effects reduce the likelihood of collisions for very large energies

collision, thus increasing the cros.s .section. Finally, at high energiElS, the particle's wavefunctions will have very little overlap, and so it is possible for the
two nuclei to effectively pass through each other without physically colliding.
This reducElS the cross .section at high velocities. The qualitative effects of these
quantum phenomena, and their respective regimes are shown in fig. 3.4.
Realistically, it is seldom if ever poosible to determine the cross section for
a given reaction analytically. However, the cros.s sections for many reactions of
interElSt have been thoroughly mapped out experimentally. ThElSe experiments
generally involve a fixed energy particle beam fired at stationary target particlElS.
Figures 3.5 and 3.8 show a few examples of experimentally determined cro.ss
sections.
The Velocity Averaged Fusion Cross Section AB shown in eq. 3.4, the
reaction rate depends directly on the distribution-averaged product (crv). This
quantity is sometimes called the reactivity of given reaction. When plotted
against temperature, the reactivity curves can be used to find optimal operating
temperatures for fusion plasmas. AB seen in fig. 3.6, it is not always true that
hotter plasm as are best suited for fusion. There is in fact an optimal tern perature
usually on the order of a few tens of keY.
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Figure 3.5: A selection of fusion cross sections from La Fusion M agnetique
Euratom-CEA[15]. Of three scattering models we looked at, these curves bear
the most resemblance to the corrected model given in fig. 3.4. But there are
many more corrections in the experimentally determined cross sections.
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Figure 3.6: Reactivity curves vs.
temperature for some common fusion
reactions[16]. Note that the maxima of these curves do not occur at the highest
temperatures, but somewhere in the middle.

3.3

Power Loss and the Lawson Criterion

Knowing the reaction rate and power density is, however, only one part of
determining the sustainability of a fusion reaction. A sustainable fusion reaction
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requires that the net energy (energy output - energy input) be greater than
zero. Thus far, we have only considered the necessary requirements for a fusion
reaction to take place, assuming that the number of a particles in a system
and total energy are conserved. Now we need to account for some real-world
considerations involving energy and particle loss.
Energy loss can occur through many different mechanisms, primarily different forms of radiation and particle loss. Both particle loss and certain radiative
processes effectively reduce the likelihood that fusion reactions will take place in

a plasma. [1111121114]. We can incorporate all these effects in the umbrella term
Ploss

== radation and

particle energy loss.

(3.6)

Using this term and the energy density of the system, we can define a timescale
for energy loss called the confinement time:

W

TE=--

(3.7)

Ploss

Essentially, TE is a timescale for which the parameters in a fusion plasma remain sufficient for fusion to take place. For fusion reactions where the different
reactant densities are the same, and the reactant temperatures are equal, the
energy density is given by

(3.8)
First published by J.D. Lawson in 1957[14]' the Lawson criterion dictates
that for a fusion reaction to be sustainable, the fusion power density must be
greater than the power loss:
Sf ~ Ploss.

(3.9)

Assuming equal densities in the reactants, this can be rewritten

We can then formulate the condition in terms of nTE:

(3.10)
The right hand side of this inequality depends only on temperature. And thus
the Lawson criterion can be thought of as a specific combination of density,
temperature, and confinement time necessary to achieve fusion ignition. As
shown in fig. 3.7 the 'triple product' of these terms can be used to evaluate
the abilities of fusion experiments to achieve a sustained ignition. The beauty
of Lawson criterion is that it gives experimenters a concrete target for plasma
parameters-though no device has yet been created which can achieve these conditions. The fact that n, T, and TE are all equally weighted in the triple product
also outlines several different possible paths to achieve fusion. Researchers can
focus on long lasting plasmas with less density (magnetic confinement fusion),
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Figure 3.7: A diagram showing the 'triple product' of the average density,
temperature, and confinement time for fusion experiments over the last few
decades[17]

or more dense plasmas with shorter confinement times (inertial confinement fusion). The relatively long confinement time of SSX plasmas (,,:, lOOIL8), makes
them a potentially interesting plasma for fusion experiments that operate between these two opposites (magneto-inertial fusion). These different types of
fusion experiments will be discussed in sections 3.5 - 7.
Of course there are other concerns which effect the viability of different
fusion schemes, such as input energy required to initiali~e and contain a fusion
reaction. The Lawson criterion is only concerned with the power balance of the
fusion plasma itself, not the device as a whole.

3.4

Types of Fusion Reactions

Figures 3.5-3.6 present curves for three different fusion reactions: DeuteriumDeuterium (D-D), Deuterium-Tritium (D-T), and Deuterium-Helium 3 (D-He:».
These are the primary reactions used for fusion experiments. \iVe'll give a brief
overview of the specifics here.
Deuterium-Deuterium Reactions Deuterium occurs naturally and in abundance, so it is an excellent potential source of fuel for fusion reactions. \iVhen
two Deuterium nuclei combine, there are two possible results, each equally likely
to happen:
D + D --+ He 3 + n + 3.27 MeV,
and

D + D --+ T

+ p+ + 4.02
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Figure 3.8: Experimentally determined cross sections plotted agaimt Deuterium
energy[12]

Though the large natural supply of Deuterium makes it a desirable fuel source,
it's comparatively low reactivity (see fig. 3.6) makes it an unlikely candidate for
a fusion reactor. Nonetheless, neutron emission from D-D reactions is still often
med as a diagnootic for frnion experiments. Appendix E offers a an investigation
into whether we could expect any sort of substantive neutron yield by forming
a Deuterium plasma in SSX,

Deuterium-Tritium Reactions The D-T reaction is the easiest of the three
common frnion reactions to initiate. Moreover, the D-T reaction produces a
large amount of energy:

D +T --+ u+ n + 17.6 MeV,
The main drawback from this reaction is that Tritium is not a naturally occurring isotope, though it can be produced fairly easily by bombarding Lithium
isotopES with neutrom.

Deuterium-Helium 3 Reactions Though R eo is not a naturally occurring
isotope and it's reaction with Deuterium is difficult to ini tiate, the D-Re 3 reaction has the unique benefit of producing only charged particles. Thrn it could
thooretically be used to directly power an electrical system. The reaction, given
by
D + Reo --+ C! +p+ + l S.3MeV,
also produces the moot energy of all the three main frnion reactions.

3.5

Magnetic Confinement Fusion

AB mentioned before, one route to achieve srntained frnion ignition is the formation of plasmas with long confinement times, i.e. plasmas strongly bound by
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magnetic fields. Deservedly, this method is called magnetic confinement fusion
(MCF), and it is one of the oldest approaches to fusion research. A simple example is presented in the magnetic mirror problem (Appendix D) , though there
are many different types of MCF systems.
The biggest challenge in designing a confinement system is to prevent collisions and drifts from isotropizing plasmas leading to lost particles from the
systems. In this section we'll give a quick overview of the two most dominant
types of MCF devices. A cursory discussion of these methods and their weakness
should help to motivate the more recent research discussed in the next chapter.

3.5.1

Tokamaks

The primary mechanism used for Tokamak plasma confinement is the 'toroidal
pinch' which occurs when plasma currents are driven through a torus[13]. To
develop the idea of a toroidal pinch, imagine an ohmic heating coil which drives
a solenoidal current though the center of a toroidal vessel filled with plasma.
The changing flux produced by this coil induces plasma currents in the vessel.
These currents drive poloidal magnetic fields around the torus , and J x B pinch
the current t ogether. Though the pinch does work to confine the plasma, the
imbalance between high fields in the middle of the torus and low fi elds on the
outside drive a kink instability. Tokamaks introduce a collection of external
fields to counter this instability. The first step in fighting this instability is
Inner poloidal field coils
(Primary transformer circuit)

Resulting helical magnetic field

Toroidal field coils

Toroidal magnetic field

Plasma electric current
(secondary transformer circuit)

Figure 3.9: A sketch of the primary fields and currents used for Tokamak
confinement[18]. The inner coils drive toroidal plasma currents which in turn
generate poloidal fields . These are stabilized by exterior coils lining the vessel
which generate a strong toroidal field. A set of vertically oriented exterior coils
help counter the kink instability. The net result are helical magnetic fields in
the plasma.
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to introduce a strong toroidal field in the plasma with external coils wrapped
around the toroidal vessel. Under MHD assumptions (which are valid for nearly
all fusion plasmas), the plasma will tend to follow strong field lines. And so the
toroidal field acts as a sort of guiderail for circulating plasma currents. Though

Figure 3.10: Visible radiation from plasma confined inside a tokamak[19]
this configuration is more stable than a pure toroidal pinch, there is still an
instability introduced by the repulsive force between currents on opposite sides
of the vessel. Another set of external coils, this time oriented around the central
axis of the vessel and stacked vertically outside it, provide a strong axial field
which stabilizes the plasma through j x jj forces. Tokamak research was the

Figure 3.11: A rendering of the ITER tokamak[21]. Organizers hope this will
eventually be the first Tokamak to achieve net energy gain.
primary focus of fusion research for much of the late 20th century. And to this
day, over two dozen large scale tokamaks are still in use[20], though none have
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ye t t o conclusively show a net energy gain. That could change with introduction
of the new ITER[21] tokamak being buil t in south France. ITER's collaborators
hope that the machine will be able to achieve a power output of 500 MW with
an input of only 50 MW. Th is would be the first ever net gain in Tokamak
fmion.

3.5.2

Stellerators

The kink ins tability which tokamaks attempt to combat with external fields can
also be approached by thinking about single particle dynamics. Kink imtabilities arise when a loop of magnetic current has a larger field on the inner edge
than the outer edge. In other words, where ther e is a kind instability, there is
a magnetic field gradient in the plasma. Th is of course leads t o a VIBI drift,
which coupled with the curvature drift , serves to separate the ions and elec trons
in plasma.
Tokamaks generate toroidal currents with ohmic heating, and prevent this
separation ming a combination of differently oriented external fields. This ultimately results in helical g uiding center orbits around the toroidal vessel. Steiiamt01's,
on th e othe r hand, do not try to override the drift separations with different
external fields, but rather carefu lly contour the toroidal fields so that the drifts
effectively ' cancel out' over the course of a single orbit. The magnet ic fields

Figure 3.12: A simulation showing the structure of astellarator plasma[22]
required t o create such a complex confinemen t scheme were for a long time too
daunting to attempt from an engineering standpoint. Howeve r , over the las t
few decades, manufacturing a nd supercomputing technologies have advanced
sufficiently for experimenters to attemp t to build large scale stellarators. T he
largest project currently in testing is the Wend/ese/in 7-X[2 3] stellarator in
Germany. The primary goal ofWT-X is not t o attain fusion, but rather t o show
that long confinement times are pcesible ming a stellarator. Organizers hope
that successful fusion rESults from ITER could be used to retool the WT-X for
fmi on energy produc ti on[25].

36

Figure 3.13: A cutaway view showing the different layers of the W 7-X
stellarator[24]. The carefully contoured magnetic coils were designed using
supercomputers to analytically solve the Biot-Savart equation for the desired
magnetic field structure.

Figure 3.14: One of the first plasmas formed inside the W7-X machine[26]

3.6

Inertial Confinement Fusion

Whereas MCF seeks to achieve ignition through long confinement times, Inertial
Confinement Fusion (ICF) focuses on forming extremely dense plasmas. The
general approach is to form a small pellet of Dueterium-based fuel, then apply
a large amount force to compress it to ultra high density via shocks. The
force mechanism is often high energy density lasers or x-rays[27]. The primary
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4.

Figure 3.15: The basic mechanism for inertial confinement fusion[28]
A large force is applied to a fuel pellet, causing it to implode. The implosion
drives the fuel to ultra-high density and ignition is achieved.

challenge for ICF experiments is to provide uniform compression of the target.
Instabilities, such as the Raleigh-Taylor instability [21129], grow exponentially
under the extreme conditions of ICF devices, ripping the target apart before
ignition is achieved.
The competition between thermalization of ions in the target and outward
pressure can be described the the product pr where p is the fuel density, and
r is the radius of the pellet. In this formulation, with a temperature of about
20 keV, the Lawson criterion reduces to[30]
pr;:> 3 gem- 2

3.7

(3.11 )

Magneto-Inertial Fusion

Magneto-Inertial Fusion (MIF) experiments seek to combat the instability problems of MCF and ICF methods by using magnetic fields for containment while
compressing plasma, increasing both the confinement time and the density.
Compression experiments on SSX seek to examine the possibility of using Taylor state plasmas-which have a naturally long confinement time-for this type of
fusion.
As discussed in section 3.3, the Lawson criterion essentially puts confinement
time and density on an equal playing field when it comes to their importance in
sustaining a fusion reaction. ICF experiments focus on creating very dense plasmas with n ~ 1020 em- 3 and short confinement times TE ~ 10 ns, while MCF
experiments focus on long confinement times of TE ~ 1 s and lower densities,
n ~ 10 14 em- 3 MIF experiments typically aim for the mean values of both,
i.e. densities n ~ 10 17 em -3 and confinement times TE ~ 100 f.'S. With densities around 10 15 em -3, and lifetimes on the order of tens of microseconds, SSX
plasma parameters are near the desired values for MIF experiments. The goal
of compression and acceleration experiments is to push Taylor state plasmas
closer to these benchmarks. We will discuss several specific MIF experiments in
detail in the next section.
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4

Survey of Other Compression and MIF Experiments

Though SSX is one of the first to experimentally investigate the magnetothermodynamic properties of compressing plasmas) several other experiments have
explored compression of both magnetized and unmagnetized plasmas. We will
review a couple of these and discuss their role in motivating our work at SSX.

4.1

RACE

In a series of experiments at Lawrence Livermore National Laboratory) Hammer
and Hartman explored Spheromak compression on the Ring Acceleration Experiment (RACE)[31][32][33][34]. The general scheme is essentially a rail gun with
the plasma acting as the sliding short) which continuously accelerates a ring of
plasma until it is compres.sed against the closed end ofthe chamber. Figure 4.1
gives a more detailed view. Compact toroidal (CT) plasmas are formed at the
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Fi gure 4.1: The experimental apparatus for Hammer and Hartman's RACE
compression studies[31]. CT plasmas are formed and accelerated into a closed)
conical chamber.
left end of the gun-these are the exact same magnetic structure as the CT)s
formed on SSX. A long) cylindrical electrode runs through the center of the CT
plasma) and is biased against the outer shell of the device. Current flows along
the i=er conductor) through the plasma) and into the outer conductor. The
resulting j x B forces in the plasma accelerate it down the chamber. Finally)
the CT plasma is compressed in a conical 'focusing cone) at the end of the
chamber[34]. RACE was able to demonstrate radial compression by a factor of
about 3) coupled with an increase in magnetic field strength by more than 4)
and acceleration to 1400 km/s[31].
After proof of concept) Hammer and Hartman)s work mainly explored power
balance and energy conservation. They were able to show[31] that the canon-
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ical equation of motion for magnetic acceleration of an object with varying
inductance quite accurately modeled experimental observation. Their work
demonstrates that plasma acceleration can be modeled successfully using a fairly
straightforward approach. The RACE experiments never progressed to fusion
research, but the apparatus was billed as a potential fast opening, HV switch.

4.2

ICF at the National Ignition Facility

ICF experiments at National Ignition Facility (NIF) use scores of high energy
lasers in an attempt to induce D-T fusion.

Figure 4.2: NIF[35] has two laser bays, powering a total of 192 lasers with
1.9 M J of energy[29]
The first step in ICF experiments on NIF is to prepare a frozen mix of
Deuterium and Tritium inside a plastic shell (ablator) with a diameter of about
2.26 mm[29]. The pellet is housed in a gold hohlraum which is then placed
inside the main chamber. Lasers are used to excite the inside of the hohlmum,
bathing the pellet in x-rays. These x-rays provide about 100 lVIbar of pressure
which causes the ablator to implode. As the pellet implodes, a 'hot spot' forms
in the middle, where temperature and density are sufficient to initiate fusion
reactions.
Though tremendous amounts of energy are required to drive the implosion,
in 2014, this process was shown to produce more energy than initially stored
in the fuel capsule[29]. The biggest problems now faced by NIF researchers are
the mixing (and consequent cooling) of the ablator with fuel[36] and instabilities
resulting from imperfections in the pellet surface.
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Figure 4.3: A view of the NIF target chamber[35]. Ports allow lasers to enter
the massive chamber.

Figure 4.4: An illustration of lasers irradiating t he hohlraum , and cutaway view
of pellet placement [35]

4.3

Field Reversed Configuration Plasma Compression at
the University of Washington

The field reversed configuration (FRe) is a plasmoid wherein an ext ernal field
generates toroidal plasma currents w~Ih introduce a confining poloidal field.

Figure 4.5: A diagram showing magnetic field lines (green), confined plasma
(blue), and net plasma current flow (red)[37].
The direction of this field opposes the external magnetic field, hence the term
field reversed configuration. A unique feature of an FRC is that the plasma
(3 (essentially the ratio of magnetic to connect energy) is about 1 for an FRC,
making the configuration potentially desirable for fusion plasmas[38]. It should
be noted that the spheromaks formed in SSX are very similar to FRC plasmas.
In fact, some early experiments at SSX merged spheromaks to form structures
even more similar to FRC's[39].
J. Slough and G. Votroubek did a series of experiments on the acceleration,
merging, and compression of FRC's[38]. Performed on the Inductive Plasma AcZ (m)
- 1.5

R

- 1.0

a

-0.5

0.5

1.0

1.5

(m)oil~~~fu~m~nat~lo~n~/~a~cc~e~I~~~~~~~a~c~cm~'~/~f~umn~at~'o~n~

0.15

HI

"f'l 1II'T ]

1111 II ltd.!..
three tum
compression cOIls

JllJI 111111

a AlumInum nux
guns concentrator

pla

Figure 4.6: A schematic of the IPA[38]. Oppositely oriented plasma guns are
used to form FRC plasmoids. These FRC's are then accelerated to high velocities and merged together into a new FRC. This new structure is then compressed
by the compression coils in the central chamber.
celerator (IPA)[40], these experiments featured two coaxial plasma guns, along
with accelerators and a confinement chamber. With these accelerators, oppositely directed FRC's could achieve velocities over 300 km/ s before colliding
and combining into a new FRC. The currents in the new FRC experience a
J x 13 force with the axial compression field which shrinks the radius of the
newly formed plasma structure. This process has been shown to yield plasmas
capable of fusion, and there are some good reasons to believe the process might
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be scalable[38].

4.4

FRC Merging at Thi-Alpha Energy

A somewhat similar set of experiments are also being performed by Tri-Alpha
Energy[41] (TAE). The basic approach at TAE, is to collide two FRC plasmas
with opposing velocity inside a confinement field and to then stabilize the resulting turbulent plasma with neutral beams[42]. The initially FRC's are formed

Figure 4.7: A schematic showing the C-2 experiment at TAE[43]. Plasmas are
formed in the guns at the end, and then accelerated by Ii-pinch coils which form
FRC plasmas. These FRC's then collide in the central vacuum chamber, where
they are stabilized by a mirror field and external neutral beams.
using Ii-pinch coils-the circuitry from these was actually used in the construction of our own acceleration modules. The two structures leave their coils with
a supersonic velocity of about 250 km/ s[43]. The system quickly evolves into a
highly stable FRC (lifetime of about 1 ms in the absence of neutral beam injection), and the roughly 20 kJ kinetic energy of the initial plasmas thermalizes in
the new, stable configuration. The fundamental instability facing this new FRC
is the tilt instability (the same instability which leads compact torus plasmas
to evolve into minimum energy Taylor states in SSX). Neutral beam injection
counters this instability, allowing for an even longer confinement time.
Though initial results have been good, the experiments at TAE are still far
from a sustained fusion reaction. They are currently focused on scaling their
experiments to sustain more fusion relevant plasmas.

4.5

MAGLIF Experiments at Sandia

Another set of current MIF experiments are the Magnetized Linear Inertial
Fusion [45][46] (MagLIF) experiments being done on the Z machine at Sandia
National Laboratories. Rather than using fully magnetized plasma structures,
MagLIF features a cylindrical target (called a 'liner') filled with Deuterium
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6

Axia l Distance (m)

Figure 4.8: Snapshots of the plasma flux profile from different timesteps during
a C-2 shot at TAE[43].

Figure 4.9: A picture of the Z machine during operation[44]

gas. During a typical shot, this target is first premagnetized with a 10 T axial
magnetic field to help minimize electron thermal transport [47]. The target is
then heated to a temperature of several hundred eV using a 2.5 kJ, 1 TW
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Figure 4. 10: An illustration showing the three phases in MagLif experiments[46].
F irst the target is contained with axial magnetic fields. Then preheated w ith
a high energy density laser. After heating, the liner is compressed by axial
currents which generated azimuthal fields.

laser. 19 MA with a 100 nS ris e time are driven th rough the Beryllium liner
at the end of the laser pulse[46]. This current creates a z-pinch (A f x Ii force
between the current and the corresponding m agnetic field) which implodes the
liner, heating the plasma inside.
By using a premagnet ized a nd preheat ed plasma, MagLIF requires a significantly lower implosion velocity than traditional IeF experiments. Liner implosion velocities of 70 km/s have proven sufficient to induce fusion conditions in
the target, w ith a significant neutron yield of about 10 12 neutrons produced from
D-D reactions per pulse[46]. Though these initial neutron yields are promising ,
the implosion process still suffers from the propagation of instabili t ies. Recent
work[48] has show n that these instab ilities have an unexpected and well defin ed
helical pi t ch. The results suggest a complex interaction between the premagnetization axial field, and the compressing azimuthal field.
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SSX Overview

The Swarthmore Spheromak Experiment[491150] (SSX) is a high velocity, MHD
plasma wind tunnel which has previously been used to study the turbulence[51]
and magnetic reconnection[52] of Taylor state plasmas. The experiment is capable of forming plasmas with n ~ 10- 15 cm- 3 and temperatures of several
10's of eV. The most recent configuration features a magnetized coaxial plasma
gun, which fires spheromaks into a meter long quartz tube.
IDS and interferometry
Magnetized

plasma gun
Copper flux conserver

Glass tube
~

... --------------1-,,;--------------

Figure 5.1: The most recent configuration of SSX[9]. All dimensions in the
diagram are to scale.
Plasmas drift inertially down the tube and are stalled in a stagnation flux
conserver (SFC). The glass may be lined with copper flux conserver and mounted
with pinch coil acceleration modules.

5.1

Spheromak Formation

The complete mechanism for plasma formation in SSX is a complex procedure
discussed at length in Bellan's book on spheromaks[53]. The central idea which
governs the physics of the firing process is MHD pressure balance between magnetic flux oriented in different directions. Struct urally, the gun is composed of an
internal, cylindrical electrode with a Permendur core and an external cylindrical
electrode which is joined smoothly to the wind tunnel. The space between the
electrodes is highly evacuated, and they are joined to an external power bank
containing 8 kJ of stored electric energy. Magnetic 'stuffing' coils[50] surround
the system.
The firing process can be broken down into three distinct steps[50]: firing of
the stuffing field and the introduction of gas, then ionization, and spheromak
formation. The stuffing field is a slowly increasing axial field generated by
external coils. The Permendur core along the central axis of the gun keeps the
field strongly aligned with the axis inside the gun (the stuffing flux is about
1- 3 mWb). About 600 f.ts before firing, 1 cc - atm of hydrogen gas is injected
through mechanical valves. The gun is initially at a high vacuum of 10- 8 torr,
and so this introduces several 10 19 individual hydrogen atoms.
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Spheromak Formation using a Plasma Gun
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Figure 5.2: A diagram showing the essential operation of the SSX plasma gun
(Courtesy of the SSX website). The firing process begins when axial stuffing
flux is driven through the inner electrode and gas is pumped into the vacuum.
Next the gas is rapidly ionized, forming a ring of plasma. Finally, J x B forces
drive the spheromak out of the gun.

Over the next several hundred /-LS, the gas is able to diffuse throughout the
entire gun. Finally, the capacitor banks, which have been charged to about
4 kV at 1 mF, are discharged over about 20 /-Ls. Current on the order of 10 5
amps flows between electrodes, ionizing the gas in the intervening space. This
current not only generates its own magnetic field, but also causes a J x B force.
The interactions of the different fields with the newly ionized plasma generates
a magnetic structure between the electrodes. An azimuthal field forms around
the Permendur core, while poloidal fields wrap around this field throughout the
open space in the gun. This field configuration is called a spheromak [53]. The
structure is pushed against the stuffing field by J x B forces.
Whether or not the spheromak emerges from the gun is a pressure balance
problem, which essential boils down to comparing the strength of the stuffing
field with the strength of the field generated by currents in the gun.

5.2

Diagnostics

Three primary measurements are made on plasmas in SSX: electron density measurements using a ReNe interferometer, ion temperature measurements using
ion Doppler spectroscopy (IDS), and magnetics measurements using 13 probes.
As shown in fig. 5.3, the interferometer beam, IDS collection chord, and a triple
13 probe are all collocated.
5.2.1

Interferometry

We use a quadrature interferometer with a 6.328 nm ReNe laser to measure
line-averaged density in SSX. The interferometer is deployed in a modified
Mach-Zehnder configuration [9] and uses a Wollaston prism to split the outgoing beam[51]. The beams are 90 degrees out of phase when they exit the
prism, and their intensities are measured by two photodetectors. Before operation, it is critical to ensure these outputs are in fact 90 degrees out of phase. By
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Figure 5.3: A cutaway view of the primary measurement chamber[9]. The IDS
and Interferometer use quartz viewing windows. Their chords of measurement
are coincident with a triple probe on the 13 probe array.
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Figure 5.4: The interferometer beam is circularly polarized, so that the two
outputs of the Wallaston prism will form a distinctive envelope when plotted
against each other[9].

tracking the change in the phase between the two beams, we are able to infer
line-averaged density. The data are also corrected for mechanical vibrations in
the system. These vibration occur on a timescale about 1000 times greater than
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plasma dynamics, so they can be removed as a linear trend in the data.
5.2.2

Ion Doppler Spectroscopy

For our analysis, it is crucial that all measurements be minimally invasive. In order to measure ion temperature with a fast (sub-microsecond) sampling period,
we employ an ion Doppler spectroscopy system[54]. The IDS featurElS 1.33 m
Czerny-Thrner spectrometer and a high spectral rElSolution emelle grating[8].
Signals are recorded via a 32 channel photomultiplier tube (PMT) array. AB
shown in fig. 5.3, light is collected through the telElScope then passes through
fiber optics into the spectrometer where it is diffracted off the echelle grating.
Light signals are then collected with 16 out of the 32 available channels of the
PMT array.
Our analysis follows the evolution of the 229,687 nm emission line from
CIl I ions[55] at 25th order over a lifetime of about 100 !-is. ThElSe impuritiElS are
introduced via graphite nubs located near the plasma gun and from interactions
between the plasma and vacuum chamber walls. The thermal equilibration
time between plasma protons and CIII ions is faster than the sampling rate
of the IDS, so we can be sure that the measured temperature corresponds to
ion temperature in the plasma. AB shown in fig. 5.5, the IDS records Doppler
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Figure 5.5: A typical curve obtained from the IDS at the 60 !-is timElStep for a
given shot[9].
broadened and shifted CI I I emission lines at given timesteps. The tern perature
is obtained by fitting the data with a Gaussian distribution and taking the fullwidth half-maximum value. For this particular shot, we have T ~ 12 eV.
Importantly, the.se measurements are in.sensitive to the direction of CIlI ions,
and only capture the magnitude of the temperature.
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5.2.3

Probe Arrays

In SSX, magnetic fields are measured using small loops of wire called 13 probes.
As the name implies, 13 probes allow us to measure ~~ = d~t ~. As per
Faraday's Law, the changing flux induces a voltage across the ends of the loop
which we are able to measure. Simple time integration of this signal yields the
magnetic field, B(t), as a function of time. These loops are positioned at known
intervals on a long probe and placed through a small hole in the stagnation flux
conserver, extending into the wind tunnel. A glass casing is used to protect the
probes from damage as they measure the fields of a passing Taylor state. At
most measurement locations, the probes are oriented in the and y directions
(aligning the 2. of this coordinate system with the central axis of SSX). At
some points, three loops are collocated to establish a full measurement basis.
Magnetics data is the primary method for tracking plasma evolution in SSX .
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Figure 5.6: Time of flight measurements from three
shows an average plasma velocity of about 37 km/s.

•
13

probes[9]. The red line

Figure 5.6 shows magnetics data being used to track the bulk velocity of a
Taylor state. As will be discussed later, 13 probes can also be used to identify
specific lobes of the twisted Taylor state, allowing us to extract information
about length. Though probe use is relatively minimal in the most recent set

Figure 5.7: An analytical representation of the lowest energy Taylor state which
formed in SSX[56].
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b)

a)

Figure 5.8: Three-dimensional renderings of magnetics data show the twisted
Taylor state structure. Note how the twists of the measured magnetic field
correspond to the lobes of the Taylor plume in fig. 5.7 (Image courtesy of Luke
Barbano'18).

up of experiments, large arrays have previously been used to characterize Taylor
states in detail[56] and study magnetic reconnection[52].
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6

Compression Studies

In this chapter, we will discuss the methodology and results of the compression
campaign on SSX. Our goal in these experiments was to characterize the equation of state for compressing Taylor state plasmas, and these were the first ever
studies of this particular process.

6.1

Experimental Procedure for Compression Experiments

The basic concept behind our compression experiment is to study how inertially drifting Taylor state plasmas compress when stalled in the stagnation flux
conserver at the end of the glass tube (see fig. 5.1). Our goal is to identify
compressive heating events, where the volume of plasma shrinks 3B the density
and temperature increase. The main tool we use for characterizing the length of
Taylor state plasmas is wavelet analysis. Once length measurements have been
obtained, we construct PV diagrams to help identify regimes of compressive
heating. As shown in fig. 6.1, during compressive heating events, the density
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Figure 6.1: Data showing the primary diagnostic results for a comprffiSive heating event[9]. The top panel shows density, the middle shows temperature, and
the bottom shows bulk magnetic field strength, all plotted against time. The
blue highlighted regions demarcate when the plasma enters the stagnation flux
conserver and the purple region indicates comprffiSion.
and temperature of a Taylor state plasma increase concurrently. Often, this
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mcrease is mirrored by an increase in the bulk magnetic field strength. The
next few sections will discuss how magnetics data can be analyzed to find how
the length of a Taylor state changes during compression.

Wavelet Analysis

6.1.1

In order to calculate the equation of state, we need precise measurements of
how the length of a plasma plume compresses as it enters the SFC. Since the
entire plume is not measured by magnetic probes at the same time, the changes
in length cannot be measured directly from magnetics data, but can be extrapolated by analyzing the spatial frequency changes in a section of the plumes.
The first step in our analysis is to identify the structure of Taylor state
plumes. Using magnetics data, we can see alternating regions of high and low
field corresponding to the twists and turns of a Taylor state. The wavelet
transform is then used to identify the spatial frequency of the turns, and localize
the signal in space. Since the spatial frequency is directly tied to the overall
length of the plasma structure, we know that changes in frequency correspond
to changes in structure[41151156]. The continuous wavelet transform (CWT) is
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Figure 6.2: Three dimensional visualizations of magnetic probe data from a
typical shot[9]. The different images are at ta = 43.68 1-'8, tb = 51.48 1-'8,
tc = 60.43 1-'8, and td = 74.97 1-'8. The intersection of all three axes is located
the back of the stagnation flux conserver.
similar to a Fourier transform with the primary difference being that it uses
finite wavelets as basis functions rather than sinusoidal functions. The benefit
is that wavelets dictate wavenumbers over a finite spatial region, which allows
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us to optimally localize the transform to the same region where temperature
and density are measured. This is crucial for accurately assessing equations of
state. We use a Paul wavelet of order 2 as the mother wavelet (the mother
wavelet is like a 'model' which determines the form of the basis functions), and
determine the transform at discrete time steps. Since field measurements are
performed at 18 spatial locations, this requires 18 transforms at each step-one
for each location.
To give this a more mathematical formulation, let
denote the magnetic
field transverse to the central axis at location m and time t. Using a scale
variable, s, the transform at a given time and spatial location is then given by

B:n

W,;,(s)

=

~ B,;"w'

[(m-:')L;Z],

(6.1)

='=0

where ,6.z = 1.5 em is the distance between probes, N = 18 is the number of
probes, and W is the mother wavelet function. The sum carries over all spatial
locations for m ¥- m!.
The scale variable, s is related to the length of plume, and so the value
of the transform at different values of s is crucial to determining the overall
compression of the plasma. The peak of the power spectrum, given by IW! (s) 12 ,
is tracked. The scale corresponding to this dominate frequency is tracked as a
function of time. From this evolution in the dominate scale, we can determine
the evolution of the length of the plasma as it compresses.

Figure 6.3: An example of a power spectrum[9]. The intensity is given on the
right hand scale, and the white dot represents the maximum. The white line
surrounding the dot is the 'cone of influence' outside which the wavelet analysis
results are unreliable.

6.1.2

Identifying Compression Events

With the change in scale (corresponding to volume) identified, we can identify
compression. Using PV diagrams, we can determine whether these events also
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correspond to compressive heating-i.e. whether the PV trace moves to a higher
isotherm. PV diagrams such as the one shown in fig. 6.4 were ultimately used
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Figure 6.4: The top panel shows length compression and pressure = density
x temperature for a typical compressive heating event[9]. The bottom panel
shows the the adiabatic transition between isotherms during a collision
to identify compressive events. A minimum compression of 10% along with an
accompanying change in isotherm over timescales greater than 1 f-ls were used
as the thresholds for this categorization.

6.2

Compression Campaign Results

During the compression campaign, 192 compressive heating events were identified on SSX. These events occurred with a variety of initial gun parameters,
but all met the three criteria for compressive heating

1. Length compression of at least 10%
2. A transition between isotherms is displayed in a PV diagram (analogous
to fig. 6.4)
3. The timescale of the compression is longer than 1 f-ls
For each event, the different equation of state was calculated and normalized
so that each EOS has units of time- 1 . The derivatives of these equations for
each shot were calculated (eqs. 2.14, 2.20, and 2.24) , and are represented
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by the light blue lines in fig. 6.5, and their averages are shown in dark blue.
The MHD EOS is shown in panel (a), while the perpendicular and parallel
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1
1

c)

0
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0.0

0.5

1.0
Time (/15)

1.5

2.0

Figure 6.5: A plot comparing the MHD and eGL equations of states for compressive heating events on SSX[8]. For the MHD equation of state, it is asswned
that I = 5/3-the I corresponding to fewer degrees of freedom did not fit as well.
The light blue lines represent individual shots, while the dark blue line represents the av erage.

eGL EOS are shown in (b) and (c) respectively. It should be noted that IDS
temperature measurement on SSX is not sensitiv e to perpendicular vs. parallel
directions. Since pressures in the eGL equation are directions, we have replaced
orientation-specific pressure in the both the double adiabatic equations of state
with the direction insensitive bulk pressure, P. A version of fig. 6.5 including
error bars is given in fig. 6.6.
Figures 6.5 and 6.6 show definitively that the averages for the MHD and
perpendicular EOS are nonzero during compression. This means that these
equations of state do not hold for our data. However, the parallel eGL EOS

does accurately describe the behavior. Though this result is quite clearly represented by the data, it does raise some interesting questions: why does the the
parallel but not perpendicular eGL equation apply? And why are the parallel
eGL results so evenly distributed around the mean?
Distribution of Individual Shots Though the parallel eGL equation of
state is the only EOS which clearly holds for our data, it also has the widest
distribution of individual shots for any of the tested equations of state. Although
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Time (us)

Figure 6.6: Time-derivative EOS plotted with error bars[9]. Individual shots
are shown in red. While the faint blue band represents the mean value with
error.

this may seem odd at first glance, it is actually a mathematical result of the
analysis applied in the production of figs. 6.5 and 6.6.
The most important piece of this explanation is that we measure temperature, and therefore pressure, on a fixed chord. The true parallel pressure would
be given by
PII = -pcose)

e

where
is the unknown angle between the ion motion and IDS beam. This
unknown angular dependence (which varies in time as the Taylor state passes
through the chord) adds a term P sin to

e

iJ

-PII
iJt

~

iJP

iJe

- - cose + -psine.
iJt
iJt

e

The additive term on the left hand side vanishes when = 0 and the change
in bulk pressure-what is measured in our experiments-is equal to the change in
parallel pressure. However, when i- 0, the term does not vanish, and neither
does the time derivative of P II . This means that even if the quantity

e

P B2

_11-3- = const.
n
is conserved, the derivative for a random shot might not be zero.
Since our measurements are made at essentially random angles, This term
will not vanish for the duration of most shots. Moreover, we would expect the
plots in figs. 6.5 and 6.6 to be randomly distributed, and so we would, in fact,
expect the plotted equations to be evenly distributed about the mean of zero.
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Parallel vs. Perpendicular Equations of State It is particularly interesting that only the parallel CGL equation seems to fit our data while the
perpendicular does not. Since the bulk pressure is used (due to the IDS temperature measurement's directional insensitivity), this suggests that if the CGL
equations do govern compression, then the bulk pressure is very nearly equal to
the parallel pressure: P ~ PII.
One possible explanation stems from the conservation of the magnetic moment, f-L in the plasma. When initially formed, the spheromak has a toroidal
geometry with magnetic fields of about .5 T. As the spheromak drifts into
unnel
1) Form Spheromak with
discharge circuit- this
injects magnetic energy
into the system

3) Conservation of
magnetic helicity
forces fields to twist

2) Spheromak is unstable;
it begins to tilt over as
it is pushed down the
tube by jxB forces

4) Magnetic fields fluctuate
turbulently as injected
energy cascades to
dissipation scales

Figure 6.7: An illustration showing the turbulent evolution of a spheromak into
a twisted Taylor state (Courtesy of SSX). Note how drastically the length of
the fields changes as the plasma progresses towards its minimum energy state.
the flux conserving tunnel, which has a cylindrical geometry, it evolves into a
twisted Taylor state and the bulk magnetic field drops by a factor of about 10[8].
Assuming that f-L is conserved, the perpendicular kinetic energy,

(6.2)

T~ =f-LB,

must decrease directly with the bulk magnetic field. However (see appendix
D), the kinetic energy originally stored in the perpendicular mode is not lost.
Rather, it is transferred to the parallel mode, Til. Thus, we hypothesize that
when the plasma enters the stagnation flux conserver, most particle energy is
stored in the parallel mode. Consequently, IDS temperature measurements will
mostly register Til.
Furthermore, as shown in fig. 6.8 compressive heating events do not necessitate a change in the bulk magnetic field strength. This means that the energy
partition between perpendicular and parallel modes established during Taylor
state evolution is likely not substantively altered during compression. In other
words, compression will not transfer energy from Til to T~. However, since the
parallel magnetic moment is conserved, we do expect concomitant increases in
density and Til as the length of the Taylor state decreases.
Since the measured ion temperature is close to the pure parallel temperature,
the equations of state plotted in fig. 6.5 are more accurately given by
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Figure 6.8: A compressive heating event where increasing temperature and density are not accompanied by a concomitant increase in bulk field strength[8]

Naturally, we would not expect this second equation to hold for arbitrary data,
even when the eGL equations govern compression. The MHD equation, however, relies on isotropized pressure as previously discussed. And so, we would
expect directional sensitivity in the temperature measurements to have no effect
on the MHD equation of state. Thus we can conclude that our data do indeed
show that the MHD equation does not accurately describe compression.
That said, it would be quite useful to have separate measurements of T~ and
111 for a nwnber of reasons. There has been some exploration into the idea of
using correlated magnetics and IDS data to detennine field orientation at the
center of the IDS chord, though we do not yet have a method for doing this.
Another interesting question would be what the necessary compression factor is
t o see energy transferred back into the perpendicular mode. We had hoped to
achieve this regime with the acceleration modules, but as we will discuss in the
next chapter, we were not able to complete any compression experiments with
the acceleration modules.
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7

Acceleration Studies

In conjunction with compression studies, we also examined the possibility of
using magnetic coils to accelerate Taylor state plasmas. Here we will discuss
the design and effectiveness of these modules.

7.1

Experimental Design of Acceleration Modules

As many as two acceleration modules ('pinch coils') are placed on the glass tube
and used inject kinetic energy into passing Taylor states. Each coil is driven
by a pulse power circuit which achieves a high current (c"'-J 10 4 A) over a short
rise time of about 1 MS. The short rise time allows for the coil to produce a
very rapid change in flux at nearby locations. This large ¢ induces currents

Figure 7.1: A cartoon showing a pinch coil driving an Taylor state plasma into
compression (Courtesy of Manjit Kaur)
in unconfined plasma trailing a passing Taylor state. These eddy currents give
rise to a magnetic dipole anti-aligned with the magnetic field of the coiL The
repulsion between the two dipoles drives the loose plasma down the glass tube,
which in turn accelerates the Taylor State itself.

7.1.1

Circuit Design

The pinch coil circuits are typical of pulse powered systems. A capacitor is
discharged by the firing of a switch which drives the load. The quarter cycle
rise time (time to reach maximum current) of this LRC circuit is T l / 4 = %VW.
At Tl/4, a second switch-called a crowbar-is fired and shorts out the load. With
the capacitor shorted out, the circuit is now characterized by LR behavior with
time constant TLR = R/L» Tl/4. Ideally, this means that a large current is
quickly built up in the circuit and slowly dies off.
The entirety of this circuit is submerged in a dielectric oil, which allows the
capacitors to be charged up to 40 kV. We have two options for capacitors: 1.3
and 3.2 fJF. These provide respectively Ustored = ~CV2 ~ 1 and 2.5 kJ stored
magnetic energy.
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Switch

Figure 7.2: A circuit diagram of the pulse power acceleration circuit (Courtesy
of Manjit Kaur). A capacitor is discharged when the first switch is fired. Once
current reaches a maximum, the crowbar is fired so that the load is driven
continuously. The 40 k V charging supply is protected from reversal by HV
diodes, and connected to the capacitor through a charging resistor. A Ross
Relay and resistor chain are used as a safety measure in the event of a switch
failure.
Collector plates

Theta-pinch coil

+

Delay generator &
optical transmitter

Capacitor

311F,40 kV

Figure 7.3: A schematic showing the flow of current (in red) in the pulse power
circuit (Courtesy of Manjit Kaur). Current flows from the capacitor, through
the switch and onto the first coil collector plate. After passing through the coil,
it then loops through the crowbar, and back to the first collector plate.

The circuitry is adapted from a design by Tri-Apha Energy. A 'test stand'
was developed for bench testing during the summer of 2016. After positive
bench test results, the t est stand was installed on SSX for proof of concept
experiments in the fall of 2016. These experiments showed the need for several
modifications, and a new model was constructed and installed in the summer
of 2017.
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Figure 7.4: A picture of the test stand during bench testing

Switches Gas-filled thyratrons are used as switches. These switches are able
to withstand large external voltages, and only fire when a large triggering current
is applied to the internal gas, ionizing it and allowing current to flow through
the switch. The specific switches used in the acceleration module are based on
the psuedospark switch design by V.D. Bouchkov[57].They feature a titanium
hydride exterior and can be used without replacement for a long period of time.
In order to maintain sufficient pressure for ionization, external ohmic heating
plates are placed on top of the gas reservoir. These are driven by a separate
heating circuit and temperature controlled through potentiometers attached to
the front of the module.
Timing Mechanisms The timing of the crowbar and switch is ultimately
controlled by a high-precision SRS 535 delay generator. This delay generator
puts out 5 V pulses with up to a nanosecond in timing control. The 5 V timing
pulses are fed into function generators which drive 10 V 10 fts data pulses into
optical converters. The light pulses then trigger amplification circuits which
drive 1.2 kV at high amperage through step up transformers attached to the
body of the pinch circuit. The transformers are placed in metal boxes so as to
prevent interaction between the switches and large signal from the coil. The
stepped-up pulse then triggers the thyratrons by applying ~ 5 kV to the firing
pins.
The optical circuits are used to electrically isolate the controls from the
module. Initially, there were issues with premature triggering of the optical
modules by noise from the coil itself. However, these were minimized by moving
the function generators and initial optical conversion circuits into a Faraday
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Figure 7.5: The heater coils are mounted behind plexiglass casing, and can be
adjusted via the potentiometers on the front. There is also a ENC port for
monitoring the heater circuit voltage, though it is seldom used.

cage.

Charging Circuit The circuit is charged using a 40 kV TDK-Lambda 102A40kV-POS-EN-1750 power supply. The unit is attached directly to the capacitor
with a HV cable with an intermediate charging resistor. A Ross relay and HV
diode to protect the unit from voltage reversal. Charging voltage is controlled
via pin connectors wired into an external hardware tower. Once charging is
complete, the relay is disengaged, breaking the connection between the unit
and the circuit. This ensures that the charging equipment is completely isolated
from the system during firing.
Dump Circuit In the event of a failure, there needs to be a safe way to
dissipate the 2.5 kJ stored energy on the capacitor. This is done by routing
cable from the hot end of the capacitor to ground through a Ross relay and
high wattage resistor chain. The default position of the relay is closed in case
of a power outage, and it is controlled via a lever on the control tower. The
capacitor voltage is monitored with a high response HV probe, and the current
with a handmade Rogowski coil.
Coil Design The very first prototype of the coil was designed in the summer
of 2015. This provided insight for the design of the proof of concept experiment in 2016. Design parameters include minimization of both inductance and
resistance, as well as safety protocols to prevent arcing.
The initial test coil-for use with the actual acceleration circuit-was constructed entirely from copper with brass screws and featured a 1/4 in thick coil
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with 1/8 in arms. The coil was cut in half, and each piece was spot-welded to
one of the arms. Brackets were welded to the ends of the coil so that the two
halves could be placed around the quartz tube and bolted together. The top arm

Figure 7.6: A picture of the prototype coil showing the inner and outer electrode
connection brackets
was connected to the hot inner electrodes of coaxial cables via a welded brace.
And the bottom was connected to the grounded weaves of the cables via another
brace. The bottom arm was 4 in longer than the top so as to prevent arcing
between the connections. Initially, thick Teflon was used as a dielectric between
the two arms, as well as between the coil and quartz tube. After issues with
arcing, this design was replaced by a new model which uses only two pieces of
machine-bent copper, fastened together with brass bolts and nuts. Using fewer
pieces of copper reduces the number of sharp edges in the module, which are
at a greater risk of arcing. The dielectric was also modified, and now the arms
are separated by alternating sheets of paper, Teflon, and Kapton, which run the
lengths of the arms continuously around the quartz tube. This design prevents
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Figure 7.7: An edge on view of the prototype coil showing the teflon barrier
between the collector arms

static electricity from building up on the dielectric materials.

7.1.2

Characteristic Behavior

The pinch circuit has two modes of operation: pre and post crowbar firing.
In the first mode, the circuit is characterized by low-resistance LRC circuit
behavior [3]. The behavior of a simple LRC circuit, or any circuit equivalent by
Thevenins' rule, depends only on the inductance, resistance, and capacitance of
the circuit. vVe may analyze the behavior by com;idering the voltage, current,
and charge across the capacitor:

dQ
leap = - dt

(7.1a)

Q=CV

(7.1b)

dl

V = L dt +Rl

(7.1c)

Using (7.1b) to rewrite (7.1a) in terms of V and plugging this into (7.1c),
we obtain the characteristic differential equation of an LRC circuit:

(7.2)
Notably, this is exactly the differential equation of an harmonic oscillator with
V taking the place of x, and L, R, (l/C) {===} rn, b, k, where b is the damping
constant of a mechanical oscillator, and k is the spring constant. The mechanical
oscillator analogy guides our intuition and allows us to identify resistance with
diminishing total voltage, capacitance with how quickly the voltage changes,

66

and inductance with how resistant the circuit is to change. The solution to
(7.2) may written as
V(t) = Ae- at sin(wt - ¢)
(7.3)

vi

Where w =
L~ - ~ is the natural frequency of the circuit, a = 2~ is the
time constant corresponding to damping, and ¢ is a phase shift. The pinch
circuit is designed with a very low resistance, so it's a decent approximation
to let w ---+
Le. The higher this frequency becomes, the more quickly the
circuit is able to achieve maximum current. A similar analysis can be carried
out by writing the differential equation in terms of charge, rather than voltage.
With a little work[3], it can be shown that current and voltage both oscillate
at the same frequency, with slight differences in phase and amplitude. Most
important for our purposes is that the current occurs after a quarter cycle,
when the voltage is zero.
After a quarter cycle, the current is at a maximum, and the crowbar is fired.
This shorts out the capacitor, and the system is then best described by LR
circuit behavior. Our mechanical oscillator analogy suggests that corresponds
to a damped system, i.e. exponential decay of the voltage. This is described by
the equation

V1 /

(7.4)
By firing the crowbar at the maximum of the current, we ensure that the magnetic field always points in the same direction, though ¢ does change over time.
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Figure 7.8: Current and Voltage traces from bench testing with no crowbar
(Courtesy of Manjit Kaur). Note that the current is measured through a single
coaxial cable, so it is just 1/9th the total current.
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Test Stand Results The characteristic behavior is beautifully demonstrated
by the current and voltage traces from bench testing. In the first set of tests,
the crowbar was left open while the circuit was fired at different voltages. This
allowed us to determine the internal delay of the firing circuit and check for any
malfunctions at low voltage. Figure 7.8 shows the typical RLC behavior with
an initial voltage of 12 k V. After this initial testing was completed, shots were
fired using the crowbar as well. A typical current and voltage trace is shown in
fig. 7.9. There is still some capacitative ringing, but overall the current trace
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Figure 7.9: Current and Voltage traces from bench testing with the crowbar
firing at 71/4 (Courtesy of Manjit Kaur)
shows a smooth decay.
Single Coil Performance Acceleration experiments on SSX were first conducted using only a single coil. Though operating at a significantly higher voltage than test stand experiments, Rogowski data from acceleration shots showed
a smaller current than expected. This is due to the fact that bench tests were
performed in vacuum, while the coil was used to drive a plasma plume during
acceleration shots. The interaction between the current field and plasma adds
impedance to the coil circuit, effectively lowering the maximum current driven
by the module. That said, the current waveform still displays the desired behavior: quick rise time during LRC operation, and a smooth decay once the
crowbar is fired.
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Figure 7.10: Typical setup for single coil acceleration experiments (Courtesy of
Manjit Kaur). Though none is shown in this image, parts of the quartz tube
were often wrapped in a flux conserver.
032718r19 : Single coil operation
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Figure 7.11: A current trace from a a pinch coil on SSX (Courtesy of Manjit
Kaur). The units on the y-axis are tens of kA.

Two Coil Performance Several experiments were also attempted using two
pinch coils sequentially. With these experiments , we saw an even more pronounced effect from this impedance, especially in the downstream coil. The
stark decrease in current makes sense given that the downstream coil flux is
not only interacting with the plasma, but also the strong field produced by the
upstream coil. Despite the lowered current, both coils still show a very sharp
rise time and relatively smooth decay.
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Figure 7.12: A typical setup for two coil operation (Courtesy of Manjit Kaur) .
The coil closed to t he gun is referred to as the ' upstream' coil, while t he other
is 'downstream' .
022318r18: Double coil operation
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Figure 7.13: Current traces for both the upstream (blue) and downstream (red)
coils (Courtesy of Manjit Kaur). The current is in tens of kA . Note t hat t he
downstream coil has a significantly lower maximum than the upstream coil.

7.2

Acceleration Experiment Results

There were several unanswered questions when we began experiments with acceleration modules. We did not know opti!llal timing or placement of the coils,
nor did we know how exactly the large ¢ produced by the acceleration coils
would interacting with evolving Taylor states. Thus, t he preliminary experiments were wide parameter scans, looking to find optimal firing conditions for
the modules. Many of these paramet ers , such as coil placement and firing delay,
are linked together. So the parameter scans went through many iterations. We
will discuss the procedures used to identify the best firing parameters and then
move on to our findings.
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7.2.1

Single Coil Experiments

There were three primary questions we investigated during the parameter scans:

what coil location will optimize performance, what is the optimal delay time
for firing at that location, and how can we maximize preservation of magnetic
structure in the plasma.

Preserving Structure As shown in fig. 7.10, single coil experiments were
first performed by placing the acceleration coil (with an insulating lining) onto a
completely bare quartz tube. Magnetics and density data for these experiments
showed an extreme decrease in density and magnetic field, so much so that it
was difficult to draw any conclusions about acceleration. The root cause of this
problem was the lack of flux conservation during spheromak evolution. After
formation, the spheromak drifted out of the gun, into the quartz tube, where

all of the tightly bound magnetic fields were free to expand, but the plasma was
not. This led to a rapid unraveling of the magnetic structure.
In subsequent experiments, a copper flux conserver was wrapped around the
tube so as to avoid loss of magnetic structure. There were some concerns about
currents being induced in the flux conserver by the pinch coils via induction,
but the interaction appears to have been minimal (see appendix E).

Optimizing Location There were two main lines of thinking behind coil
placement in single coil experiments. Theoretically, the coil could be placed close
to the stagnation flux conserver acting like a piston by driving a compressing
Taylor state into the back of the SFC. It turned out that the image currents
formed in the SFC by the acceleration negated this effect. Furthermore, the
magnetic structure of the Taylor state was often compromised by the turbulent
magnetic fields.
Another approach was to place the coil as close to the gun as possible, so
as to interact with the freshly formed spheromak before the turbulent evolution
into a twisted Taylor state was too far underway. An early experiment was
able to completely reverse a freshly formed spheromak back into the gun, showing that the acceleration coil could interact strongly with plasma structures.
Nonetheless, it appeared that any interaction which acceleration downstream
also significantly compromised the plasma's magnetic structure. This effect appeared to worsen the coil was placed further downstream, so most single coil
experiments employed a coil located close to the gun.

71

032718rI9: Single coil operation at 33 kV
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Figure 7.14: A density scan from a single coil experiment (Courtesy of Manjit
Kaur). The coil fires at around 60 J-lS, afterwards, distinct peaks can be seen in
the plasma density. These suggest that the tight magnetic structure has been
lost.
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Figure 7.15: A timing scan for the capacitor charged to 25 kV (Courtesy of
Manit Kaur). The top panel shows the results of time of flight velocity measurements, and the bottom shows changes in average and peak density. The
data show an increase in density (as opposed to firing without the module) for
all delays except 62J-ls. The average velocities in the top panel show that the
plasma has been successfully accelerated.
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Timing Scans For single coil experiments, the timing scans showed a wide
range ofresults. Figures 7.15-7.16 show scans over a delay range from 58 - 64 JLS
at different capacitor voltages.
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Figure 7.16: (a) A timing scan for the capacitor charge to 30 kV. Note that
while the acceleration is very high, the average density has decreased for all but
the 60JLs delay. (b) A timing scan for the capacitor charged to 33 kV. The
results show an average velocity above 75 km/ S and increases or stagnation for
density at all delays (Courtesy of Manjit Kaur).
All of these results show significant acceleration, though the density profiles
vary greatly between different voltages and delays. Importantly, none of these
experiments showed a conservation of magnetic structure. As shown in fig. 7.14,
the plasma is split up into several sections: A super-Alvenic wave (possibly a
Whistler wave) immediately after the coil fired, and two groups of turbulent
plasma traveling at high velocity. We suspect that the ¢ from the coil interacted
with the plasma as it was turbulently evolving into a minimum energy state,
scattering the the flux ropes and launching waves into the plasma.
7.2.2

Two Coil Experiments

Given the results of the single coil tests, it seemed unlikely that the two coil experiments would be able to preserve the structure any better. Timing the pulses
so that both interacted with the plasma proved to be especially challenging, no
less so because the first coil broke apart the coherent structure of the plasma.
As shown in fig. 7.17, the first pulse splits the plasma, launching a fast wave,
followed by the second which doesn't have too much of an effect. Ultimately,
not too much useful information was extracted from the two-coil experiments.
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022318r12: Double coil operation at 22 kV
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Figure 7.17: A plot of the density during two coil operation (Courtesy of Manjit
Kaur). The dashed red lines denote the firing of the coils. Note that the firing
if the first coil introduces the fragmentation seen in single coil experiments, but
that the second firing seems to have thoroughly disrupted the plasma.
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Conclusions and Acknowledgments

Our goal with the compression and acceleration experiments was to determine
the possibility of using a Taylor state plasma for MIF experiments. The compression campaign showed compression of 10% - 30% corresponding to heating

in the plasma while still preserving structure. We determined that the isotropic
MHD equation of state does not accurately describe this process and showed

that the parallel CGL equation of state best fits our data.
We believe that for compression in this range, most of the energy is stored in
the parallel mode, hence we measured mostly Til, and were only really testing the
parallel equation. We hypothesize that with direction sensitive measurements,

we would be able to apply both the perpendicular and parallel CGL equations
to the adiabatic compression of Taylor state plasmas.
The results of the acceleration campaign were less definitive. We were able to
construct two pulse power acceleration modules, and operate them successfully.
We successfully showed plasma acceleration by a factor of almost two. However, during the acceleration process, the magnetic structure of the plasma was
heavily compromised. We believe this is due to the interaction between strong,
rapidly changing magnetic fields from the coils, and the turbulent structure of
evolving Taylor states. The complex dynamics of this interaction, and resulting
plasma structures could be of some interest in the future.
Ultimately, given the results of these two studies, we conclude that fully
evolved Taylor states could potentially be used for MIF experiments under the
correct circumstances. The compression experiments showed that the plasma
maintains a good structural integrity once the minimum energy state corresponding to the boundary has fully formed. However, the acceleration experiments showed that interactions with the plasma during the turbulent evolution
process can destroy the structure. An appropriate next step would be to further
test structural integrity under different compression conditions.
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Appendices

These appendices contain information which I believe is complementary to the
topics discussed in the previous chapters, but not integral to either the our
experimental motivations or results.

A
A.1

Derivation of Plasma Parameters
Debye Length

To derive the Debye length[11l2]' we first imagine a uniform plasma of electrons
and protons of density ne and ni with electron temperature Teo Since ml »
me) we can consider the ions to be a fixed background for mobile electrons. We
then take a test particle with charge -Q and insert it into the plasma and allow
the system to reach equilibrium. Ions will be attracted to the test charge while
electrons will be repelled. This creates a cloud of positive charge around the
test particle which shields the it from the rest of the plasma. We want to find
the characteristic length for this shielding.
Once equilibrium has been established, the potential is given by Poisson's
Equation:
2
P
e

V

q, ~ --

~

--(ni - n,).

EO

EO

In order to solve this equation, we must use some relationships from thermodynamics to specify density as a function of potential. Far away from the test
charge, the plasma is uniform and has potential r/J = o. Furthermore, the electrons are thermalized and have a Maxwellian velocity distribution:

j,(v) ~ ni

3/2

meT

( 27rfl.. e )

e-U/,To •

(A.I)

In equation A.1, U represents the total energy of an electron and thus is the
2
. This gives us a
sum of the potential energy, -qr/J and the kinetic energy
relationship between ne and r/J. We can now take

!mv

and rearrange to find

(A.2)
We can then plug this back into Poisson's equation to obtain the non-linear
differential equation

(A.3)
Since the term in the exponential is much less than unity, we can use the first
order expansion to rewrite eq. A.3 as[2]

(A.4)
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Invoking spherical symmetry and isotropy, this simplifias \0 the ODE-

a'
",e'
"' (r¢) = -----:.:;,;-(r¢) ,
(ff

(A.5)

'0"'".

The general solution will be a decaying exponential and ,"""uming thaI Ihe
potential will approxima18 \0 the Coulomb potential os r ---'> 0, the particular
solution for this equation is

' Q e-TD,
'
¢(r) = ___

(A.5)

4,.-"0 r

where the Dellye length is

which is exactly eq. 1.1.
The potential in ""I. A.6 is called the De/ive-H,wke1. Porenti", and is shown
plotted against Coulomb polential in fig. A.1.

,

Figure A.l: A Plot of The Debye-Huckel and Coulomb po\8ntials[l]. The d""hed
line represents the Deb)'e potential and the solid line is the Coulomb potential for
a toot chars e. note that at the Deb)'e length, the Debye potential is considerably
smaller than Ihe Coulomb potential. This is the r",ult of Debye shielding.

A.2

Plasma Frequency

Xn order to derive[l[ th .. response time, we imagine a pl""ma made from two
homogeneous slabs of ions and electrons with uniform density. h; shewn in fig.
A.2, the two slabs are superimpooed such that they overlap forming single slab
with a neutral middle and charged strips of length ti~ along the sidas. The
plasma .. initially held at rast, and the field between the two charged strips ..
exactly that of a two plate capacitor:

(A.7)

£ =0

£ =0

x

'--t
l ~
y y=="'-)
Ions y
Electrons

Figure A.2: A diagram showing the hypothetical plasma used to derive WpJ[l].
The plasma has two charged strips of length llx (corrElSponding to regions 1
and 3), and a neutral section in the middle (section 2).
where n is the density of the ion and electron slabs. The two strips experience
an attractive force, but since the electron mass m, is so much IElSS than the
ion mass mi, we can model the dynamics as if the ions are fixed and only the
electrons are moving.
Assuming the size of the slabs is fixed, the movement of the entire electron
slab corrElSponds to the change in llx. AB can be seen from eq. A.7, the equation
of motion for llx is just the harmonic =illator ODE:

(k8)
The quantity in parenthElSis which dElScribElS the frequency of the oscillation is
exactly the plasma frequency,
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B

Vlasov Equation

To develop a mathematical formalism for this approach, we consider the particles
in a two dimensional phase space corresponding to location and velocity[2]. At
any given point in phase space, the Dum ber of particlElS is gi yen by some function
f(x, v,t). Now imagine an infinitesimal box, with sidss of length dv and dx (fig,

,
•

•
•

- dx -

•

"0 '•

,,

•
• • ••
• • dv
•
•••
'. •• • • • • • • •
•
'
• • •• • '
••
•
•
• •
•
•
••• • •
•• • • • • •
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• • • .' • •
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..

..

.. ..

x

... ...

Figure B.1: A plot showing some particles in a phase space with one velocity
and one position dimension[2]. Each dot corrElSponds to a particle at location x
with velocity v.
B.1). The number of particles entering through the dv side at x is exactly
and the number leaving the box at x + dx is f (x + dx, v, t )vdv. If
we define the acceleration of a particle a(x, v,t), then the number of particles
entering the box through the dx side at v is f( x, v, t )a( a, v, t )dx, and the num ber
leaving through the dx side at v + dv is f(x, v + dv, t)a(x, v + dv, t)dx.
Assuming that particles are neither created nor destroyed in the box and
that there are no collisions, we can define the conservation equation[l]

f (x, v, t )vdv,

of (x, v, t ) dxdv = {-f(X + dx, v, t)vdv + f(x, v, t)vdv
8t
-f(x, v + dv, t)a(x, v + dv, t)dx + f(x, v, t )a(x, v, t)dx
(E.1 )
Dividing through by dxdv and using the definition of a partial derivative, we
can rewrite this a:
of
of
0
- ~ - v - - -("fl.
(B.2)
ot
ox
8v
If we generalize to a phase space of arbitrary dimension and add a source term,
we arrive at the Boltzmann equation:

(B.3)
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where V x and V it denote gradients with respect to position and velocity, and
the term on the right hand side is an arbitrary operator to represent collisions.
This arbitrary operator must satisfy several constraints[2]:
1. The total number of particles is conserved during a collision
2. Momentum is conserved during a collision, though separate species can
exchange momentum
3. Energy is conserved during a collision, though separate specIes can exchange energy
When the only force acting on the particles is the Lorentz force, and we
consider only long range forces-not collisions-the Boltzmann equation becomes

3f

q

~

~

,,+ii Vxf+-[E+iix Bj. Viff
ut
m

~o,

which is exactly what was assumed in eq. 1.19. Solutions to the Vlasov equation
will always be functions of constants of motion for particles in the system[2].
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C

Two Fluid Model

Given a distribution function, f(v), the ith moment is defined as

The moments are innately connected with various properties of a system. For
instance, the zeroeth moment of the distribution function gives the density and
the first moment gives the mean momentum of the system.
If a given distribution function satisfies the Vlasov equation, we could reasonably guess that the function's moments might also satisfy the Vlasov equation.
This turns out to be true, and by taking moments of the Vlasov equation, we obtain the two fluid equations, which treat plasma species holistically as fluids[2].
Each fluid is characterized by a density nO" and a mean velocity us. Taking the
zeroeth moment of the Vlasov equation yields a continuity equation for these
two quantities:

(C.I)
From the first moment, we obtain the equation of motion for a given species:

(C.2)
The derivative on the left hand side of this equation is the convective derivative:

d ~ -+v
av ~(n.v~).
-v=
v
dt
at
The pressure tensor,E u , is defined as

(C.3)
Note that the quantity in the integral is an outer product, so the pressure is
truly a tensor. The final quantity in eq. C.2 is the drag force per unit volume.
In the fluid model, this drag force corresponds to viscosity.
When using the two-fluid model, Maxwell's equations take on a slightly
different form, corresponding to the density and mean velocities of the species[l]:

(C.4)
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D

Adiabatic Invariants and the Magnetic Mirror

To get a better grasp of how these invariants govern particle motion, we will
explore motion of a particle moving in a magnetic mirror. The setup is pretty
simple. We imagine two rings of current I located coaxially with a distance D
between them. Some field lines in the setup are shown in fig. D.1. The key
result of such a configuration is that the field is spatially varied along magnetic
field lines[2]. We can find an explicit form of this spatial variation from the fact

Figure D.l: In the magnetic mirror trap, two coaxial rings of current provide a
'mirror field' which traps plasma particles between them[58]
that the magnetic field is divergenceless. For regions near the central axis, the
differential equation
can be solved in cylindrical coordinates to give

B

=

r

_~2

(aBz)
az

(D.l)

p,

or in Cartesian coordinates to give

B =_~(aBz)x
az
x

2

and By

=

-21

(aBz)
az y.

(D.2)

When the field is constant or varying slowly, the magnetic moment f.t of a particle
will conserved. And so the perpendicular motion of a particle can be describe
by the cyclotron equations of motion:

(D.3)
Note that the z-axis in these equations corresponds to the direction of the magnetic field, and the direction of rotation depends on the charge of the particle.
We can find the parallel motion of the particle from Lorentz force:

83

Plugging in the cyclotron equations and substituting the definition of fJ, we
obtain an equation for the force in the z direction

This can be generalized to an arbitrary configuration as an expression for force
parallel to a magnetic field line parameterized by s:

(D.4)
The negative sign here means that as the particle travels towards regions of
higher field strength (the ends of the mirror), it experiences a force in the
opposing the motion. It is worth pointing out that there will also be a curvature
drift which rotates the particle orbits azimuthally around the central axis.
We can further our analysis of the situation by noting that

dV11

dt

dV11

~vIITs·

Thus eq. D.4 can be rewritten

dV11
BE
vIITs+Ila; ~o

=

:8 Gmvil +

IlE )

~ o.

This is equivalent to saying that

where c is a constant. By evaluating this equation at the turning points in the
system, where vII = 0, we see that

where Bmax denotes the field at the turning points. This allows us to write
down an equation for the parallel velocity as a function of position:

(D.5)
This equation tells us that the parallel velocity is at a maximum when the field
is weakest-in the middle of the mirror. We also know that since fJ is constant,
Wei must be slower when vII is large, and fastest when vII is small.
Eq. D.5 prescribes a maximum value to vII for which the particle is reflected
when it reaches then end of the mirror. Particles with parallel velocity greater
than this maximum will not be reflected, but instead will pass through the
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turning point and leave the mirror trap. Since this maximum depends both on
the value of p and the field strength, we need to find a single parameter which
can be used to determine whether particles escape the mirror or are reflected.
Since p depends on the perpendicular velocity and we wish to find a maximum
value for the parallel velocity, this parameter needs to somehow relate the two.
A natural choice is the relative angle the total velocity vector makes with
the parallel axis in velocity-space. This magnitude of this vector iJ is related to
the perpendicular velocity by
V...l = V SIno:,

where the pitch angle
can rewrite p as

0:

is the angle between iJ and vII. This means that the we
. 2

W SIn

0:

B
where

W

is the total energy and is given by pBmax. This means that

B

. 2
SIn 0: =

Bm.

This is minimized when when B is at a minimum-which happens in the middle
of the mirror. Let this minimum value be denoted B min , and we know the
minimum pitch angle 0:0 is given by

(D.6)
All particles for which the pitch angle is less than this will escape the mirror
trap.
Unfortunately, the existence of this region in which particles are lost means
that the mirror trap is not an effective confinement system. If a large number of
particles are placed into a mirror trap with random velocities, all of those which
have pitch angles less than 0:0 will immediately be lost. As collisions isotropize
the system, the velocity distribution will be pushed towards uniformity and
particles will gain sufficient energy to exit the trap. The process will continue
until the majority of particles have left the system and are no longer confined.

Perpendicular and Parallel Energy in the Mirror Trap

Though our

derivation of the mirror trap is somewhat idealized, similar structures are quite
commonly found in both naturally occurring and lab plasmas. Thus, understanding the behavior of particles in the idealized trap can illuminate a great
deal of behavior in real-world system.
An important starting point is that the total energy, Wtot = W...l + wll, must
be conserved if the mirror field is constant. Since p = W...l/ B is conserved, as a
particle moves from regions of strong field to weak field, the perpendicular energy must decrease. To compensate for the decrease in W...l, the parallel energy
must increase. When the particle moves from regions of weak field to strong
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field, the reverse must occur. This creates a smooth interchange between perpendicular and parallel energy for a given particle. In terms of velocities, this
corresponds to greater cyclotron velocity in regions of high field and greater
streaming (parallel) velocity in regions of low field. In more realistic systems, fJ
conservation will still lead to similar results.

Magnetic Pumping

This mirror trap breaks down when particles are allowed
to collide and isotropize. So the nice results of fJ conservation are complicated.
Nonetheless, fJ conservation can playa powerful role in the dynamics of collisional plasmas. To see this, we will look at a process called magnetic pumping.
Imagine a magnetized plasma which is fully isotropized so that T~ = T~ =

To. If the magnetic field is doubled slowly with respect to

Wee,

but slowly with

respect to Vei, then fJ and :J are both conserved. However, fJ depends on Band
:J does not, so the perpendicular energy must increase, but the parallel energy
will remain constant while the field is increased. If the plasma is allowed to
isotropize after the field has increased, then the total temperature will be raised

to

The field can then be halved at the same speed, so that once again w~
decreases, while wll remains constant. Since the system was allowed to isotropize
at the higher temperature, T~ will return to the initial value, while Til will
remain higher than the initial temperature. When the two modes are allowed
to exchange energy again, the new equilibrium temperature of the system will
be higher than the initial temperature:

The process is called magnetic pumping because increasing and decreasing the
magnetic field has the end result of adding thermal energy to the system.
The conservation of invariants in the system allows for unintuitive results
when the magnetic configuration of a plasma is changed. Taylor state plasmas
are highly magnetic structures. And the compression of these structures will
involved similar dynamics. Our goal in performing compression experiments
is to determine the the invariants of the system, and better understand how
energy is transfered between different modes during the process.
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E

Possibility of Observing Fusion on SSX

At one point, we explored the possibility of fonning Deuterium plasmas on SSX
and observing D- D fusion reactions with a neutron detector. A quick calculation,
however, showed this would not be likely. Nonetheless, the calculation shows
how neutron production is a good diagnostic for assessing a plasma's fusion
capabilities.
The reactivity for a D-D fusion reaction is given by[59]

~ 2.33 * 10 ~ 7
T2f3
eT )
14

(av )(T)

(E.l)

where T is in keV. Note that this is averaged over a Maxwellian velocity distribution. A more realistic distribution for evolving Taylor states could also be
used, though the end result strongly suggests that this would be unnecessary.
Using eq. 3.1, for a D-D reaction, the reaction rate is given by

R=

~n2V
2

'

where V is the volume of the plasma. In a precise calculation, the volume would
need to be determined from the distribution function, but for this calculation, it
will suffice to assume uniform density and a plasma volume of about 1000 ems.
Since each possible D- D reaction produces one neutron, the reaction rate is
equivalent to the neutron production rate. The scale of fig. E.1 suggests that at
Ne utro n Yi eld pe r se cond \/S T empe rature

,"

Figure E.1: A plot showing the neutron production rate for D-D reactions in
SSX. Note that the temperature axis is in ke V.
best only a modest number of neutrons could be produced by an SSX plasma.
Assume a modest confinement time of 10 I-ls at fusion-relevant conditions, we
see that the expected neutron yield is 0 for temperatures less than 50 e V. At
temperatures of about 100 e V, we could expect production of a single neutron.
However, this neutron would be produced with velocity in a random direction.
So a detector with area 5 em placed 1 m from the vacuum chamber would have
7TrJe t ector

7T .05

47Tr~harnbe:r

4
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Figure E.2: A plot showing the total neutron production for SSX plasma with
a 10 /-is lifetime at fusion parameters.

chance of observing this neutron. In order for an appreciable number of neutron detections (more than background radiation), we would need temperatures
greater than about 200 eV. Since such temperatures are out of reach for current operating conditions-previous configurations have obtained temperatures
of 100 eV -we elected to forgo an attempt at generating fusion plasmas in SSX.
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F

Flux Mapping

Since the Taylor states rapidly loose magnetic energy when confined in a glass
boundary (cite last summers research), it is crucial to employ as much flux con-

servation as possible during their acceleration. This is made difficult by two
factors. Firstly, it is impossible for a magnetic field to penetrate a conducting
boundary. So we may not simply place a coil over the flux conserving copper wrap. Secondly, in there is a flux conserving wrap placed near a coil, it

will induce large currents in the wrap which could mitigate the coil's effectiveness. In order to understand the most effective set up for both acceleration

and energy loss minimization, it is useful to know how the coil interacts with
a flux conserver. The problem is intractable analytically, but easily resolved
experimentally by constructing a flux function.
We know from vector calculus that for any divergenceless vector field, such
as B, it is possible to write the field as the cross product of the gradient of two
scalar functions:

(F.I)
In a cylindrical coordinate system with an azimuthally symmetric magnetic field

(B ~ BrT + BzZ + oe), if we identify
~

ewith e, then our equation becomes

1

•

B~-V,pxe

(F.2)

T

And 'IjJ(r, z) is the magnetic flux through circle of fixed radius r at some axial
location z. Thus, using an array of concentric iJ probes--called flux loops in
this context-we may measure the flux at fixed radial values and discrete axial
locations. By fitting a surface to the points, we obtain 'IjJ(r, z).
An open question regarding the acceleration coils was what kind of field they
would generate when fired some distance away from a flux conserving boundary
rather than in vacuum. We attempted to construct a flux function for the
acceleration coils firing both in vacuum and into a copper boundary. Preliminary
results suggested that the effects of induced fields in the flux conserver were
minimal over pertinent timescales, but the testing was dropped due to time
constraints.
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