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Abstract. In this paper, we consider two problems related to
counting problems in complexity theory. First, we use the reach-
ability method to prove that nondeterministic logarithm space is
closed under complement. Then, we consider the graph matching
problem and explain the FKT algorithm which counts the num-
ber of the perfect matchings in a planar graph in polynomial time.
The general result of counting perfect matchings is known as the
PERMANENT problem, which Valiant proved to be #P -complete.
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1. Introduction

Complexity theory is a field in computer science where people con-
sider the reasons why some problems or computations are difficult to
solve. The most famous problem in complexity theory, which has been
fascinating both computer scientists and mathematicians for decades,
is the P = NP problem. A typical instance of the problems in com-
plexity theory is that a seemingly easy problem turns out to be hard
to solve. An example of this instance is the PERMANENT problem
[6].

In this paper, however, we take a different perspective of the treat-
ment of computational complexity. In particular, we will focus on two
problems, graph reachability and enumeration of perfect matchings in
planar graphs. Those are the type of problems which seem to be hard
but it finally turns out that they can both be solved by using efficient
algorithms.

The paper is organized as follows. In Chapter 2 , we discuss back-
ground materials, including Turing matching, complexity classes, non-
determinisms, etc. In Chapter 3, we show reachability is in NL. Chap-
ter 4 discusses the notion of the complement of a problem. In Chap-
ter 5, we prove Immerman-Szelepscényi Theorem and derive an im-
portant result in complexity theory. The last chapter is dedicated to
solving the perfect matching problem on planar graphs.

2. Background

In this section, we introduce some mathematical preliminaries for
this paper. The presentation follows that of [1, 6].

2.1. Graph. In this section, we will define the basic model that is used
to frame our problems.

Definition 2.1 (Directed Graph). A directed graph is a finite set V
of vertices and a set E of directed edges, consisting of ordered pairs of
vertices. The order of G is the number of vertices in G, denoted by
|G|. The size of G is the number of edges in G, denoted by e(G).

Some graphs can be drawn in a plane in such a way that no two
edges intersect and in that case we define:

Definition 2.2 (Planar Graph). A graph G is a planar graph if it can
be embedded in R

2.

Remark 2.3. The edges of a planar graph divide the plane into disjoint
regions, called faces. More formally, if we delete all the vertices and
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edges of a planar graph, the remaining regions are connected compo-
nents in R

2, which is precisely what we mean by faces. Notice that
every planar graph has exactly one unbounded face, which is the exte-
rior of the graph and is called the infinite face.

The fundamental theorem on planar graphs is due to Euler:

Theorem 2.4 (Euler’s Formula). If G is a connected planar graph and
let v be the number of vertices, e be the number of edges and f be the
number of faces, then v − e+ f = 2.

Proof. The proof is omitted. See [1] for more details. �
2.2. Big O-Notation. In this section, we introduce the crucial nota-
tion which will be used later when we study complexity theory.

Let f, g be functions from N to N and assume that they are nonde-
creasing.

Definition 2.5 (Big O). We say that f(n) = O(g(n)) if there exist a
constant c and N so that as long as n ≥ N , f(n) ≤ cg(n).

Remark 2.6. On the other hand, we say that f(n) = Ω(g(n)) if there
exist a constant c and N so that as long as n ≥ N , g(n) ≤ cf(n). If
both of the above hold true for f and g, f(n) = Θ(g(n)).

Example 2.7. Let f(n) = nlogn and g(n) = 2n. We claim that

lim
n→∞

f(n)

g(n)
= 0.

Indeed, by L’Hôpital’s rule, we have

lim
n→∞

f(n)

g(n)
= lim

n→∞
(log n)2

n log 2
= lim

n→∞
2(log n)

n log 2
= 0.

That means, f(n) = O(g(n)).

2.3. Turing Machine. In this section, we seek for the most general
notion of a computational process. The presentation here follows [6].

2.3.1. Church-Turing Thesis. An algorithm is a method to solve a
problem. The Church-Turing thesis states that a Turing machine
can simulate basically every intuitive algorithm. In other words, the
Church-Turing thesis asserts a correspondence between an informal no-
tion of algorithm and the Turing machine as a mathematical object.
While the statement above is not a theorem but a thesis, it is widely
accepted that we are unlikely to come up with a more powerful model
of computation. There, we adopt Turing machine as the formal model
for computation.
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2.3.2. Definition of Turing Machine. The following definition of Turing
machine is from [6].

Definition 2.8 (Turing Machine). A Turing machine is a quadruple
M = (K,Σ, δ, s). In particular, K is a finite set of states; Σ is a finite
set of symbols, usually referred to as the alphabet of M . K and Σ are
always disjoint. K contains the initial state s. Σ contains two special
symbols, the blank symbol � and the first symbol �. δ is a map from
K × Σ to (K ∪ {h, “yes”, “no”})× Σ× {←,→,−}, where the halting
state h, the accepting state “yes”, rejecting state “no” and the cursor
directions← for “left”, → for “right” and − for “stay” are not inK∪Σ.
We may visualize a Turing machine as a finite control with a cursor

pointing at a symbol on a tape. For every pair (q, σ) ∈ K×Σ, δ(q, σ) =
(q′, σ′, d), where q′ is the next state, σ′ is the symbol to be overwritten
on σ and d is the direction in which the cursor will move. For the first
symbol �, we require that δ(q,�) = (q′,�,→). That indicates that

(1) the Turing machine will always be initialized to the first symbol
of the input string;

(2) the cursor never goes to the left of �;
(3) � can not be overwritten.

Now we define an important notion of a configuration of a Turing
machine, which will become the useful tool for us later.

Definition 2.9 (Configuration). A configuration of a Turing machine
M is a triple (q, u, v) where q ∈ K and u, v ∈ Σ∗. We define u to be
string left to the cursor including the one being scanned by the cursor
and v to be the string to the right of the cursor (it is possible that v is
empty). The state q is the current state of M .

Intuitively, a configuration of a Turing machine records a complete
description of the current state of the computation. Now that we have
formally defined a configuration of Turing machine, the following rela-
tion between configurations is natural:

Definition 2.10. Suppose M is a Turing machine. A configuration

(q, u, v) yields configuration (q′, u′, v′) in one step, denoted by (q, u, v)
M−→

(q′, u′, v′) if a step of the computation of Turing machine from configu-
ration (q, u, v) results in configuration (q′, u′, v′). Moreover, we say that
configuration (q, u, v) yields (q, u′, v′) in k steps for k ∈ N, denoted by

(q, u, v)
Mk−−→ (q′, u′, v′), if there are configurations (qi, ui, vi) for i =

1, . . . , k + 1 so that (qj, uj, vj)
M−→ (qj+1, uj+1, vj+1) for all j = 1, . . . , k

and (q1, u1, v1) = (q, u, v) and (qk+1, uk+1, vk+1) = (qk+1, uk+1, vk+1).
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Finally, we say that configuration (q, u, v) yields configuration (q′, u′, v′),

denoted by (q, u, v)
M∗−−→ (q′, u′, v′) if there exists k ∈ N so that (q, u, v)

Mk−−→
(q′, u′, v′).

2.4. Turing Machine with multiple strings. We define the Turing
machine with multiple strings in this section. If we have a k-string
Turing machine M , we certainly need k cursors associated with it.
As with the ordinary Turing machine, the k-string Turing machine is
again a quadruple M = (K,Σ, δ, s). When M is a single-string Turing
machine, the transition function δ decides the next state, the symbol
to overwrite the current symbol and the direction of the cursor. Now
if M is a multi-string Turing machine, M decides the next state and
for each individual string M decides the symbol overwritten and the
direction for the cursor.

We may define a configuration of a k-string Turing machine by a
(2k+1)-tuple (q, u1, v1, . . . , uk, vk) and the string on the ith tape reads
uivi where the last letter of ui is where the ith cursor points. The
formal definition of a configuration of a k-string Turing machine is
analogous with that of a Turing machine, we will not put down the
formal definition here and the reader can refer to [6].

A k-string Turing machine starts its computation on input x with the
configuration (s,�, x,�, ε, . . . ,�, ε). There are three cases for M(x):

(1) If (s,�, x,�, ε, . . . ,�, ε)
M∗−−→ (“yes”, w1, u1, . . . , wk, uk),M(x) =

“yes”.
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(2) If (s,�, x,�, ε, . . . ,�, ε)
M∗−−→ (“no”, w1, u1, . . . , wk, uk), M(x) =

“no”.
(3) If (s,�, x,�, ε, . . . ,�, ε)

M∗−−→ (h, w1, u1, . . . , wk, uk), M(x) = y
where y is equal to wkuk with � and trailing �s removed.

The input is on the first string and the output is read from the last
string. It is clear that the ordinary Turing machine is a 1-string Turing
machine.

2.5. Language and Functions. The Turing machines are mainly
used for two purposes: to decide a language and to compute a function.
The rest of this section explains what we mean by those.

We say that a language L is decided by a Turing machine M if for
any x ∈ L, M(x) = yes and otherwise, M(x) = no, meaning that M
halts at “yes” state or M halts at “no” state. We also say that M
accepts L, if for any x ∈ L, M(x) = yes and for x /∈ L, M(x) =↗,
meaning that M never halts on x.

Definition 2.11 (Recursive Language). If language L is decided by
some Turing machine M , then we call L a recursive language.

Definition 2.12 (Recursively Enumerable Language). If language L
is accepted by some Turing machine M , then we call L a recursively
enumerable language.

Since we can always send a Turing machine into an infinite loop, the
following proposition is clear from the definitions above.

Proposition 2.13. A recursive language is recursively enumerable.

A Turing machine can also compute functions in the following sense.
Give a function f : (Σ \ {�})∗ → Σ∗.

Definition 2.14 (Recursive Function). A Turing machineM computes
f if for any string x ∈ (Σ \ {�})∗, M(x) = f(x).

If there exists a Turing machine M that computes f , then we say
that f is recursive.

2.6. Complexity Classes. The computational model for time com-
plexity is the multi-string Turing machine. To define time complexity
classes, we must define the size of a problem and the time of computa-
tion. We usually consider the size of the problems as the length of the
input strings or the total number of vertices of the input graphs, etc.
For input x to Turing machine, we denote |x| as its size. Notice that the
definition of the size depends on the representation of the problem. It
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is worth mentioning here that the theory of complexity is independent
of the input representation.

We consider one execution of the transition function δ as one step

of computation. If (q, w1, u1, . . . , wk, uk)
Mn−−→ (q′, w′

1, u
′
1, . . . , w

′
k, u

′
k) via

n steps of computation, we say that (q, w1, u1, . . . , wk, uk) yields in n

steps (q′, w′
1, u

′
1, . . . , w

′
k, u

′
k). Now suppose (s,�, x,�, ε, . . . ,�, ε)

Mn−−→
(q, w1, u1, . . . , wk, uk) so that q ∈ {h, “yes”, “no”}. We say that the
time required by M on the input x is n. Finally, let f : N → N. The
Turing machineM operates within time f(n) if for any input x, the time
required by M on x is bounded by f(|x|). Yet a good choice of input
representation, such as a multi-string, relates the result of complexity
theory immediately to actual problems and computational practice.

Definition 2.15 (Time Complexity Classes). If a language L ⊂ (Σ−
{�})∗ is decided by a multi-string Turing machine operating in time
f(n), then L ∈ TIME(f(n)).

The following theorem is a technical result, which states that the
multiplicative constant is not important if we adopt multi-string Turing
machine as our model of computation.

Theorem 2.16 (Linear Speedup). Let L ∈ TIME(f(n)). For any
ε > 0 and L ∈ TIME(g(n)), where g(n) = εf(n) + n+ 2.

The proof is omitted and the readers are referred to [6].

Remark 2.17. Since a Turing machine needs n steps to read all its input,
a reasonable time bound would be f(n) ≥ n. If a machine operates
in sub-linear time, that would imply that some of the inputs must be
irrelevant.

The computational model for space complexity is the k-string Turing
machine with input and output.

Definition 2.18 (k-string Turing machine with input and output).
A k-string Turing machine with input and output is a k-string Turing
machine with the restriction that whenever

δ(q, σ1, . . . , σk) = (p, ρ1, d1, . . . , ρk, dk),

the following three conditions must be satisfied

(1) ρ1 = σ1. This means for each step of the computation, the
content on the input tape remains the same.

(2) dk �=←. This means the cursor of the last tape never moves to
the left, i.e. the last tape is the write-only tape.
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(3) If σ1 = �, then d1 =←. This means the cursor of the input
tape does not go off to read the empty string.

Remark 2.19. The reason that we use a k-string Turing machine as
the computation model is that it provides the right definition of space
complexity. In particular, we do not charge the machine for reading
input and giving output and for algorithm that does not require to
remember earlier results, k-string Turing machine is indeed the correct
model. Basically, k-string Turing machine with input and output has a
read-only tape and a write-only tape. This modification lets us study
space bounds smaller than n since if we were to use the original k-string
Turing machine, it would register n cells to read the string, which is
an unreasonable lower bound for the space complexity.

Similar to the definition of time, suppose (s,�, x,�, ε, . . . ,�, ε)
M∗−−→

(q, w1, u1, . . . , wk, uk) so that q ∈ {h, “yes”, “no”}. If M is a k-string
Turing machine with input and output, the space required by M on
input x is

∑k−1
i=2 |wiui|. The Turing machine M operates within space

bound f(n) if for any input x, the space required by M on x is bounded
by f(|x|).
Definition 2.20 (Space Complexity Classes). If a language L ⊂ (Σ−
{�})∗ is decided by a multistring Turing machine with input and output
operating in space bound f(n), then L ∈ SPACE(f(n)).

There is an analogous theorem to Theorem 2.16 on time complexity:

Theorem 2.21. Let L ∈ SPACE(f(n)). Then, for any ε > 0, L ∈
SPACE(2 + εf(n)).

2.7. Nondeterministic Machines. In this section, we introduce an
unrealistic mode of computation, nondeterminism. Intuitively, nonde-
terminism lends us more power in the computation. Nevertheless, we
still do not know whether nondeterminism is artificial or inherent and
that is the famous P = NP problem.

The difference between nondeterministic and deterministic machines
is the change in the transition function δ. A nondeterministic Turing
machine is a quadruple N = (K,Σ,Δ, s). Since now N does not have
a uniquely determined transition but a choice between several next
actions, Δ is a relation in (K ×Σ)× [(K ∪{h, “yes”, “no”})×Σ×{←
,→,−}]. We still have the same configurations but that (q, w, u) yields
(q′, w′, u′) in one step now means that there exists ((q, σ), (q′, ρ,D)) ∈
Δ so as to realize the transition.
N decides a language L if given x ∈ Σ∗, x ∈ L if and only if (s,�
, x)

N∗−→ (“yes”, w, u) for some strings w and u. Notice that we do not
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specify the behavior of N on x /∈ L. A string is rejected if there is no
sequence of computations that lead to acceptance. A nondeterministic
Turing machine decides a language L in time f(n) if N decides L and

if (s,�, x)
Nk−−→ (q, w, u), k ≤ f(|x|). That is, the computation length

of N on x is no longer than f(|x|) at any stage of the computation.
Notice that we are assigning a very small amount of time to the real
computation complexity since only the depth of the computation is
captured by f(n).

It is clear how to extend the definition of nondeterministic Turing
machine to nondeterministic multi-string Turing machine with input
and output. Now we say that a nondeterministic multi-string Turing
machine with input and output N decides a language L with space

bound f(n) if N decides L and for any x ∈ Σ∗, if (s,�, x, . . . ,�, ε)
Nk−−→

(q, w1, u1, . . . , wn, un), then
∑n−1

i=2 |wiui| ≤ f(|x|). That is, at any stage
of the computation on x, the sum of the length of the scratch strings
cannot exceed f(|x|).

We finish this section by noting that for a function f : N → N to
be a complexity function, f has to satisfy some regularity conditions
other than being nondecreasing, which we do not explain here. We call
those functions proper complexity functions. For more details, see [6].
From now on, every function is assumed to be proper.

3. Reachability Problem

In complexity theory, we are mainly concerned with decision prob-
lems, which means that the problem requires a “yes” or “no” answer.
One of the most important such problems is the graph reachability
problem.

The reachability problem is: given a graph G with a labeling 1
through n and two distinct nodes, node 1 and node n, we ask whether
there exists a directed path from node 1 to node n.

Proposition 3.1. The reachability problem is in NSPACE(log n).

Proof. Given some node x ∈ G. The problem is to tell whether some
other node v ∈ G is reachable from x, viz. there is a path from x to v
in G. For two nodes u, v ∈ G, we define

G(u, v) =

{
1 if u = v or there exists an edgee = (u, v)

0 otherwise.

Now we describe the algorithm:
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Let w0 := x; // start at x

For i=1 to n-1: // look for an xv-path

Guess a node wi; // guess a node

If G(wi, wi−1) = 0, then halt; // check if u, v are connected

Check wn−1 = v, return ‘‘yes". If "no", halt;

Use a 5-string Turing machine with input and output. The adjacency
matrix and node x are put on the input tape. We write everything in
binary. Use 3 more tapes to hold i, wi and wi−1. Look up the entry in i-
th row and j-th column of the adjacency matrix for telling the existence
of edge e. The algorithm is correct since if there exists an x-v path, then
the machine would guess the correct nodes and return “yes”. Suppose
there is no path from x-v. Then, the machine would halt when checking
the edge condition for wi−1 and wi for some i = 1, . . . , n. The algorithm
is clearly nondeterministic because the guessing is nondeterministic.
Finally, since everything is expressed in binary, on every tape we only
need log n space. Thus, the space cost of the algorithm is O(log n). �

Notice that an equivalent statement of the reachability problem is
to inquire the existence of a x-v path of length less than or equal to
n − 1. This observation will be useful in the proof of the Immerman-
Szelepscényi Theorem.

4. Complements of Nondeterministic Classes

The interesting aspect of nondeterministic computation is its asym-
metry in treating its inputs. Here, let us consider a specific example.

Example 4.1 (Subset Sum). The subset sum problem is: given a set
S of integers, does there exist a nonempty subset T of S so that the
elements in T sum to zero? In order to give a “yes” answer, one needs
to establish a subset T ⊂ S which sums to zero. However, in order to
give a “no” answer, one must check that all subsets of S do not sum
to zero.

The phenomenon in the example above is a general property for
every nondeterministic Turing machine. Now let us consider another
example.

Example 4.2 (Complement of Subset Sum). Consider the following
problem U : given a set S of integers, do all nonempty subsets of S
have nonzero sum? Notice that the answer to U is “yes” if and only if
the answer to the subset sum problem is “no”. In this case, U is called
the complement of the subset sum problem.

More formally, we define the complement problem as follows:
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Definition 4.3. The complement of a decision problem A, usually
denoted by A COMPLEMENT or simply A, is the decision problem
whose answer is “yes” whenever the input is a “no” input for A.

To answer Subset Sum problem, we need to establish the existence
of a set that sums to zero while we need to check every subset of S in
order to answer the complement of Subset Sum. In other words, Subset
Sum problem is an existential inquiry and its complement problem is
a universal inquiry and that implies that the complement problem is
harder than the original problem. In the next section, we will prove
that the complexity class NSPACE((f(n)), usually denoted by NL is
actually closed under complement when f(n) ≥ log n for all n.

5. The Immerman-Szelepscényi Theorem

Before we state and prove the Immerman-Szelepscényi Theorem, we
first define what means for a nondeterministic Turing machine to com-
pute a function.

Definition 5.1. A nondeterministic Turing machine M computes f :
(Σ \ {�})∗ → Σ∗ if for any x ∈ (Σ \ {�})∗, M(x) = f(x) for all compu-
tation paths that terminate with an output, and there exists at least
one terminating path with nonempty output and for all unsuccessful
computations, the machine halts in state “no”.

Theorem 5.2 (Immerman-Szelepscényi Theorem). Given a graph G =
(V,E). Let x ∈ V . The number of nodes reachable from x in G can be
computed by nondeterministic Turing machine within space log n.

Proof. Recall that for two nodes u, v ∈ G, we define

G(u, v) =

{
1 if u = v or there exists an edgee = (u, v)

0 otherwise.

Label nodes in G from 1 to n. Define S(i) to be the set of nodes in G
so that for any v ∈ S(i), v is reachable from x with path of length less
or equal to i. Now the goal is to prove that we may compute |S(n−1)|
within space log n.
The idea is to compute |S(k)| from |S(k− 1)|. Set |S(0)| = 1. Now we
describe how to compute |S(k)| from |S(k − 1)|:
Set l := 0 // the counter for |S(k)|
For u = 1 to n in G: // check if node u ∈ S(k)

Set m := 0 // the counter for |S(k − 1)|
Set "Answer" := False // answer if u ∈ S(k)
For v = 1 to n in G: // loop to compute Answer
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If v∈S(k − 1), m:=m+ 1 // increase counter

If G(u, v) = 1 // check if v ∈S(k)
set Answer := True

EndFor

If m < |S(k − 1)|, Halt // halt is a node is missed

Else, if Answer:= True, then l := l + 1
EndFor

There is a yet to be answered question in the above algorithm: how
do we tell that v ∈ S(k− 1)? The answer is given by a variation of the
reachability problem in Proposition 3.1. Instead of telling the existence
of x-v of length less or equal to n − 1, we ask whether there is a x-v
path of length less or equal to k − 1.
Now we analyze the variables we need to hold in this algorithm. To
compute |S(n − 1)|, we need to hold k, |S(k − 1)|, the counters l and
m, nodes u and v and i, wi and wi−1 from the program in Proposition
3.1. So with the input and output tape, this algorithm may be imple-
mented with a nondeterministic Turing machine with 11 tapes. All the
variables are bounded by n and hence we may conclude that the space
bound is log n.
Now we prove the correctness of the algorithm by showing that for any
x ∈ G, it correctly computes |S(k)|. For k = 0, it is trivial. Suppose we
have computed the correct value for S(k − 1) for k > 1. Now we need
to show that the counter l is increased by 1 if and only if the current
node u is in S(k). If the current node u ∈ S(k), by Proposition 3.1, the
nondeterministic algorithm will find all the nodes in S(k − 1) (guar-
anteed by the counter m) and the condition u = v OR e = (u, v) will
finally be checked. Thus, l will increase by 1. Conversely, if u /∈ S(k),
we need to check that l will stay the same. Again, this will be detect
by the condition u = v OR e = (u, v) because u /∈ S(k) implies for all
v ∈ S(k − 1), u �= v and there exist no edge (u, v). A successful com-
putation exists, namely, the one that correctly guesses all the nodes in
S(k − 1). Therefore, we conclude that the algorithm is correct. �

For any complexity class C, coC = {L : L ∈ C}. The significance
of the Immerman-Szelepscényi Theorem is illustrated in the following
corollary:

Corollary 5.3. For f ≥ log n, NSPACE(f(n)) = coNSPACE(f(n)).

Proof. To prove the corollary, we need to define the configuration graph
of M on input x. Recall that a configuration is a “snapshot” of the
computation of M on the given input x. For a k-string Turing machine
M = (K,Σ, δ, s) which decides a language L within space f(n), it is
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a (2k + 1)-tuple (q, w1, u1, . . . , wk, uk). If M is a machine with input
and output, we may record the second and third component, namely
the string on the input tape, by an integer i with 0 ≤ i ≤ n = |x|
that records the position of the cursor on the input string. More-
over, if M decides a language, we are not concerned with the write-
only tape. Since all the other k − 2 strings will have length at most
f(n), a configuration of M may be represented by a (2k − 2)-tuple
(q, i, w2, u2, . . . , wk−1, uk−1).
There are |K| choices for the q-component, n+1 choices for i and at

most |Σ|(2k−2)f(n) choices for all the remaining strings. Thus, the total
number of possible configurations of M on an input x of length n is at

most nc
f(n)
1 = c

logn+f(n)
2 for some constant c1 (and c2) only depends on

M .
Then, the configuration graph of M on input x, denoted by G(M,x)

is the graph that has its set of vertices the set of all possible configura-

tions, and an edge between two configurations C1 and C2 if C1
M−→ C2.

It is clear that deciding whether x ∈ L is equivalent to deciding whether
there is a path in G(M,x) from the initial configuration (s, 0, ε, . . . , ε)
to some configuration of the form (“yes”, i, . . .).
Now we are ready to prove the corollary. Suppose L ∈ NSPACE(f(n))

which is decided by a nondeterministic Turing machine M . We claim
there is an f(n) space-bounded Turing machine M ′ deciding L. On
an input x, M ′ runs the algorithm in the proof of the Immerman-
Szelepscényi Theorem on G(M,x). At each stage of computation, M ′

decides whether two configurations are connected based on how M
operates on x. Now if M ′ finds that there is an accepting configu-
ration of M with input x in S(k), for any k ∈ N, it halts and re-
turns “no” (that means M(x) = “yes”. If |S(N − 1)| is computed
where N is the size of G(M,x) and no accepting configuration is
found, M ′ returns “yes”. This completes our description of M ′ since
log c

logn+f(n)
2 = log c2(log n + f(n)), when f(n) ≥ log n, the space

needed for M ′ on x is also O(f(n)), as desired. �

6. Perfect Matchings

6.1. The Problem Formulation. Let G be a graph with 2n nodes.
Our goal is to count the number of the perfect matchings in G. For-
mally, we define the concept of matching as follows:

Definition 6.1. Given a graph G = (V,E), a matching M in G is a
set of pairwise disjoint edges. A matching M is said to be perfect if
every vertex in G is included.
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By definition, it is clear that a graph G can have a perfect matching
only if |V | is even. We may think of the problem of computing the
number of perfect matchings in G as follows.

Define the set M(2n) to be the set of partitions of 2n elements into
unordered pairs. Let AG be the adjacency matrix of G. Then, we may
compute the perfect matching PM(G) of a graph G of size 2n via the
following formula

PM(G) =
∑

m∈M(2n)

∏
(i,j)∈m

Aij

In general, the problem of counting perfect matchings is NP-hard. Even
when G is bipartite, the problem is still not easy. Let G = (U, V,E)
be a bipartite graph where U = (u1, . . . , un) and V = (v1, . . . , vn) and
E ⊂ U×V . Then, let AG be the adjacency matrix of G and the number
of the perfect matchings in G is precisely

∑
π∈Sn

n∏
i=1

AG
i,π(i).

The above quantity is called the permanent of the matrix AG. Notice
that the difference between permanent and determinant is the compli-
cation of the sign of π involved in the determinant. Surprisingly, it is
the sign that makes the determinant easy to compute. The following
deep theorem is due to Valiant:

Theorem 6.2 (Valiant’s Theorem). PERMANENT is #P-complete.

The proof of this theorem is not provided here. See [6] for details.
Since we know that counting perfect matchings is hard, it is natural to
ask whether there is any condition (other than being bipartite) we can
put on the graphs so that counting perfect matchings can be relatively
easier. It turns out the FKT algorithm, named after Fisher, Kasteleyn
and Temperley, enumerates the perfect matchings of planar graphs in
polynomial time.

6.2. Pfaffians. In this section, we study the fundamental ingredient
of the FKT algorithm, pfaffians.

6.2.1. The Adjacency Matrix of Directed Graphs. Let G be a graph
with even number of vertices and �G be an orientation on G, i.e. every
edge in G is assigned to one of the two possible orientations. Define
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the adjacency matrix A
�G of �G to be

A
�G
ij =

⎧⎪⎨
⎪⎩
1 if e = (i, j) ∈ E( �G)

−1 if e = (j, i) ∈ E( �G)

0 otherwise.

6.2.2. Pfaffian of Matrices of Size 2n× 2n. For any

m = {{i1, j1}, {i2, j2}, . . . , {in, jn}} ∈ M(2n),

define

σm =

(
1 2 · · · 2n
i1 j1 · · · jn

)
in the two line notation for permutations. Then, for any 2n×2n matrix
A, we may define

Definition 6.3 (Sign of Matching). For any matching m in PM(2n),
the sign of m, denoted by sgn(m), is defined to be

sgn(σm)
∏

(i,j)∈M
α(i, j) where α(i, j) =

{
1, i < j

−1, i > j.

Remark 6.4. It is not hard to check that the sign of a matching is well-
defined based on the fact that the above expression is invariant under
transpositions.

Definition 6.5. The Pfaffian of an 2n× 2n skew-symmetric matrix A
is defined as

Pf(A) =
∑

m∈M(2n)

sgn(m)
∏

(i,j)∈m
Aij

where i < j for all Aij.

Now we state the crucial theorem by Caley [2], which we do not
prove here:

Theorem 6.6. Let A be a skew-symmetric matrix. Then [Pf(A)]2 =
det(A).

6.3. Use Pfaffian to Count Perfect Matchings. By comparing the

expression of PM(G) and Pf
(
A

�G
)
, we realize that the absolute value

of each term in the sum is the same. Therefore, if we could find some

orientation on G so that
∣∣∣Pf(A �G

)∣∣∣ = PM(G), we can then compute

the number of the perfect matchings of G efficiently since determinant
could be computed in polynomial time.
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Lemma 6.7. For any n × n matrix A, the determinant of A can be
computed in O(n3).

Proof. Notice that Gaussian elimination does not affect the value of
the determinant. It is left to the reader to check that using Gaussian
elimination to obtain the row reduced echelon form of A takes O(n3).

�

6.3.1. Pfaffian Direction. Given a graph G. Consider the directed
graph G′ from G by orienting each edge of G in one of the two di-
rections. Then, the corresponding adjacency matrix A′ is defined by

A
�G
ij =

⎧⎪⎨
⎪⎩
1 if e = (i, j) ∈ E( �G)

−1 if e = (j, i) ∈ E( �G)

0 otherwise.

Suppose for all perfect matchings m ∈ M(2n), we have∏
(i,j)∈M(2n)

A
�G
ij = c · sgn(m),

where c = ±1. Then, we have Pf(A
�G) = cPM(G) = ±PM(G). If this

holds for the oriented graph �G, we say that �G is a Pfaffian orientation
of G.

Now our question is to determine when graph has a Pfaffian orienta-
tion and how to find the Pfaffian orientation. The rest of this section
is to dedicated to Kasteleyn’s result that every planar graph has a
Pfaffian orientation.

6.3.2. Count Perfect Matchings in Planar Graph. In this section, we
show that we can count perfect matchings in planar graph in poly-
nomial time. The proof is organized as follows. We first prove an
important theorem (Theorem 6.13) on Pfaffian orientation on general
graphs. Then, we will apply this theorem to planar graphs to achieve
our goal.

Let C be a cycle in a directed graph G. If C has an even number
of edges oriented clockwise, then C also has an even number of edges
oriented counterclockwise. Thus, we can define:

Definition 6.8. Suppose C is an even cycle in a directed graph G. We
say that C is evenly oriented if it has an even number of edges oriented
clockwise.
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Definition 6.9. Define the sign of a perfect matchingM = {{i1, j1}, . . . , {in, jn}}
of a graph G to be

sign(M) = sgn

(
1 2 · · · 2n
i1 j1 · · · jn

) n∏
k=1

τ(ik, jk),

where τ(i, j) =

{
1, i → j

−1, j → i.
The permutation

(
1 2 · · · 2n
i1 j1 · · · jn

)
is denoted by σM .

Lemma 6.10. Suppose m ∈ PM(2n) is the perfect matching corre-
sponding to M . Then,

sgn(m)
∏

(i,j)∈m
A

�G
ij = sign(M),

where i < j. In other words, sgn(M) corresponds to a nontrivial term

in the pfaffian of A
�G.

Proof. The proof is definition checking. Recall that

A
�G
ij =

⎧⎪⎨
⎪⎩
1 if e = (i, j) ∈ E( �G)

−1 if e = (j, i) ∈ E( �G)

0 otherwise.

There are two cases:

(1) i < j. That means σ(i, j) = 1. Now since

A
�G
ij =

{
1, i → j

−1, j → i,

we have σ(i, j)A
�G
ij = τ(i, j).

(2) i > j. That means α(i, j) = −1. Therefore, if i → j, it follows
that

τ(i, j) = 1 = (−1)(−1) = α(i, j)A
�G
ji.

If j → i, it follows that

τ(i, j) = −1 = (−1)(1) = α(i, j)A
�G
ji.

�
Now we prove an important lemma:

Lemma 6.11. Let �G be an arbitrary orientation of a graph G and
let M and N be any two perfect matchings of G. Let k denote the
number of evenly oriented alternating cycles formed in M ∪N . Then,
sign(M)sign(N) = (−1)k.
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Proof. We break the proof of this lemma into three steps.
First Step: We first show that if the lemma holds for one orienta-

tion, then the lemma holds for all orientations on G. To prove this, we
consider an edge e ∈ G. There are three cases:

(1) e /∈ M∪N . This does not affect the equation sign(M)sign(N) =
(−1)k.

(2) e ∈ M ∩ N . In this case, e does not belong to an alternating
cycle in M ∪ N so the value of k is the same. On the other
hand, the change of orientation on e changes both sign(M) and
sign(N) so the equation still holds.

(3) e belongs to one of M or N but not both. That means e is an
edge of an alternating cycle. Without loss of generality, assume
that e ∈ M . Then, if the orientation on e is reversed, the sign
of M is reversed and sign of N remains the same. Meanwhile,
the number of evenly oriented alternating cycles in M ∪ N is
changed by 1. Then, the equation still holds.

Thus, we orient the graph G as follows. For an edge from case 1 and
2, orient the edge arbitrarily. For an edge in case 3, orient the edge so
that each alternating cycle is directed, i.e. all the edges are oriented in
one direction and the alternating is thus evenly oriented.

Second Step: Observe that the labeling of vertices of G does
not affect the equation in the lemma. The reason is that the num-
ber of the evenly oriented alternating cycles is unaffected by any re-
labeling. Moreover, if we think of the relabeling as a permutation
π acting on the vertices of G, then any perfecting matching M is
multiplied by π via relabeling π of the vertices of G. That means,
sign(M)sign(N) = sign(πM)sign(πN). Thus, we may conclude that
the result of the lemma is independent of labeling of the graph.

Third Step: All is left to do is to define a labeling on G so that
the equation sign(M)sign(N) = (−1)k holds. For an edge e ∈ M ∩N ,
label the edge so that its head is equal to tail plus 1. Now for any
alternating cycle, choose any edge in M and label it with the next
unused consecutive integers with its head equal to its tail plus 1. Repeat
this process on all edges in M until all the vertices are labelled.
Now that we have defined the choice of orientation and labeling on

G, consider sign(M). Notice that sign(M) must be 1 since σM is the
identity permutation. On the other hand, due to the specified labeling
the the second step, each alternating even cycle of G corresponds to a
disjoint even cycle in σN , we thus have sign(N) = (−1)k where k is the
number of evenly oriented and the lemma follows. �
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Definition 6.12 (Nice Cycle). A cycle C in a graph G is nice if the
subgraph G \ C contains a perfect matching.

Lemma 6.11 leads to the following crucial theorem:

Theorem 6.13. Let G be a graph with even number of nodes and �G
be an orientation of G. Then the following are equivalent:

(1) �G is a Pfaffian orientation.

(2) Every perfect matching of G has the same sign relative to �G.

(3) Every nice cycle in G is oddly oriented relative to �G.
(4) If G has a perfect matching M , then every M-alternating cycle

is oddly oriented relative to �G.

Proof. (1) ⇒ (2): This follows from Lemma 6.10 and the definition of
Pfaffian orientation.

(2) ⇒ (3): Suppose every perfect matching of G has the same sign

relative to �G. Let C be a nice cycle in �G. Let M ′ be a perfect matching
of G\C. Now let M1 and M2 be two perfect matchings of C. Consider
two perfect matchings M = M ′ ∪ M1 and N = M ′ ∪ M2. By the
assumption, M and N have the same sign relative to �G. Then, since C
is an alternating cycle in M∪N , C has to be oddly oriented. Otherwise
by Lemma 6.11, the sign ofM andN will be different, which contradicts
our assumption.

(3) ⇒ (4): Suppose every nice cycle in G is oddly oriented relative to
�G. Let G have a perfect matching M . Suppose C is an M -alternating
cycle in G. Let MC be the matching on C induced by M . Then,
M \MC is a perfect matching on G \ C. That means that C is a nice
cycle and by the assumption, C is oddly oriented.

(4) ⇒ (1): Suppose that G has a perfect matching M and every

M -alternating cycle is oddly oriented relative to �G. Let N be another
perfect matching of G. By Lemma 6.11, M and N share the same
sign since all the M,N -alternating cycle are oddly oriented. Hence, by
definition, �G is a Pfaffian orientation. �

Lemma 6.14. If �G is connected planar diagraph so that every boundary
face has an odd number of edges oriented clockwise (except possibly the
infinite face), then in every cycle the number of edges oriented clockwise

is of opposite parity to the number of points inside the cycle. Thus, �G
is Pfaffian.

Proof. The proof of this lemma invokes Euler’s Formula, which we will
omit. See [4] for details. �
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If C is an M,N alternating cycle in G, then if we can orient G in a
way so that every boundary face has an odd number of edges oriented
clockwise, it follows from the lemma that C must be oddly oriented,
which implies that �G is Pfaffian by Theorem 6.13.

Theorem 6.15 ([5]). The problem of counting perfect matchings in a
planar graph G is in P .

Proof. It suffices to show that we can find an orientation �G so that
every boundary face has an odd number of edges oriented clockwise,
except possibly the infinite face in polynomial time.

The algorithm to achieve this is described as follows and in order to
better illustrate the algorithm we also include figures alongside1:

(1) Run the breath first search (BFS) on G to compute a spanning
tree T of G.

(2) Arbitrarily orient edges of T .

Figure 1. Arbitrary orientation on a spanning tree

(3) Let each face, including the infinite face, ofG represent a vertex,
i.e. put a vertex in the middle of each face of G. Connect two
vertices of if the faces they represent in G share an edge that is
not included in T . Then, we obtain a tree T ′.

(4) Root T ′ at the vertex r representing the infinite face of G. For
each leaf v ∈ T ′, let f be the face represented by v. Let e be
the boundary edge of f that is not included in T . Orient e so
that f has an odd number of edges oriented clockwise. Remove
v from T ′ and continue this process on the next leaf until we
are left with the root r.

1The figures in this examples are adopted from
http://en.wikipedia.org/wiki/FKT algorithm.
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Figure 2. The faces of G becomes vertices of T ′

(5) Now we have oriented all the edges in G and that is a Pfaffian
orientation.

Figure 3. Form the tree T ′

There are several things need to be proved before we can conclude
the algorithm described above is a correct algorithm. First, we have
to show that T ′ is indeed a tree. Since T is a tree and in particular T
is connected, then T ′ cannot contain any loop. Also, since T does not
contain any loop, that means T ′ must be connected. Now for every leaf
v of T ′ rooted at r, since the degree of v is one in T ′, it must be the case
that there is a unique edge e that is not included in T on the boundary
of the face f represented by v in G. Therefore, we can always orient e
in such a way that f has an odd number of edges oriented clockwise.
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Figure 4. Orient the the edges in G \ T

Figure 5. A Pfaffian orientation on G

By induction on the vertices in T ′, we see that every face in G must be
oriented oddly, as desired. �
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