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Chapter 1

Introduction
Some form of symmetry appears as a feature of almost all physical theories; however, the importance
of symmetry was truly recognized around the time of the Michelson-Morley experiment.

The

Michelson-Morley experiment searched for evidence of the luminiferous aether using interfering
beams of photons [19]. This experiment was a search for a preferred reference frame for the universe
and thus one of the first investigations into the breaking of symmetry. It is well known that no
effect was observed, preserving symmetry, and setting the stage for Einstein and the theory of
special relativity. However, the Michelson-Morley experiment began a new period of interest in
symmetries. It was followed closely by the similar Kennedy-Thorndike experiment , designed to test
for effects due to changes in velocity, and then by numerous others [12]. Studies of fundamental
symmetries have continued until today.
At the most fundamental level, physics is now described by the Standard Model (SM) , which
contains its own set of symmetries. As researchers have attempted to explore physics beyond the
SM, partially in an attempt to add a description of gravity to that of the other forces , it has been
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theorized that on scales where both gravity and the forces in the standard model are prevalent
the universe may exhibit some kind of symmetry breaking. Many experiments have recently been
conducted along these lines in an attempt to motivate new theory.
Just as the Michelson-Morley and Kennedy-Thorndike experiments were performed using photons, modern searches for symmetry breaking are often carried out in the photon sector of the SM.
The purpose of this thesis is to discuss a subset these searches for symmetry breaking. Specifically,
searches for Lorentz symmetry violation involving the dynamics of photons within degenerate resonant cavities, an area not covered by any current theory. The discussion will be motivated by
discussions of the SM and its related symmetries. This will be followed by an introduction to the
Standard Model Extension (SME) which has been developed as a framework for studies of Lorentz
violation. Some time will be spent developing the specific role of photons within the framework.
Then, the SME will be used to discuss the theory behind resonant cavity experiments. We will
first introduce the current treatment, which only describes experiments in nondegenerate resonant
cavities, before developing a new theory that works in the degenerate case. Finally, the degenerate
theory will be applied to some example cavities in an attempt to illuminate its basic properties.
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Background

2.1

The Standard Model

The Standard Model is a triumph of modern physics, combining the electromagnetic, strong, and
weak forces, three of the fundamental forces of nature, into one theory consistent with both special
relativity and quantum mechanics. The only fundamental force not contained in the SM is the
gravitational force described by General Relativity. The SM has been able to successfully describe
almost all interactions that do not depend on gravity.
The path to a unified theory began with the creation of Quantum Electrodynamics (QED). QED
was the first theory that reconciled quantum mechanics and special relativity, creating a quantum
description of the dynamics of charged particles and the photons that mediated the electromagnetic
forces between them. QED was then combined with the weak force , which describes nuclear decay,
into the electroweak force. The strong force which holds the nucleus together remained separate
until it was combined with the electroweak into the SM. A key component of the formulation of the
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8M was the inclusion of the Higgs boson which, among other contributions, allows massive particles
to exist in the theory [22].

2.1.1

Quantum Field Theory

The basic structure of the 8M is that of a quantum field theory, in which everything is represented by
a set of fields. These fields are coupled together such that changes in one can have effects on others
[26]. It is easy to think of forces as fields , specifying the magnitude and direction of the force at any
point in space. In field theory this is simply ext ended so that particles are represented by fields as
well. Particles are generally represented by vector fields , similar to forces. An individual particle is
represented by a disturbance, such as a wave packet, in its representative field. Reversing this logic,
forces which are caused by field disturbances can be thought of as particles. The particles that
represent a force interact with the other particles in the model, and cause the dynamics to change.
All physical reactions are then det ermined by the how the various fields are coupled together [26].
The equations of motion for this type of model can be described simply by the theories' Lagrangian.
To construct a model using field theory, all that is required is a list of particles to include in the
theory, the ways these particles propagate through empty space, and how particles interact with
each other [22]. From these facts, the Lagrangian of the model and all of the equations relevant to
the system can be derived using the formalism of Lagrangian mechanics.

2.1.2

Basics of the Standard Model

The 8M involves two types of particles: fermions, which are the constituents of matter as we think
of it; and bosons, which act as mediating particles, essentially carrying the various forces that affect
other particles [4]. Each particle has a corresponding antiparticle which has the same spin and mass
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as the original, but the opposite charge. When a particle and its antiparticle meet , they annihilate
transforming into other particles, typically photons.
Fermions are spin-1/2 particles and make up all matter. They are organized into three generations, with each generation containing two quarks and two leptons [7]. Subsequent generations
differ from earlier generations only by their respective mass and therefore the energy at which the
particle appears. This causes particles of lower generations to be more abundant, and particles of
the second or third generation to decay into first generation fermions [4]. Because of this, ordinary matter consists of particles of the first generation, which contains the most easily recognizable
particles. The most well known of these is the electron.
The electron is a type of lepton, which means that it interacts with all fundamental forces
except for the strong force [7]. It also has a charge of - 1 and is one of the basic components of an
atom. The protons and neutrons that comprise the rest of an atom are not themselves fundamental
particles, but are each made of three quarks, bound together by the strong force. Quarks in the
first generation come in two flavors: up quarks, which have charge of + 2/3, and down quarks, with
have charge of -1 /3 [4] . A proton consists of two up and one down quarks, while a neutron consists
of two down and one up quarks. The first generation of fermions is rounded out by the electron
neutrino a charge-less particle that is a lepton like the electron. In the second generation, the up
and down quarks are replaced by the charm and strange quarks respectively, and in the third by
the top and bottom quarks. Quarks also have a property called color, with each type of quark
appearing in one of three colors. Color determines how a quark will interact with the strong force.
When particles of higher generations are produced, the role of the electron is carried out by the
by the muon in the second generation and the tau in the third, and correspondingly the electron
neutrino becomes the muon neutrino followed by the tau neutrino. The Fermions are summarized
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1st Generation

2nd Generation

3rd Generation

Charge

Up Quark

Charm Quark

Top Quark

+ 2/3

Down Quark

Strange Quark

Bottom Quark

-1 /3

Electron

Muon

Tau

-1

Electron Neutrino

Muon Neutrino

Tau Neutrino

0

Table 2.1: Fermions
in Table 2.1 [22]. On a side note, it is interesting that there are three generations of matter and not
more or even only one, since most particles are members of the first generation. It turns out that
that having more than three generations is ruled out theoretically, however, the presence of three
generations may explain the relatively large amount of matter in comparison to antimatter in the
universe [4].
The bosons that flesh out the rest of the theory are integer spin particles that are exchanged
by fermions as mediators for the forces that allow fermions to interact. Each force is described by
a specific set of bosons. The electromagnetic force is mediated by photons which are massless and
have no charge. They are the most well known of the bosons since they are the components of light ,
and correspond to the well known electromagnetic field. The weak force is carried by three particles,
the W + which has charge

+1, its antiparticle W -

and the Z boson which is neutral [4] . The strong

interaction is mediated by gluons, which come in eight different flavors and have neither charge or
mass. These particles are summarized in table 2.2. The bosons that carry the electromagnetic, weak,
and strong interactions all have spin-I , but a final spin-O boson is hypothesized by the standard
model. This is the Higgs boson, which has never been observed. In the theory of the standard model,
the Higgs interacts with all of the other fundamental particles and is the mechanism through which
the particles gain mass [22]. The Higgs also interacts with itself, making it a massive particle.
March 13, 2011
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Force

Particle

Charge

Electromagnetic

Photon

0

Weak

W

±1

Weak

Z

0

Strong

Gluons

0

Table 2.2: Bosons
Together, all of these particles complete the standard model. The propagation and interaction
of the particles can be represented through tensors, which are combined into the Lagrangian of the
SM. In addition to these tensors, there are eighteen independent parameters in the standard model
Lagrangian that are not set by the theory, but must be determined by experiment [4] . By setting
these parameters correctly the standard model can describe any interaction that does not depend
on gravity.

2.1.3

The Standard Model Description of Photons

In the Standard Model, photons are associated with the electromagnetic fields. Their interactions
with charged particles are described by the subsection of the SM that forms quantum electrodynamics. In the absence of interactions with other particles, their behavior is described by a single
term in the SM Lagrangian that should be familiar from undergraduate electrodynamics:

(2.1)
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Here, FI"v is the electromagnetic tensor , which be written in matrix form as

FI"v

=

0

-Ex

-Ey

- Ez

Ex

0

-B z

By
(2.2)

Ey

Bz

Ez - By

0

- Bx

Bx

0

Here, and for the remainder of this paper, we use the convention c

=

EO

can also represent FI"v in terms of the of the vector potential AI" as FI"v

=

fJo

= 'Ii =

1. We

= 0l"Av - ovAl"" The

vector potential is unique up to a choice of gauge. Such a choice is represented by a transformation
A

-7

AI" + of / oxI" where f is a scalar field [8] . This choice of gauge will be maintained in the SME

description of photon interactions.
Following the standard formulation of Lagrangian mechanics, the equations of motion for photons are given by equations of the form ,

(2.3)

[8] . In terms of the electromagnetic tensor these equations are written as 0l"FI"V

= 0, which

gives us the Maxwell equations, reducing the photon sector of the SM to the simple equations of
electrodynamics;

-

-

013

-

-

oE

\lxE + [it = O
\l x B - [it = O.

(2.4)

All of source free classical electrodynamics can be derived from the Maxwell equations.
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2.2
2.2.1

Lorentz Violation
Symmetry

In classical mechanics, the theory requires that if an isolated physical system is translated in time
or space its dynamics will remain the same. When such a transformation can be applied to a system
and leave the system invariant, it corresponds to a symmetry of the system. Symmetries generally
correspond to extra degrees of freedom of a system that are not constrained by physical conditions.
Mathematically, the transformations that correspond to a symmetry are represented by groups [7].
Symmetries play a very important role in any physical theory. When applied correctly they
can simplify problems, foster intuition, and hint at more fundamental truths.

In addit ion, all

symmetries are related to a conservation law in the underlying theory. In the example given above,
the translational and temporal symmetries correspond to conservation of momentum and energy
respectively. This fact, based on a theory by Noether, gives symmetries even more theoretical power
[21]. Because of this power and because they must hold exactly in order to be true, symmetries
are often vigorously tested to prove their validity. Every physical theory has associated symmetries
that hold at the level of the theory.
The SM contains four symmetries: Lorentz, CPT, translational and gauge [7]. Here, we will
focus on Lorentz and CPT symmetries, as they are the symmetries most investigated for physical
violation. Gauge symmetry, which gives the forces of the SM, and translational symmetry, which
corresponds to the location in space time are not considered as interesting.
Lorentz symmetry calls for the theory to be invariant under the Lorentz transformations. These
correspond to rotations and boosts of a system in four-dimensional Minkowski space-time. Lorentz
symmetry has been an element of all physical theories since such a space-time was introduced in
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the context of special relativity. Because of this, Lorentz symmetry has often been rigorously tested
in order to ensure that the effects postulated by special relativity hold true [7].
The CPT symmetry of the SM consists of three discrete transformations: the inversions of
charge, parity, and time. Together these correspond to replacing every particle with its antiparticle,
reflecting the system in a mirror, and reversing the direction of time. Each of these transformations
alone was at one time considered to be a possible symmetry, since it seems intuitive that the universe
should work in exactly the same way even if only one of these transformations was carried out.
However, charge and parity symmetry were both shown to be violated in the context of the weak
interaction, and the combined transformation, known as CP symmetry, was found to be violated
in kaon decay [7]. Though no experiments have been able to show violation of symmetry under a
time reversal it has been theoretically shown that the SM should be invariant under a combined
application of all three of these transformations [7].

This symmetry, know as CPT symmetry,

is considered a fundamental property of the SM. It has been shown that any violation of CPT
symmetry results in a corresponding violation of Lorentz symmetry [6]. This allows us to think
only of Lorentz symmetry when considering the symmetry of the universe.

2.2 .2

The Standard Model Extension

Considerable effort has been put into the testing of physical symmetries. Clearly, showing that
Lorentz symmetry is not exact would have profound effects on the field of physics. It would be a
significant step forward in advancing our understanding of physics beyond the current level of the
standard model. Such an effect, not described by current accepted theory, would provide a clear
direction in the development of more fundamental models. As further motivation, many currently
proposed unifying theories, including string theory, display possible Lorentz symmetry violation [3].

March 13, 2011

12

CHAPTER 2. BACKGROUND

Andrew Zimmerman

The Standard Model Extension (SME) seeks to provide a unified framework for these searches
for symmetry violation. This allows experiments to easily be analyzed and compared to existing
data, and for a comprehensive list of results to be kept and organized [18]. The framework also
allows theorists to provide descriptions of possible symmetry breaking and what the resultant effects
could be, proposing new tests. Prior to the development of the SME, searches for Lorentz violation
were carried out using a variety of disparate methods, making it hard to draw parallels between
experiments.
Any comprehensive treatment of Lorentz violation must fulfill several qualifications. First, it
must be compatible with known physics at high energy levels, particularly the Standard Model and
General Relativity, which are supported by thousands of experimental studies. Any proposal not
consistent with these two established theories can not be considered seriously. A second criterion
should be that the description be coordinate independent [15]. Even though the goal of the theory is
to search for symmetry breaking, its predictions should not depend on how the coordinate system
is chosen. We are interested in transformations applied to the actual system, such as rotations
or boosts of an experiment, rather than changes in the the observers coordinates. Such an effect
would be completely arbitrary and observer dependent. Finally, a good framework for a search
for Lorentz violation should be constructed in the most general terms possible [15]. The theory
should not make any assumptions that would preclude certain violations. As much as possible, all
conceivable Lorentz violations should be included. An additional simplifying assumption is that
the normal gauge invariance of the standard model is preserved, allowing gauge breaking effects to
be ignored. The SME was developed along these lines by Kostelecky and Colladay [3] .
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Structure of the SME
The 8ME is constructed from the 8tandard Model, by coupling general relativity to the fields of the
8M and adding every possible Lorentz violating term to the Lagrangian. This results in an infinite
number of new terms in the theory's Lagrangian. Each additional term consists of two parts. One
is a coupling coefficient, which may take the form of a tensor and t ells the relative strength of the
effects of the new term [3] . The second is comprised of some combination of the various fields of
the standard model.
In order to be able to keep a handle on all of these terms, they are classified in several ways.
First, they can be separated by the sector of the 8M with which they interact, such as the photon or
neutrino sector. Within each sector, the t erms in the 8ME can be divided into CPT-odd and CPTeven groupings [15]. CPT-odd terms involve CPT violations, while CPT-even terms do not. As a
final measure, the terms can also be indexed by the mass dimension of their coefficients. A naive
but generally accepted practice is to assume that the effects of fields with higher mass dimension
are repressed by a factor equal to the ratio of the electroweak scale to the Planck scale [17]. The
Planck scale is used, since it is at this level that the Quantum effects of gravity are expect ed
to appear, and any symmetry breaking in an underlying unified theory to manifest. Most terms
of higher mass dimension turn out to be nonrenormalizable, and must be treated with advanced
mathematics [3] . In order to avoid this, most effort is focused on the minimal-8ME which contains
only renormalizable terms. The minimal-8ME contains all of the terms of mass dimension three
and four , which are expect ed to have the largest effects[17]. For the remainder of this paper , we
will work with the minimal 8ME.
Lorentz violations are quantified by nonzero coefficients in the 8ME. The simplest way for a
violation to manifest itself would be for a coefficient to have a constant nonzero value. However ,
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such a violation can be shown to be incompatible with the geometry of Riemann space-time, and
is not allowed. Only spontaneous symmetry breaking, which is the result of dynamically changing
coefficients, is theoretically consistent [3].

2.2.3

The SME Description of Photons

To account for Lorentz violating effects, two additional terms are added to the photon sector
Lagrangian in the minimal SME. The resulting Lagrangian is

(2.5)

[17]. We recognize the first term as the non-Lorentz violating term from the standard model. The
second term corresponds to the relevant CPT-odd coefficients contained in (k AF )'\ and the third
term is related to the CPT-even coefficients in the term (kF)"A/W. (kAF)" has units of mass, and

(kF )"Ap,V is dimensionless [17]. The term containing (k AF )" has been shown to contribute negatively
to the energy of the system. Because of this, it is set to zero for most analyses, including our own.
This condition is supported both experimentally and theoretically; experimental constraints come
from examining the polarization of radio galaxies [17]. The remaining term, contains (kF )"AP,V
which has a total of 19 independent coefficients that characterize the theory.
It can be shown that with a proper definition of jj and

ii,

the equations of motion for the

SME description can be written in the equivalent form as the SM maxwell equations 2.4. Such a
definition is given by
1 + '""DE
1 + '""HE

)(; )

(2.6)

[17]. Each,"" denotes a 3 x 3 matrix of coefficients for Lorentz-violating operators. They are related
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to the tensors in the Lagrangian by

1 jpq krs (k )pqrs
2E
E
F

(2.7)
[17]. Although the Maxwell equations are Lorentz invariant, Lorentz violation is still allowed in
the theory since we are using the fields jj and

H, which

are not the standard fields from classical

electromagnetism. With the Maxwell equations describing our dynamics, it becomes relatively
simple to reexamine aspects of electrodynamics in the context of the SME.
The coefficients of the photon sector can be characterized in a much more useful notation by
combining the "'DE, "'HE, "'DE, and "'HE matrices as
1

'k

2 ("'D E + "'HEf
1

2 ("'D E 1

"'HE)

jk

-

1k

38J

("'D E)

II

'k

2 ("'D E + "'HE)J
1

2 ("'D E K,tr

1

3 ("'DE)

'k

"'HE)J

II

(2.8)

[17]. The e and a subscripts denote parity even and odd terms respectively, and while the first four
terms are 3 x 3 matrices, the final term is a scalar coefficient.

2.2.4

Experiments

There are experimental groups working on placing limits on the coefficients in virtually every sector
of the SME. A general strategy adopted by many experiments is to look at the variation in various
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quantities compared the the sidereal rotation of the earth or the rotation of the Earth about the
sun. These rotations cause the orientation of the Earth, and hence the experiment , to change is
space, and any Lorentz or CPT violation should appear as variations in the measured quantity at
the same frequency as the rotation. For measurements on some coefficients, it is necessary to place
the experiment itself on a rotating table in order to produce faster variations. From this data,
limits can be put on the possible strength of Lorentz violations. Other searches involve examining
the propagation of particles over large distances and the precise measurement of certain physical
constants [18].
A summary of current limits on all of the coefficients in the SME is periodically published in a
set of data tables [18], which allow easy comparison of experimental data to accepted limits. The
number of groups contributing to the data tables is quite large in every sector. Some examples
include investigations of neutrino oscillations, clock comparison tests using atomic clocks, and
measurements of the Earth's gravitational field.
The two types of experiments most applicable to the SME photon sector are cavity experiments
and observations of vacuum birefringence. Cavity experiments involve the study of electromagnetic
resonance cavities, and will be covered in detail in the next chapter. Vacuum birefringence searches
look for evidence that light with different polarizations propagates at different velocities through
the vacuum. Such an effect would be observable in the light received from distant astrophysical
sources [17]. A pulse of light from such a distant source would change polarization as it made
its way to Earth [16]. Birefringent searches are characterized by the sets of coefficients
K: o -

K: e +

and

[17]. It is relatively easy to perform such experiments accurately by looking for changes in

polarization of light arriving from distant sources. Since no effects have ever been observed [2][16],
each birefringent coefficient is believed be smaller than 10- 32 [18]. Generally, when performing
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other experiments where these coefficients could have an effect, they are assumed to be zero [17].
Note t hat combinations of the form ("' DE

+ "'HB )jk or ("' DB - "'HE )jk) are det ermined

birefringent coefficients, while ("'DE - "'HB) jk and ("'DB

+ "'HE)jk

by the

are nonbirefringent. Lat er, we

will see these combinations of coefficients, and will use these classifications to determine which can
be considered to be zero when analyzing experiments.
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Resonant Cavities
Resonant cavities are used in many branches of experimental and applied physics. Designed to
support the propagation of only specific frequencies in their interiors, cavities are constructed out
of either hollow conductors or dielectric material. Each frequency is related to a particular configuration of electromagnetic fields in the cavity, known as a mode. A given mode is degenerate if more
than one set of electromagnetic fields can exist in the cavity at that frequency. Degenerate modes
will be important in the description of the SME within the cavity. The theory behind this interaction is completely described by standard electrodynamics. (For a review of the electrodynamics of
a resonant cavity, see appendix A.)
Because of the simplicity of resonant cavities and the high precision to which they can be
manufactured, resonant cavities are used in many searches for Lorentz invariance in the photon
sector [17]. Such experiments are conducted by measuring differences in frequency between two
cavities oriented in different directions [20, 1, 5]. The orientations of the cavities will effect how
the fields within the cavity will exhibit any Lorentz violation. In general, the data is analyzed by

19

CHAPTER 3. RESONANT CAVITIES

Andrew Zimmerman

searching for signals that correspond to movement of the experiment through space, either due to
movement and rotation of the Earth [20, 5, 25], or the rotation of the experiment on a turntable
[1, 10]. Periodic changes corresponding to these motions would be considered evidence for Lorentz
violation, because it shows a variation in the cavity frequency as its velocity or orientation in
space-time changes.
The most popular cavities for Lorentz violation experiments are simple Fabry-Perot cavities
[5], and cryogenic sapphire oscillators (esos) [24, 11, 23]. Some other cavity types are used,
including superconducting cylindrical cavities [13]. Fabry-Perot cavities allow the propagation of
simple standing waves constrained mostly along one direction, and can be constructed out of two
highly reflecting mirrors. eso are much more specific apparatuses consisting of cylindrical sapphire
crystals operated at cryogenic temperatures [24]. esos support whispering gallery modes which
propagate as standing sinusoidal waves around the inside of the cylinder [24]. Experiments in these
types of cavities have been used to provide limits for most of the nonbirefreingently constrained
photon sector coefficients.
The results of these experiments are analyzed in the context of two theories. The first , known as
the Robertson, Mansouri, Sexl framework (RMS) [14], is an older theory designed as a test theory
for special relativity in terms of the propagation of light. It is constructed under the assumption
of a preferred Lorentz invariant stationary frame to which the moving frame of the experiment can
be compared. The second theory is the SME. The SME description of a resonant cavity has been
developed in [17], and will be considered in detail later in this chapter.
The RMS framework, specifically constructed to be used in the context of photons, has an
advantage in terms of ease of use, but loses out to the SME in terms of generality. RMS contains
only a small number of parameters, which vary from expected values if Lorentz violation is present.
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These variations are experiment dependent, and cannot be used to catalog the violation as in the
SME [17]. There is also no relation between the RMS framework, and Lorentz violation beyond the
photon sector of the standard model. The generality allowed by the SME makes it a more useful
framework in which to analyze experiments.

3.1

SME and N ondegenerate Cavities

The goal of this thesis is to discuss how the SME framework can be used to to analyze resonant
cavity experiments. We will begin by discussing the framework for a nondegenerate mode in a
resonant cavity which was first developed in a paper by Kosteleky and Mewes [17]. It is important
to understand both how this solut ion was derived and the assumptions that go into the derivation,
so that it can be extended to degenerate modes. The following derivation is done following the
example of reference [17] and elaborating on some details.
In a resonant cavity, we denote a mode of the solution from standard electromagnetic theory
with the set of fields
frequency

Woo

Eo, 130 , 150, iio.

This solution exists with fields oscillating at a particular

If we add Lorentz violation to the cavity, we will find the conventional solution

perturbed into a new set of fields

E, 13, 15, ii, with frequency w.

In each case, the fields for a given solution are related by the Maxwell equations,

-

-

813

-

-

815

\lxE +{it=O
\l x H - {it = o.

(3.1)

Since we want to relate the perturbed and unperturbed solutions, we rearrange these using a vector
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identity to obtain,

(3.2)
(3.3)

The time variance of each field is completely determined by the frequency of the mode, and is
given by factors of e- iwot and e- iwt , applying to the conventional and perturbed fields respectively.
Using these, and adding 3.2 and 3.3, we can obtain an equation relating w to wo, as

~ . (ii5

x

E - E5 xii) = Wo (ii . 135 + E· J5~) + w (E~ . J5 + ii513)

(3.4)

We want this expression in a more useful form, giving the fractional frequency shift, Ow fwo, where

Ow = w - woo To do this, the additional steps of dividing by Wo and integrating must be taken to
give,

Iv dx (E~ . J5 + ii5 . B)
= - Iv x (E5 . J5 + ii5 ·13 - J5~ . E - 135. ii - iWOl~

~:

3

d3

.

(ii5 x E - E5 xii)) .

(3.5)

The integrals are over the volume of the cavity.
The above expression completely describes the fractional frequency shift, but is not very useful
in practice. While it is easy to compute the conventional fields and frequencies for a geometrically
simple resonant cavity, we do not know the form of the Lorentz violating fields, or even if they have
boundary conditions requiring the fields to go to zero at cavity walls. This makes 3.5 completely
useless in t erms of describing experiments. However, a useful expression can be derived by applying
a few assumptions.
We expect the effect of Lorentz violation to be small, so the frequency of the perturbed case can
be written as w = Wo

+ Ow , where

Ow is a first order correction to w, and is small. Similarly, the
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fields of the perturbed solution should be close to the unperturbed fields and can be expanded to
first order as

E = Eo + bE.

In this derivation, we will concern ourselves with only with such first

order t erms.
From our discussion in the previous chapter, we know that
of E and

E.

D and H are each linear

functions

In particular, we can expand them as

D = E + bD
H = E +bH.
In general,

(3.6)

bD and bH are each linear functions of E and E, an assumption that holds even for the

non-minimal SME. In the case of the minimal SME these are explicitly given as

bD = K.DEE + K.DBE
bH = K.HBE + K.HEE.
Since the

K.

(3.7)

matrices are small, when we expand to first order only the zeroth order t erms will remain

in these equations, allowing the replacement of

E and E with

their unperturbed equivalents. A

similar expression is true for the non-minimal SME. The remainder of this derivation will be done
in the general notation, with the minimal SME result given at the end.
If we combine the expansion of

D and H with

our previous first order expansion, we have a

final expression for all of our perturbed fields,

E =Eo+bE

E =Eo +bE

D = Eo + bE + bD

H = Eo + bE + bH.

(3.8)

We can then substitute these into equation 3.5 to find a first order solution.
The integral on the left of equation 3.5 is multiplied by the small fractional frequency shift, so
all first order terms in the integral can be dropped. After substituting the first order expansion for
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the perturbed fields, this integral simplifies to

(3.9)
where (U) represents the energy of the field configuration from conventional electromagnetism.
Similarly, substituting the first order expansions into the second term on the right , gives

(3.10)
This term is a divergence integrated over the boundary of the cavity.

If we assume that the

boundary condition holds, requiring the fields to go to zero at the boundary, this term vanishes.
This assumption is based on the belief that the Lorentz force law is not effected by Lorentz violation
[17]. The final term in equation 3.5 simplifies to have no zeroth order terms, with the terms canceling
due to the subtraction to leave,

(3.11)
Together, these give us the expression,
-Ow = - -1-

Wo

4 (U)

1
v

3 (Eo·oD-Bo·oH
-) ,
dx

(3.12)

which in the case of the minimal SME becomes

(3.13)

[17]. This is an expression for the fractional frequency shift entirely in t erms of the conventional
solution in the cavity and the SME coefficients. The expression is relatively easy to calculate and
provides a theoretical model which can be compared to experimental data in order to solve for the
SME coefficients.
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3.2

Extending to Degenerate Cavities

The above expression has been used as the SME model for Lorentz violation in resonant cavities
since its publication. It does not, however , allow for the consideration of degenerate modes of a
resonant cavity. In this section, we will present a new extension of the theory, developed for this
thesis, that can be applied to degenerate cavity modes.
We will begin to consider the degenerate cavity case in much the same way as the non-degenerate
cavity derivation. Consider a cavity for which the non-Lorentz violating solution contains an n-fold
degenerate frequency, Woo There are then n possible complete sets of unperturbed fields which have
the potential to exist in the cavity at Woo We denote each distinct set of fields with an upper index,
as

Eb, fh, Db, fi&,

where i ranges from 1 to n. There will also then be n sets of perturbed fields,

denoted with an upper index as Eb, i3 b, Db, fib. Each set of perturbed fields may have a different
frequency, but all frequencies will be close to wo0 The frequency of a given solution is Wb

= Wo + OWb.

This results in a possible n different fractional frequency shifts, OWb/W.

In the nondegenerate case, when solving for the perturbed field, we expected to find solutions
close to the unperturbed solution. This is no longer necessarily the case when we are faced with
a degeneracy. Since linear combinations of the unperturbed solutions also qualify as unperturbed
solutions with frequency Wo, we can only say that a given perturbed solution must be close to some
linear combination of all of the unperturbed solutions. To solve this problem we pick a new basis
for our space of unperturbed solutions in such a way that the solutions that form the new basis are
close to the unperturbed solutions. We do not know what this basis is before doing our calculations,
we simply assume that it exists. The basis will be solved for in the process of finding the fractional
frequency shift. Such a basis will be called the a, b basis, and a field vector from this basis will be
related to the original set of solutions as a linear combination,
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After choosing such a basis, we can write our perturbed solutions as

Ea = Eo + E~

as in the

nondegenerate case, and can use all the previously discussed assumptions. Each set of fields obeys
the Maxwell equations and we can again relate a perturbed and unperturbed solution as
f7

-v ·

(E~b*
0

~b

X

~

H~ a) -_ H~ a . 8Bo
*
8t
~b

f7
(H
~b*
E~a) -_ E~a . 8Do*
v·
0 X
-

8t

8Da
+ E~b*
0 .--

8t

(3.14)

~

8Ba
+ H~b*
0 . --.

8t

(3.15)

We can then obtain n equations for each fractional frequency shift, each with the same form as
3. 13. Each of these equations gives an expression for the fractional frequency shift of a particular
perturbed solution as related to one unperturbed solution,

(3.16)

The fractional frequency shift is related to the fields indexed with a, as these are the fields that
were part of the perturbed solution put into the formula. The b indexed fields are the unperturbed
solution. Expanding this in terms of our original ij basis, we have

(3.17)

Which can be written in matrix form as

d't ( 5Wa A
Wo

- B) c<'

= o.

(3.18)

Here, the vector r? has ith element c~. The elements of the matrices A and B are given by

(3.19)

and
(3.20)
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The vectors i? give the linear combinations that form the ab basis in terms of the ij basis, and
as such must span all of Rn since they form a complete basis. Therefore, it is not possible for
(O~b A

+ B) c!

to be perpendicular to every i?, and the only solutions occur when

(3.21 )
This is a generalized eigenvalue equation, with i? an eigenvector with corresponding eigenvalue O~a.
There will be n eigenvalue/eigenvector pairs, one for each of the degenerate solutions. This process
can be iterated to find higher order terms. We would find the second order frequency change by
comparing the second order fields to the first order fields. If the fields are still degenerate, we will
use this method. If the degeneracy is removed at first order, we use non degenerate theory to find
solutions.
The A and B matrices have particular forms that are of note in looking for solutions. First of
all, A usually has diagonal elements equal to the energy of a particular field configuration, which
we can call U. If we normalize the magnitude Eo such that the energy in the cavity is the same
for all possible set of fields, all of these diagonal entries are equal. The offdiagonal entries of A are
zero, due to the orthogonal nature of solutions. So, We have

A = 4 (U) I

(3.22)

off diagonal entries The B matrix is more complicated. The diagonal entries here are the same
as the expressions for the nondegenerate change in frequency. The off-diagonal entries take into
account the cross contributions of the various degenerate solutions.
We can thus rewrite the final form of our equation as

bW a i? - ai? = 0
Wo
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a much more traditional eigenvalue equation, with

(3.24)

In the case of the minimal SME, this becomes,

(3.25)

To find the the fractional frequency shifts, all we must do is calculate the eigenvalues of this matrix.
In the next chapter, we will see that this seemingly simple task can become quite complicated when

we apply it to actual cavities.
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Example Cavities
In this section we will apply the degenerate theory to several example cavities. The purpose of
this is to give an introduction to the general properties of the theory. Specifically, we want to
investigate what changes to the fractional frequency are introduced , if there is a splitting between
the degenerate frequencies , and which SME coefficients are involved in the effects. A particularly
important question is what effects are caused by the birefringent coefficients, as these can be
ignored in typical cavity experiments. We will not be able to provide definitive answers to all of
these questions, but can make some inferences.
We limit ourselves to the case of two fold degeneracies in order to simplify calculations, which
will prove to be complicated enough to compute. This will make

a

a 2 by 2 matrix, with eigenvalues

and thus fractional frequencies of the form
( 4.1)

We will consider three parts ofthis general equation, a
~21.

=

~1l + ~22'

f3 =

~1l - ~22 '

and A =

~12

=

a is simply a constant shift, while f3 and 'Y cause the splitting of the degenerate frequencies. It
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is important to note that if the off-diagonal elements of
will simply be given by ll.u and

a

are zero, the fractional frequency shifts

1l.22.

In the following examples we will examine wether ex, (3, and A are composed of the birefringent
combinations of (/'i, D E
/'i,HB)jk

and

(/'i,DB

+ /'i, H B )j k

+ /'i,HE)jk.

and (/'i, D B

-

/'i, H E )j k or the nonbirefringent combinations of (/'i, D E

-

If A is nonbirefringent, we will have splitting between degenerate

modes that could possibly be of experimental interest.

4.1

Fabry-Perot Cavity

The simplest type of resonant cavity is a plane wave reflecting between two parallel conducting
mirrors, forming a standing wave. If we take the axis running perpendicular to the two sheets to
be the z-axis and the cavity has length L, then our solutions are of the form,

(mJrz)
L
(mJrZ) '
Bo(z) = iz x Eosin L
~

~

Eo(z) = Eo cos
~

~

with a frequency of w = m/ L. We assume the cavity to be free of matter.

(4.2)

Eo

can point in any

direction, but is taken to be in either the i; or f) directions in the two basis cases. Theses two
cases then form a degeneracy, since each has the same resonant frequency. We will denote the i;
solution with a 1, and the f) solution with a 2. To evaluate the fractional frequency shift, we need
to compute the

a

matrix. First, we find that

(4.3)

March 13, 2011

30

CHAPTER 4. EXAMPLE CAVITIES

Andrew Zimmerman

The terms in

a

can be calculated using the orthogonality properties of sine and cosine, to give

(12E~I<HB
21». )
I<D
.

.

(4.4)

(I<75E-I<)fB)

2

Examining the terms of this matrix we find that we can see that

\

12

12

/\ = "'DE + "'HE·

(4.5)

(3 and ,\ are determined by birefringent SME coefficients, while a is determined by nonbirefringent

coefficients. This indicates that the splitting would not be an interesting experimental effect in this
case, because we already expect any effect caused by birefringent coefficient to be small based on
earlier experiments.

It is interesting to note that the two fields that produce the degeneracy within the Fabry-Perot
cavity differ only in their polarization direction. Splitting between these modes would indicate
some polarization dependent effect as the wave propagates inside the cavity. This is similar to the
expect ed effects of birefringence as the wave propagates across free space, so it is no surprise that
splitting in this case is caused by the birefringent coefficients.

4.2

Rectangular Cavity

Rect angular cavity solutions are similar to the those of the Fabry-Perot cavity. For a rectangular
cavity of dimensions a, band c in the x, y, and z directions respectively, the general expressions for
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the fields are

(m7rX) cos (n7rY)
- b- cos (P7rZ)
d
. (n7rY)
Hy = Hoy cos (-m7rX)
a- sm
- b- cos (P7rZ)
d

Hx = Hox sin - a-

(m7rX) cos (n7rY)
- b- sin (P7rZ)
d
Ex = Eox cos (-m7rX)
a- sin (n7rY)
- b- sin (P7rZ)
d

H z = Ho z cos - a-

. (m7rX) cos (n7rY).
- b- sm (P7rZ)
d

Ey = Eoy sm - a-

(m7rX) (n7rY) cos (P7rZ)
d

E z = Eoz sin - a- sin - b-

(4.6)

[9]. The variables m, n , and p are indices that correspond to integers denoting the mode of the
cavity. In addition to these integers, solutions are categorized as either transverse magnetic (TM)
or transverse electric (TE) when the z-component of the magnetic or electric field is zero. The
various constants is the field expressions are dependent on whether we are looking at a TM or TE
mode and are given

Ey

Ez

Hx

iwmn H
- o;:yr
0

0

pmn 2 H
da,,!2
0

Eo

iwnn E
- -;;::yr0

Ex
iWn7r

TE
TM

-;;::yr-

H

pmn 2
da,,!2

0

Eo

-

pnn 2
db,,!2

Eo

Hy
pnn 2
db,,!2

H

Hz
0

Ho

iwmn E
o;:yr
0

[9]. Here, I is the eigenvalue of a particular solution, I = J(m/a)2

+ (n/b)2.

(4.7)

0

The frequency for a

rectangular wave guide is given by

(4.8)

and for any two solutions in this cavity, we have

(U) =

~ (E~ . Eb + fi~ . fib) abc.
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We can see from the expression for the frequency that there are two types of degeneracies in a
rectangular resonant cavity. One type exists between a TM and its corresponding TE mode, which
we will call a TE/TM degeneracy. The other is a result of two or more of the cavity dimensions being
equivalent. We will refer to this as a dimensional degeneracy. Many degeneracies in the rectangular
cavity will involve more than two modes propagating at a particular frequency. We focus our
attention on a TE/ TM degeneracy, where all cavity dimensions are different, and a dimensional
degeneracy, where one of the indices is zero, resulting in only a TE or TM mode. Both of these are
two-fold degeneracies that are comparatively simple to calculate.

4.2 .1

TE and TM degeneracy

In a rectangular cavity, there is a degeneracy resulting between the TE and TM modes in all cases

except the following; p = O where there is no TE mode, n= O no TM, and m = O no TM. These cases
differ only in relation to the coefficients in 4.7. In each, using the orthogonality properties of
trigonometric functions , we find that
A
_
1 (Ei Ej* 11
D ij - 8 (U) xo xo"' DE

-

i Hj*
11
H xo
xo"'HB

-

i Ej* 22
Ei Ej* 33
+ E yo
yo "'DE + zo zo"'DE

Hiyo Hj*
22
yo"'HB

-

Hizo Hj*
33 ) b
zo"'HB a c.

(4.10)

After some algebraic manipulation this gives,
n, _
L<

-

A(".11
'"D E

~11)
- '"HB

+ B(".22
'"D E

".22)
- '"H
B

+ c(~33
'"DE -

".33)
'"
HB ,

11
11)
22
F( "'DE
33
)
/\\ = D( "'DE
+ "'HB
+ E( "'DE
+ "' 22)
HB +
+ "' 33
HB ,

(4.11 )

where A,B,C,D,E, and F are mode dependent constants. Here again, ex depends on nonbirefringent coefficients, while the terms A and f3 that cause the splitting are dependent on birefringent
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coefficients. As in the case of Fabry-Perot cavity, the difference between the fields in the solutions
that form the degeneracy is similar to a change of polarization, and we are not surprised that any
splitting would be caused by birefringent coefficients.

4.2.2

Dimensional Degeneracy, TE or TM only

We now consider a degeneracy where the fields do not differ by a change in polarization. In the cases
listed in the previous section where TE/ TM degeneracies don't exist, we can consider a two-fold
dimensional degeneracy by considering a cavity with a square cross section. Here, the indices m, n,
and p in the fields for the two solutions are different in each of the solutions, with the two indices
related to the degenerate dimensions changing places. Again using the properties of trigonometric
functions, we find that these integrate to give,

(4.12)
Simplifying this we find ,

n, -

L<

-

A~11
' "DE -

11
B.·
'" HE

22
+ A.·' "DE
-

22
B.·
'" HE'

11
11
22
22
f3 = C "'DE
+ D "'HE
+ C "'DE
+ D "'HE,
12
/\\ = E "'DE

-

F "'HE,
12

(4.13)

where A,B,C ,D,E, and F are again mode dependent constants. This case is much more interesting,
with each t erm consisting of a combination of birefringent and nonbrefringent coefficients. We also
have nonbirefringent coefficients causing splitting. Because of this it could be possible to measure
this splitting experimentally, and possibly a new class of experiments can be designed which use
searches for this splitting to place limits on non birefringent coefficients. This case illustrates the
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effects that have been ignored by the nondegenerate theory.

4.3

Cylindrical Cavity

We now turn our attention to the cylindrical cavity, a more experimentally viable cavity, where
it may be possible to actually carry out a search for splitting between degenerate modes. For a
cylindrical cavity, there are no TE/ TM degeneracies and the solutions in both the TE and TM
cases are similar. Because of this, we will only consider the TM modes. In a cavity of length d, the
fields are given by,
E z -- J m (rmnP )e ±im¢ cos (ln
d z)
_

In

Ex - - dr 2e

±im¢ . (ln z ) (
, (
)
()
. Jm(rmnP) . ( ))
sm d
rmnJm rmnP cos ¢ ± zm
P
sm ¢

In ±im¢ . (lnz) (
, (
. Jm(rmnP)
Ey -_ - dr2e
sm d
rmn Jm
rmn P).
sm ("')
'f' ± zm
P
cos ("'))
'f'

("')
Hx -_ rW2e ±im¢ cos (pnz)
d (.zrmnJm, (rmn P).sm'f'
± m Jm(rmnP)
P
cos ("'))
'f'
W ±im¢
.
, (
Hy -_ r2
e
cos (pnz)
d (-zrmn
Jm
rmn P) cos ("')
'f' ± m Jm(rmnP).
P
sm ("'))
'f'

(4.14)

[9]. Here, rmn = xmn/r where Xmn is the nth zero of the Bessel function and r is the radius of the
cavity. The frequency of the solution is

W

=

vir~n + n 2 / d2 .

A two fold degeneracy results from the choice of sign in this configuration. This requires m

>0

or the degeneracy will not exist. The calculations are quite complicated and not worth displaying
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here. We find, if m

= 1,
Z2 7r 3

0:

2

2

11

22

= d"(4 bmn B + m A)(li:DE + li: DE )
2

W d7r
2
2
11
22
33
+ -4bmn B + m A)(li:HB + li: HB ) + Dli:DE
"(

(3= 0

(4.15)

where A,B, and C are again mode dependent constants, and

0:

and "( are both caused by some com-

bination of birefringent and nonbirefringent coefficients, indicating again possible experimentally
observable effects.
If m

-I-

1, "(

= 0 and there is no splitting. The original nondegenerate solutions are recovered.

We suspect that the off-diagonal elements of

a

are zero in this case, because they are comparing

the two different degenerate solutions which have spins of +m and -m respectively. Since the

Ii:

matrices are spin-2 objects, they can only mix solutions that are separated by a spin difference of
two. This is the case if m

= 1, but not for higher values, causing these elements to go to zero. It is

possible that in the non-minimal SME, which has coefficient matrices with larger spin, there will be
splitting in other degeneracies. In the minimal case, there is no effect from the degenerate theory
in these cases.
One of the cavities most used in experiments are cryogenic harmonic oscillators, CSOs. The fields
in CSOs that are used for experiments are known as whispering gallery modes, which correspond to
waves propagating circularly around the inside of a cylindrical cavity. These can be approximated
by very high m cylindrical cavity solutions [24], so the above discussion shows that these types of
experiment will display no nonbirefringent degenerate effects. Experiments looking for splitting in
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cylindrical cavities must be carried out using fields at lower values of m.
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Conclusions
In this thesis, we have developed and motivated a new framework that allows searches for Lorentz
violation in degenerate resonant cavities to be analyzed. This framework has been developed in the
context of the SME, and is an extension ofno an existing framework for non-degenerate cavities.
The new framework shows that performing the calculation in degenerate cavities can be reduced
to an eigenvalue problem for matrices calculated from the solutions from standard electromagnetic
theory.
Applied to some simple cases, we find that the framework does produce new results in degenerate cavities. In the two-fold degeneracies on which we focused , the new effect is a splitting between
the degenerate cavity modes. In some cavities, such as the Fabry-Perot and TE/TM degeneracy in
rectangular cavities, this splitting is caused by birefringent SME coefficients and would typically be
ignored in an experimental analysis. However, for a dimensional degeneracy in a rectangular cavity
caused by two equal dimensions, or the directional degeneracy in a cylindrical cavity caused by
fields propagating in different directions around the cylinder, it appears that the splitting is caused
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by a combination of birefringent and nonbirefringent terms and may be experimentally interesting.

It seems possible that splitting may be birefringent for degeneracies caused by performing a transformation switching the electric and magnetic fields in the solution, although we do not a have a
constructive proof of this. In both the Fabry-Perot and rectangular cavity degeneracy between TE
and TM modes, this seems to be the case. It makes sense that such degeneracies would be related
to birefringence.
In the context of current or previous experiments, the new degenerate framework does not have

an immediate effect. Most currently used cavities are nondegenerate. Even considering the two
most common cavities, Fabry-Perot and esos, completely idealistically, we find that the splitting in
Fabry-Perot cavities is caused by birefringent t erms, and the whispering gallery modes propagating
in esos are equivalent to high frequency cylindrical modes that show no splitting. Despite this
fact, we hope that this framework will be used to motivate new experiments in degenerate cavities.
We propose a new experiment performed in the degenerate mode of a cylindrical cavity with m

= 1,

in which the splitting between the degenerate modes of the cavities is measured in an attempt to
place new limits on the nonbirefringent coefficients in the photon sector of the SME.
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Appendix A

Electrodynamics of Resonant
Cavities
A resonant cavity consists simply of a hollow conductor. The hollow section can either contain a
vacuum, or be filled with some dielectric material. The conducting walls of the cavity can take on
any shape, though rectangular, cylindrical, or spherical cavities are the most often discussed and
used because they are theoretically simple. Resonant cavities are generally discussed in undergraduate courses in electrodynamics, and are simple to understand with basic electromagnetic theory.
Throughout this section, the methods of Griffiths will be used [8].

A.I

Theory

The maxwell equations can be used to deduce boundary conditions for electric and magnetic fields
near conductors. For perfect conductors, no electric or magnetic fields exist inside the conductor.
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This is the result of the perfectly mobile charges within the conductor moving to create a surface
charge distribution and surface current which cancel the incident electric and magnetic fields. For
a perfect conductor this condition holds even for time varying fields such as those involved in
electromagnetic waves. If we denote the surface charge density by
the outward pointing normal of the conductor by

~,

the surface current by K and

n, can denote the boundary conditions enforced

at a conductor as

n·15 =

n x i1 = (47l'jc)K

47l'~

n x E = O.

n·13=O

(A.l)

These boundary conditions tell us that only perpendicular electric fields and parallel magnetic fields
can exist near a conductor. Together with the condition that the fields be zero inside the conductor
itself, this is the condition that will allow us to solve the problem of resonant cavities.

A.I.1

Wave Guides

To find the form of the electromagnetic fields in a resonant cavity, we first find the solution in
a waveguide. We then can extend this solution to a resonant cavity by adding the additional
constraint of closing the ends of the wave guide with conducting caps. We consider a wave guide
with constant cross sections and orient the z-axis to point down the axis of the guide. An example
of such a guide is a hollow cylinder with its axis aligned with the z-axis.
Inside of a waveguide, electromagnetic waves are governed by Maxwell's equations. Assuming
that our fields have sinusoidal time dependence e- iwt , as we would expect, these become

'9·E = O

'9 x E = iw13

'9·13 = 0

'9 x 13 = -iwE.
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Taking the gradient of the two equations of the left of A.2 and adding them to the curl of the
corresponding equations on the right , we can achieve through some simple algebraic manipulation

(A.3)

Because we expect our solution to be in the form of waves traveling along the axis of the wave
guide, we assume a sinusoidal z-dependence, e±ikz, for some constant k , the wave number of the
solution. This allows us to rewrite equation A.3 as

(A.4)

We will call the constant terms in this expression), 2
Using our fields of the form, E

= w2

-

k2 .

= E(x,y)e±ikz-iwt, we can express the y and x components

of the fields in terms of the z-components by substituting the fields into the Maxwell equations,
producing,

E = ~(k 8Ez
x
), 2
8x

+w

8B z )
8y

E =~(k8Ez_w8Bz)
y
),2
8y
8x
B = ~(k 8B z
x
),2
8x
B = ~(k 8B z
Y
),2
8y

_
W

+W

8Ez )
8y
8Ez )
8x .

(A.5)

From these we can see that if we can solve for the z-components of the fields we have finished the
problem. All other components can be calculated from E z and B z . We can solve for these using
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the z-component of A.4,

(A.6)

From these equations and our boundary condition, we can solve for the field configuration in
any waveguide. Each solution will have an associated eigenvalues, Ai, which will relate to the
wavenumber of the particular solution as kr

=

w2

-

Ar. This means that the wavenumber is only

real, and the wave can only propagate in a given mode if w > Ai' This defines a minimum cutoff
frequency for each solution to exist in the cavity.

A.1.2

Resonant Cavities

Now that we understand wave guides, resonant cavities are very simple extensions. To form a
resonant cavity we put two perfectly conducting caps on the end of a length of waveguide. In
general, and in the case that we will consider, these caps are perpendicular to the axis of the wave
guide. This case is very similar to the case of the rectangular waveguide. We now have equivalent
boundary conditions at z

= 0 and z = d, where d is the length of the cavity. As in the waveguide,

this implies a sinusoidal solution for the z dependence,

E z = A sin kz

+ B cos kz

B z = Csinkz

+ D cos kz,

(A.7)

where A, B, C, and D are functions of x and y. From our boundary conditions we find that Bz must
be zero at z

= 0 and z =

must be zero at z

d, requiring D

= 0, and that the electric fields parallel to the end caps

= 0 and z = d, requiring A = O. In both cases k is given by the new constraint
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equation
p

= 0, 1, 2, ...

(A.S)

The frequency of each solution is now required to have a specific value for any given solution to
propagate,

(A.9)
where Ai is derived by finding the waveguide solution of the cross section. Degeneracies occur when
two solutions in a resonant cavity propagate at the same frequency.
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