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Abstract 

The theoretical lifetime of para-Positronium is calculated using Feynman rules. 

Relativistic quantum mechanics is discussed. This is accompanied by an intro

ductory level treatment of classical and relativistic propagator theories with the 

intention of narrowing the gap between relativistic quantum mechanics and quan

tum electrodynamics, from which the Feynman rules are derived. The Feynman 

rules are applied to the two possible first order annihilation Feynman diagrams 

of p-Ps. We obtain a lifetime of 1.25 x 10- 10 s for a free Ps. The dependence 

of the lifetime of positronium on electric field is calculated indirectly by finding 

the electron-positron overlap integral for Ps placed in electric field. We show that 

the overlap integral decreases in proportion to E2 for electric field values below 

0.01 a.u. Our simulation is done using the Path Integral Monte Carlo (PIMC) 

technique which has been used with success in previous computational studies of 

Ps. 
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1 Introduction 

1.1 Historical introduction 

The first hint of the presence of a particle with the same mass as the electron but 

opposite charge came with the formulation of the first relativistic wave equation in 

1926, by Oskar Klein and Walter Gordon [3]. One of the solutions of the equation 

predicted the presence of a free particle with negative energy. This was considered a 

weakness of the equation as there was no explanation for negative energy free particles 

at the time. The rewriting of the relativistic equation by Paul Dirac in 1928 to account 

for the presence of spin [11] did not remove this behavior of the equation. Dirac was 

the first physicist who believed that there is a physical explanation to the negative 

energy solution. 

To explain the negative energy states, Dirac came up with what is called the "Dirac 

hole theory" [8]. According to this theory, we are surrounded by a vacuum filled with 

negative energy free particles we cannot detect. Dirac also suggested a presence of a 

positive particle corresponding to a hole in the negative sea of electrons. The absence of 

a single negative energy electron from this vacuum produces a hole in the vacuum. This 

hole would function as an ordinary particle with positive energy and positive charge. 

This was the first prediction of the presence of a positively charged electron. His 

interpretation of the negative energy free particle states was later modified by a more 

convincing interpretation by R. Feynman and E.C.G. Stuckelberg. They reexpressed 

the negative energy states as representing a new particle of positive energy[8]. This 

replaced the awkward interpretation of there being "a sea of negative energy electron." 

The discovery of positrons in cosmic rays in the 1932 by C.D. Anderson put Dirac's 

theory in a firm ground. Anderson noticed that the highly energetic photon from the 

shower of cosmic rays he was observing in a cloud chamber would sometimes sponta

neously convert into two particles of the same mass but opposite charge. The particle 

of positive charge was as predicted by Dirac's relativistic wave equation. It had the 

same mass as the electron, but was oppositely charged. 
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1.2 Positron-electron interaction and formation of positronium 

In addition to his discovery of a positively charged particle of the same mass and 

opposite charge as the electron, Anderson noticed that the two would then sometimes 

come into contact again and disappear with releasing an equivalent amount of energy 

in the form of photons. The process is called annihilation. Anderson's observation 

was the first of this process. When a high energy positron comes close to an electron, 

the two interact electromagnetically with the releasing of gamma rays. In the process, 

momentum, charge, and energy are conserved. In the vicinity of an atom, a photon 

can undergo the opposite process of pair creation where a positron and an electron are 

created from a single photon. 

Photon • Nucleus Nucleus 

Before After 

Figure 1: Pair creation of a positron and an electron. This process happens 
only in the vicinity of an atom 

Figure 2: A positron annihilates with an electron giving off gamma rays. 
Here, the two lowest order Feynman diagrams for the possible ways of 
interaction are shown. 

Interestingly, despite the tendency of the particle and antiparticle to annihilate, 
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they can be made to form a bound state. The formation of a bound state happens if 

the positron is slowed down to a low velocity in a vicinity of an electron. It then is 

drawn to the electron by their mutual electrostatic attraction. Instead of annihilating, 

they form a stable "atom" called positronium. Positronium is much like hydrogen 

with a reduced mass of 0.5 a.u. and radius of 2 a.u. It has two spin states of I = 0, 

a singlet (antiparallel spin) , para-positronium (p-Ps) , and a triplet (parallel spin) , 

ortho-positronium. Positronium has a very short lifetime of about 10- 10 for para

positronium and even a shorter one for ortho-positronium (Rate calculated in section 

6). It annihilates with the production of an even number of photons in the case of p-Ps 

and an odd number in case of o-Ps. The existence of positronium was predicted by 

Mohorovicic in 1934. It was subsequently discovered by Deutsch in 1951. 

1.3 Where do we get positrons from? 

One natural way to produce positrons is to use radioactive substances such as 22Na. 

When a radioactive nucleus decays via beta (+) decay, a positron is produced. 

N 22 N 22 + -a --+ e + e + v + r(1.27MeV) ' (1) 

It is also possible to use high energy electrons to produce positrons by slamming them 

into heavy metal targets. Electrons are accelerated to about 100MeV, 600p,A using 

linear accelerators. Upon hitting the target, they interact with the heavy nuclei to 

produce electron positron pair. This process is called Bremsstrahlung. 

1.4 Positronium in materials 

Positronium formation occurs in non-metallic solids and liquids. It has a lifetime char

acteristic of the size and shape of the cavity in which it settles. This behavior is used to 

obtain information about polymers, liquid crystals, solid-solid and solid-liquid transi

tions, and molecular crystals. Positrons are shot at these materials where they interact 

with electrons. The positron sometimes combines with an electron to form positron

ium, which then decays to gamma rays in self annihilation. The decay rate is increased 

by the interaction of the positron with an electron other than the one it is bound to in 
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the process called "pick-off annihilation" . 

Information about transition from one phase to another of a material shows up as 

abrupt change in lifetime of the positronium. Different cavity sizes in the same material 

manifest as different lifetime components in the gamma ray spectrum as in Fig. 4. 

10,,..----------------, 

s 

o 200 ~(){) 600 00 1000 
froe' vol urn" (J,.~) 

Figure 3: Annihilation rate plotted against cavity size. As Cavity size 
increases, the annihilation rate decreases, since the overlap between the 
positron and electrons of the material decreases. [13] 

Positronium annihilation is also used to study the effect of crystal imperfections or 

impurities. Positron microbes are used for either spot analysis or in scanning mode to 

provide a three-dimensional map of defect concentrations in thin films. High current 

beam and positron microprobe provide high data rates while detecting and identifying 

depth-dependent concentrations of vacancies, voids, gas-filled voids and other nega

tively charged defects at typical depth and lateral resolutions of less than 0.1 micron 

[15]. The development of this high intensity microprobe (see Fig. 5) is currently taking 

place at LLNL (Lawrence Livermore National Labratory) . The information obtained 

this way is invaluable when choosing a material for a specific purpose. One of the 

major centers for material probing using positrons is at LLNL, where this method is 

employed to improve the quality of nuclear reactor shields . 

1.5 Annihilation rate calculation 

Calculating the rate of annihilation of positronium can be done using propagator theory. 

This is our task in this thesis. We will use the relativistic propagator theory to calculate 
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Figure 4: The fit to the lifetime data exhibits different time constants. 
Each is a lifetime corresponding to a different cavity size in the material 
[24] 
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Figure 5: A schematic of Microprobe used to find defects in thin films. [15] 

the rate of annihilation of positronium. We will start with nonrelativistic scattering 

and propagator theories (to later generalize them to relativistic theories). Instead of 

dealing with scattering theory straightaway, we will first study the behavior of light 
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and matter. This will contribute to our understanding of the transition from matter, 

Ps, to light as described by scattering theory. 

Relativistic propagator theory requires a treatment of the relativistic wave equation 

of matter. To this end, we will discuss Dirac's relativistic wave equation, preceded by 

the Klein-Gordon equation (which was the first relativistic wave equation) . The KG

equation is covered mostly for the purpose of facilitating the discussion of Dirac's 

equation. We will therefore familiarize ourselves with the relativistic wave equation 

and its solutions by studying the KG equation. The development of Dirac's theory 

then follows by drawing a parallel with the KG equation. Dirac's equation will then 

be used to develop relativistic scattering theory and formulate propagator equations 

based on our knowledge of the nonrelativistic counterpart. 

We should note that Dirac's equation is difficult to solve for positronium. This is 

because of the identical mass of the two particles positronium is composed of. Since 

the two particles have the same mass, the simplifying approximation where one is a 

fixed source of potential field and the other is moving in this field , would not work. 

In Hydrogen, the electron is weightless compared to the nucleus and hence such an 

approximation is a very accurate one. To solve the differential equation for positronium, 

we would have to consider a potential field that depends on the coordinates of the two 

particles at the same time. This complicates things greatly. Therefore, the treatment 

of Dirac's relativistic equation is presented in this thesis not to solve for the bound 

sates of Ps, but instead as a prerequisite for the full development of the relativistic 

propagator theory later in section 5. The calculation of the rate of annihilation for 

positronium is done by considering the positronium particles as a Dirac fields that gets 

propagated to the future into photonic states. 

Feynman introduced diagrams representing interactions between elementary parti

cles to help us figure out the possible ways a transition can happen from one set of 

states to another (see Fig. (2) for an example of such diagrams). We can apply propa

gator theory to each diagram to find out the probability of a transition represented by 

the diagram. There is usually multiple paths for a transition from one set of states to 

another. Each "path" is represented by a different Feynman diagram. We are usually 

faced with an infinite number of possible diagrams. Fortunately, the more complicated 
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the diagram gets, the less contribution it has in the transition rate calculation and can 

be ignored in comparison to the lower order , less complicated diagrams. 

1.6 Stark effect in positronium 

In addition to annihilation rate, we will calculate the polarizability of positronium clas

sically. This is done by using second order correction to the Hamiltonian of positronium 

in the Schrodinger wave equation, following the rules of nonrelativistic quantum me

chanics. The solution to the equation is used to calculate the ratio of the "Internal 

contact density", "", with an electric field to that without electric field (the theory is 

outlined in detail in section 7). This gives us a sense of how much the positronium is 

being pulled apart by the electric field. 

1. 7 Computational methods 

Computer simulations of positronium are done by using Path Integral Monte Carlo 

(PIMC) procedure. This method comes about as a result of Feynman's path integral 

formulation of the canonical density matrix for positronium[20j . This formulation , 

where the positronium is represented by discrete points, gives a partition function for 

positronium which is the same as the partition function for a polymer composed of two 

chains of atoms. This means that it is possible to calculate statistical observables of 

positronium by representing it with two chains of beads. In PIMC, each particle in the 

positronium is represented by a chain of beads. The two chains interact via Yukawa, 

or Pollock propagators to form Ps. 

The two chain positronium is made to interact with the electronic potential of the 

cavity in a material 1. The rate of annihilation, the overlap between the electron and 

positron, and the overlap between the electrons from the atoms of the material and the 

positron can then be calculated (We will see how PIMC enables us to do this in section 

7.2). 

IThe potential from the cavity can be calculated using Density Functional Theory (DFT) [16] or 
by Hartree Fock Self Consistent Field method (HFSC) [17]. 
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Figure 6: In PIMC, a positron and an electron are represented as chains 
of beads. This is "isomorphic to a discretized Feynman path integral" of 
positronium. [20] 

2 Propagator Theory 

Our calculation of the rate of annihilation for positronium will be based on relativistic 

scattering theory which we will develop in a later section. It is customary to discuss 

the nonrelativistic scattering theory first for a better and quicker understanding of the 

relativistic generalization. We will summarize the important concepts and steps that 

will help us fully understand nonrelativistic scattering theory. The discussion may not 

always be thorough but concise. 

We begin with Green's function (to be defined in the next section). A Green's 

function can tell us how an initial probability amplitude function evolves in time and 

space. We start out with a particle wave in space-time. This is propagated forward 

(in most cases) in time to a final wave using Green's function. The final wave is then 

used to calculate expectation values of observables. In particular, we are interested in 

calculating the probability for a wave to scatter off of a target into a particular state. 

Nonrelativistic scattering theory involves the scattering matrix. The scattering 

matrix and the scattering cross section of the target are used to calculate transition 

probabilities and transition rates. The scattering cross section is defined as the region 

of influence of the target. If our particle happens to pass through this "region of 
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influence," it will be affected by an interaction force from the target. A relativistic 

generalization of this formalism will be developed later in this thesis. 

2.1 Green's function 

So how do we define Green's function? How is it used to figure out how a wave 

evolves in space-time? A relativistic generalization of Huygens principle states that 

if a wave originates at a point (x, t) in space time, then its shape at a later point 

(x', t') can be deduced by regarding every spatial point x between the starting point 

and the destination as a source of a spherical wave. We assume that the intensity of 

the wave, which emerges from x and arrives at x' at time t', to be proportional to 

its wave amplitude at x. We take the proportionality constant to be iC(x, t; x, t) (We 

will represent this simply as iC(x' ,x) , in general we will use the shorthand (x) for the 

variables (x , t)). This means that Huygens principle can be expressed in the following 

form: 

1jJ(x'; x) = i J d3xC(x'; x)1jJ(x) (2) 

t' > t. The function C is known as the Greens function or propagator. Greens function 

can take us forward as well as backwards in time. The functions used to do these are 

called the retarded Greens function and advanced Greens function respectively. They 

are defined as 

{
C(X'. x) 

C+ (x' ; x) = 0 ' 
for t' > t; 

(3) 
for t' < t; 

, {-C(X,; x) 
C-(x ;x) = 

o 

for t' < t; 
(4) 

for t' > t; 

where C+ is the retarded function and C- is the advanced function. Using equation 

(3), equation (2) can be written as 

B(t' - t)1jJ(x') = i J d3xC+(x';x)1jJ(x) (5) 
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B(t - t')1jJ(x') = -i J d3xG-(x';x)1jJ(x) (6) 

Where B is the step function. 

How do we calculate the Green's function G for an arbitrary system? It is hard 

to do. One way is this: we first calculate the free-particle Green's function and use 

this and perturbation theory to calculate the Green's function G. So the next thing 

we want to do is obtain an expression for Green's function in terms of the free Green's 

function. 

Let's assume that we have a wave that originated from a wave packet in the distant 

past and is scattered once at the potential V(XI' td during the time period ~tl. The 

final wave is the incoming wave before interaction with the potential plus a delta wave 

which accounts for the change due to the interaction with the potential, V. The incom

ing wave is first calculated using the equation for the free Green's function (equation 

2). The mathematical procedure to find this final wave is not too complicated [14, 12], 

2 and it leads to the relationshiop; 

1jJ(X) cjJ(x) + ~1jJ(x) 

cjJ(x) + J d3xI~tl Go(x', t'; Xl, tdAV(XI, tI)cjJ(x) 

i J d3XI ( ~tIGo(X'; X) + J Go(X', t'; Xl, tdAV(XI, tl)Go(XI, tl; X, t)) cjJ(X) 

where 1jJ is the final wave, cjJ is the freely propagated wave, ~1jJ is the change in the 

wave after interaction. Comparing this with equation 2, we can identify the expression 

in the brackets as the propagator G(x, t; x, t): 

If we switch on the potential many times (multiple scattering events), the Green's 

function that relates the final wave function to the original wave function takes the 

2See Greiner and Reinhardt, Quantum Electrodynamics, p. 7 [14]; or Bjorken and Drell, Relativistic 
Quantum Mechanics, p. 79 [12]. 
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G(X'; x) Go(X'; x) + L J d3xb.tiGo(X'; Xi)V(Xi)Go(Xi; x) 
~ 

+ L d3xib.tid3Xjb.tjGo(X'; Xi)V(Xi)Go(Xi, Xj )V(Xj )Go(Xj, x) 
i,j ;t; >tj 

+ 

(x ,-t) 

x 

Figure 7: Multiple Scattering events. The particle is scattered from po
tentials at different points in space-time. 

In the limit as b.t goes to zero, the summations change to integrals. It is possible to 

write down a closed expression for the Green's function. This is achieved by summing 

the above series, which leads to 

(8) 

where we have assumed that t' > t and used the definition of the retarded Green's 

function in equation 3. This is called the Lippmann-Schwinger equation. Using this 

expression, we can write a condensed form of the final wave in terms of propagators 

3Here, we are missing out a slightly tedious mathematical derivation, which the reader can look up 
in the books of ref. 2 on pages 9-10 and 81 respectively. 
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[14, 12], 

1jJ(X) tE~oo i J d3xC+(x'; x)</J(x) 

</J(x) + tE~ooJ d4x 1Ct(X',xdV(xdi J d3xC+(x';X)</J(X) 

Hence we finally have, 

(9) 

Where the last term in the last line represents the scattered wave. 

2.2 Calculating the Green's function 

To find an explicit expression for the retarded Green's function, we first form a dif

ferential equation Green's function satisfies. We can do this by applying the operator 

(i eft, - H (x')) equation (6). After some algebra, we obtain a differential equation of 

the form, 

[i ~, - H(X')] B(t' - t)1jJ(x') =i<5(t' - t)1jJ(x') (10) 

=i J d3x [i ~, -H(X')] C+(x';x)1jJ(x) (11) 

This indicates that 

Equation (12) is used to find Green's function in terms ofthe solutions ofthe Schrodinger 

equation. The result is 4 

C+(x';x) = -iB(t' - t) L 1jJn(x') 1jJ~(x) (13) 
n 

4The complete derivation leading to this result is given in Greiner and Reinhardt, Quantum Elec
trodynamics, p . 25-28 [14] . 
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holds for Green's function, where the 1fJ(x) 's are solutions to the Schrodinger equation 

and satisfy the completeness relation. 

2.3 Application to Scattering Problems: 

In the distant past, the wave is a solution of the Schrodinger equation for free particles 

because there was no potential field. As soon as the potential field is turned on, a new 

wave originates from the free wave at the instant of interaction. In the distant future, 

the exact wave evolves through the interaction of the original wave with the potential 

field. Using equation 9, this set of processes is written as , 

1fJ+(x) = tE~oo i j d3xG+(x';x)¢(x) (14) 

= ¢(x) + j d4xl Gt(x';Xl)V(xd1fJ+(xd (15) 

The 1fJ+ (Xl) appearing in this equation is the exact wave at time tl that originates 

from the initial wave packets and 1fJ+(x)is the exact wave function that the incoming 

wave gives rise to in the long run. 

If the potential starts out from zero, increases to some maximum and eventually 

dies off (which is the case in particle-particle interactions), then it is true that the exact 

wave scatters into free final states, i.e. the final states are plane waves. The probability 

amplitudes are elements of Heisenbergs scattering matrix or S-matrix. 

8fi = lim (¢f(x, t) l 1fJt(x, t)) (16) 
t'->oo 

= lim jd3X'¢j(x,t)1fJt(x,t) (17) 
t'->oo 

=o3(kf - ki ) + lim jd3X'd4x¢j(x' ; t')Gt(x'; x)V(x, t)1fJt(x, t) (18) 
t'->oo 

Hence, we are able to find the scattering matrix by the help of the Green's function. 

This formalism will enable us to find the scattering matrices for different quantum pro

cess and will make it possible for us to calculate transition probabilities and annihilation 

rate, which we will show to be closely related to the scattering matrix. 

17 



2.4 Scattering Cross Section 

Here we deal with particles scattering offof soft targets. The target is soft means 

that it is not a simple case of hit-or-miss, but rather the closer you come the greater 

the deflection. The cross section depends on different factors. These include type of 

particles involved, the outgoing particles. The faster an incoming particle is, the 

easier it is to cross the target . Hence the cross section depends on the velocity of 

the particle. As the velocity increases, the cross section decreases and vice versa. 

This behavior is dramatically altered in the neighborhood of a resonance, an energy 

at which the particles involved like to interact, forming a short-lived semibound state 

before breaking apart. 

If a particle comes in with an impact parameter (the distance between the trajectory 

of the particle and the target) between band b + db, it will emerge with a scattering 

angle between Band B + dB. In other words, if it passes through in an infinitesimal area 

dO" , it will scatter into a corresponding solid angle do'. The proportionality factor is 

called the differential scattering cross section, D: 

dO" = D(B)do' 

From figure 8, we see that [8] 

Figure 8: An incoming particle interacts with a target and is scattered 
into a solid angle drl in phase space 

dO" = 1 bdbd¢ I, do' =1 sin BdBd¢ 1 
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And hence 

D(e) = d(J = _b_ (db) 
dO sine de 

(21) 

Suppose now we have a beam of incoming particles, with uniform luminosity L, where 

luminosity is the number of particles passing down the line per unit time per unit area. 

Then dN = Ld(J is the number of particles per unit time passing through area d(J , and 

hence also the number per unit time scattered into solid angel dO [8]: 

dN = Ld(J = LD( e)dO 

d(J = D( e) = ~ dN 
dO LdO 

2.5 Scattering matrix and the differential cross-section 

(22) 

(23) 

Now it is time to see how the scattering matrix, the differential cross-section, and the 

rate of scattering of two particles are all related. 

First we break the incoming and the outgoing waves into spatial and time parts, 

assuming that the potential does not vary with time. We also want both the incoming 

and the scattered waves to be free particle waves. This means that the potential has 

to be turned on at some point in between. This conflicts with the assumption that the 

potential is independent of time. Instead of imposing this restriction, we can turn on 

the potential at the beginning of the scattering and turn it off after the interaction has 

taken place. The turning off and on of the potential must be slow to avoid unnecessary 

perturbation in our wave. It also has to happen in as short period of time as possible so 

that the requirement for a constant potential is satisfied. The following set of equations 

shows how the scattering matrix is related to D and hence the rate of annihilation. 

Definition: 

(a ITlb) 

¢(x, t) 

'ljJ+(x, t) 

J d3x¢:(x)V(x)'ljJt(x), 

¢a (x)e -iwat 

'ljJb( x)e -iWbt 
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where 1jJ+(x, t) is the scattered wave and ¢(x, t) is the incoming wave. Then, 

(24) 

This is the scattering amplitude written according to equation (16). Now we will see 

how the T-matrix (hence the S-matrix) is related to the differential cross-section. The 

case of importance is one where we ask, how likely is it for transition to occur to one 

of a number of closely packed states. Assuming that the density of the states in the 

energy space can be expressed as, 

p(b ) dEb = np(b )dWb (25) 

We have, 

dP(a -+ b) 

P(a -+ b) 

where T is the length of time the wave function is allowed to evolve, and 

o t < T 

g(t) = 1 0 < t < T 

o t> T 

Within time t, the wave function has time to evolve into only a very narrow neighbor

hood of Wb. Hence, we get 

21f1 A 12 P(a -+ b) ~ Ii: (b l T la) p(b)T (26) 

5Note: So long as a i= b, (al 5 - 11 b) = (al 5 I b) . 

20 



The approximately equal sign holds because the integrand is sharply peaked around 

Wa -Wb and only the states in this narrow frequency range contribute to it. The density 

of states for such a narrow range of frequencies can be approximated by the value of 

the density function at the frequency Wb , i.e. p(b). We then have, 

P (a -----+ b) 27r 1 ~ 12 W(a -----+ b) = T = h (b l T I a) p(b) = rate at which transition occurs. (27) 

And hence, 

27r 1 ~ 12 r = dN = LdrJ = W = h (bl T la) p(b) (28) 

This relates the transition rate, the differential cross-section and the S-matrix. 
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3 Relativistic Quantum Mechanics I: The Klein Gordon 

equation 

Now it is time to start thinking relativistically. The Klein Gordon (KG) equation 

describes a particle of spin zero. Even though it is not the appropriate equation for 

positronium, it will help us to see the motivation for Dirac 's equation, and will prepare 

us for the somehow more difficult interpretation of the solutions for Dirac's equation. 

We use Einstein's notation in the development of the theory. The reader can consult 

any introductory relativistic quantum mechanics book to review this notation. 

3.1 The equation 

In analogy with Schordinger's equation, the KG equation can be written as, 

(29) 

The 0 stands for the four vector momentum operator in space-time. In Einstein's 

notation, 

(30) 

(31) 

Where, pf.t = iOf.t and J-l runs from 0 to 3 (0 -----7 t ; 1, 2, 3 -----7 X, y, z). Therefore the 

equation is a rearrangement of the Scrodinger equation for a free particle in such a way 

that time and space are treated on equal footing. To see this , let's start with the usual 

Schrodinger equation. 

(32) 

Now, E = Jm2 + p2 in relativistic mechanics and so the Hamiltonian contains oper

ators an operator under square root. We are left to deal with operators under square 

root. This is tedious and we don't know how to manipulate these easily without making 

approximations. Gordon and Klein proposed to solve the equation by squaring both 
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sides of the equation first. Then, 

Replacing H with E, 

(m2 + p2)'lj; = -85'lj; 

=? (m2 + p2 + (5)'lj; = 0 

In operator notation, this becomes, 

(m2 + O) 'lj; = 0 

Which is the KG equation. 

(33) 

(34) 

So we have formed a relativistic version of the Schrodinger equation for a free par

ticle. The KG equation is covariant . This means that it is invariant under lorentz 

transformation. This follows because the p/-lp/-l term is invariant under transformations 

(magnitudes of 4-vectors are transformation invariant). Now we need to modify the 

KG equation a little to have a generalized equation for a particle in an electromag

netic potential. This is accomplished by following the classical treatment of the same 

problem. We remember that in the classical case it was proved that when electric and 

magnetic fields are turned on, the mechanical momentum changes into a momentum 

that takes into account the momentum of the fields [27]. Here, the relativistic scalar 

and vector potentials form a four vector[8]. Hence, we have 

(35) 

This gives, 

(36) 
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If we expand out the product, we get 

[0 + m 2 + U(X)] 1/J(X) = 0 (37) 

Where, 

(38) 

Equation (38) is the general form of the KG equation. 

3.2 Conserved norm 

One aspect of reality that we cherish is conservation of some physical quantities. It 

would be a shame if our nice relativisitic equation did not produce the same conservation 

principles that we come across frequently in physics, as the classical equation does. To 

see that it does, we look for a quantity that is associated with the equation and whose 

divergence is zero. Let's start with the following set of equations which follow directly 

from equation (37) 

1/J;(0+m2+U) 1/Ja 0 

1/Ja(O + m 2 + u*)1/J; 0 

Subtracting the second from the first, we get 

Now, suppose 
...... 

j/.i = 1/J; 0/.i 1/Ja + 2iA/.i1/J;1/Ja (40) 

Then 

(41) 
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Evaluation of equation (41) gives the left hand side of equation (39). This implies that 

the expression in bracket has no divergence in 4-space. i.e. 

(42) 

Where 

(43) 

is the conserved current. Integrating over all space, we get 

(44) 

If a = b, equation (44) is the conserved norm for the sate a. This differs from the 

nonrelativistic conserved norm, which is the inner product of the state with itself. 

3.3 Free particle solution 

From classical quantum mechanics, we know that the free particle solution for the 

Schrodinger equation is a plane wave, 'IjJ(x, t) = e-*p·x-Et. Analogously, the free 

particle solution for the KG equation can be written as, 

Inserting this in equation (29), we obtain 

Which gives us, 

-rPM +m2 = 0 

=? E2 _ p.p = m 2 

( 45) 

(46) 

We notice that both positive and negative free particle solutions are admissible unlike 

the solution for free particle Schrodinger equation, where only positive energy solutions 
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appear. This was considered unacceptable at first, and led scientists to either ignore the 

negative energy solution or to seek a reinterpretation. The latter led to the prediction 

of a particle with properties described by the reinterpreted solutions. Also, it is useful 

to notice that the solutions do not accommodate the concept of spin. The equation 

thus describes only spinless particles as mentioned before. 

3.4 The two component form of the KG equation 

We have a relativistic equation for a spinless particle. A good task now would be to 

rewrite this equation in a different form. That form will be first order in time. This is a 

big advantage because we can do calculations concerning these particles using familiar 

methods that apply to , for example, the nonrelativistic Schrodinger equation, such as 

perturbation calculations. Also, we can make easy connections with the nonrelativistic 

limit when we wish. 

This is doable using the usual procedure to change second order differential equa

tions into first order differential equations. We consider the function and its first time 

derivative as independent variables. We start out by defining two equations for new 

functions 'I/J+ and 'I/J- determined from 'I/J and ~~ by 

1 (.a 0 ) 'I/J+ =-- z- - V + m 'I/J 
J2m at 

( .a 0 ) 'I/J- = J2m -z at + V + m 'I/J, (47) 

Where we have defined the potential as Vft = (VO, V). This leads to the relationships, 

'I/J 

. a'I/J 
z
at 

Differentiating equations (47), we have, 
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Putting all these together, we get 

(p_V)2 
2m 

-m + VO _ (p _ V)2 
2m 

)( ~: ) (48) 

This is similar to equation 37 with a 2 x 2 matrix hamiltonian and a two component form 

solution. We can use this experience of working with a matrix form for a Hamiltonian 

to help ourselves understand the Dirac equation better, which has a matrix form for 

a Hamiltonian to begin with (see section 4.1). Written in a more concise manner, 

equation (48)has the form [10] 

0) (p - V)2 . } + 2 ZT2 1fJ 
1 m 

(49) 

where Ti are the P auli matrices (given in the appendix). The free particle solutions to 

equation (48) have the form 

1fJt = ( X( r) ) ei(k.r=r=Et). 

17(r) 

Plugging equation (50) into equation (48), we obtain, 

1 ) ei(k.r-Et) 
_ k 2 

(E+m)2 

) e - i(k.c - Et) 

(50) 

(51) 

(52) 

After rearranging the KG equation, we came up with an equation first order in time. 

But in doing so, we have lost a simplicity of the solution in the previous case. We now 

have matrix solutions whose components we need to make sense out of. 

Equations (51) and (52) are telling us that there are particles of negative energy 

of the same properties for every particle of positive energy. The interpretation of the 

negative energy solutions is discussed in section 4.3. 
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3.5 Nonrelativistic limit 

For the sake of completeness and a better understanding, though it does not assume the 

main purpose of my thesis, we will show how the KG equation can be reduced to the 

Schordinger equation in the nonrelativistic limit. In this limit , the mass of the particle 

is larger than all momenta and energies (more explicitly, when v < < c the rest mass 

energy mc2 is much bigger than all the other terms in the total energy expression). 

Using equation 48 and substituting a solution of the form 

1jJ(r, t) = ( x(r) ) e-iEt 

ry(r) 

we obtain an equation of the form 

(p V)2 (p V)2 
Ex(r)=(m+Vo+ - )x(r)+( - )ry(r) 

2m 2m 
(p V)2 (p V)2 

Ery(r) = (- - + -m + VO)ry(r) - - )x(r) 
2m 2m 

(53) 

The rest-mass energy is only of interest in relativistic calculations. In this particular 

case, we subtract this term from the total energy to obtain the classical energy term, 

T = E - m. Using this, the above expressions can be rearranged to give, 

(p V)2 (p V)2 
Tx(r) = (Vo + - )x(r) + (- )ry(r) 

2m 2m 

(2m + T)ry(r) = (- (p ~mV)2 )x(r) + (Vo - (p ~mV)2 )ry(r) (54) 

From equation (51), we see that the positive energy solutions satisfy the relationship 

ry(r) = (E+~~~x(r) ' Now divide the second equation of (54) by 2m and take the limit 

as m -----+ 00. The second and last term go as m-4 and m-3 respectively and can be 

ignored compared to the first term which goes as m- 2 . T 12m can be ignored as well 

since T « m. This gives, 

(p - V)2 1 
ry(r) ~ - 2 x(r) + 3("') 

4m m 
(55) 
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Substituting this result in the first equation, we obtain 

Tx(r) = (_1 (p _ V)2 + VO - ~(p - V)4) x(r) 
2m 8m 

(56) 

This looks like something we have come across in undergraduate physics! Then the 

Schrodinger equation with the relativistic correction term appears. This is the only 

correction we get for a spin zero particle. 

In summary, in this section, we started out with the Schrodinger equation and, 

using Einstein's definitions of energy instead of Newtons, obtained a relativistic wave 

equation. We solved this for a free particle. We then saw that we can rewrite the 

equation in a two component form and obtained two component form solutions. In the 

limit that the speed is nonrelativistic, we showed that the KG equation turns into the 

Schrodinger equation, as expected. A similar, briefer, development will be applied to 

Dirac's equation to see its full meaning and understand its implications. We will then 

use it in the derivation of relativistic propagator theory. 

The most important things to note from this section are that relativistic equations 

are Lorentz covariant, have a matrix hamiltonian, have vector solutions, and they 

predict the existence of an antiparticle with "negative energy," whose interpretation 

we will study. 
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4 Relativistic Quantum Mechanics II: Dirac's equation 

As we mentioned earlier, the previous calculation was a precursor to our main project, 

which is the writing of a relativistic wave equation which would be used in relativistic 

propagator theory. Dirac 's equation accommodates the concept of spin, unlike the KG 

equation, and predicts the presence of antiparticles. In this section, we will write this 

equation and discuss its properties by drawing a parallel with the KG equation. We 

encourage the reader to consult other sources (Greiner, Griffiths, Bjorken and Drell) 

in case an idea is not clear or in case she or he needs a fuller and more elaborate 

understanding of its origin and its implications. 

4.1 The equation 

The Dirac equation is a bit more complicated than the KG equation. After noticing 

that the KG equation does not describe particles with spin, Dirac set out to write an 

equation which does. He abandoned the idea of squaring the Hamiltonian in favor 

of finding operators first that would give the correct first order form of energy. His 

intention was to find an equation which is first order in space and time, is covariant, 

has a hermitian energy operator of the correct form. This lead him to the equation[lO] 

(57) 

where the matrices ,",(p" called the Dirac matrices, are given by 

'"'(0 = (1 0) 
o -1 

(58) 

and satisfy the anticommutation relationship 

(59) 

Remember that the factor '"'(p,ap, stands for the sum from Jt = 0 to Jt = 3. The (Ji'S are 

the Pauli matrices. Also, note that the land the 0 in equation (58) stand for a 2 x 2 
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identity matrix and 0 matrix respectively. In deriving this equation, Dirac was aware 

of the relativistic rest mass-moment urn-energy relationship, and was formulating his 

equation in such a way that this relationship comes out of it naturally. To this end, he 

had to pick matrix operators of size 4 x 4, so that the four vector nature of space-time 

is taken care of. 

If we turn on the electromagnetic field, the Dirac equation will have the form, 

(60) 

where AM' as usual, is the four vector whose components are the scalar potential and 

the three components of the vector potential. This way of subtracting eA from p is 

called the "minimal coupling" way of introducing electromagnetism into a free-particle 

equation. At the end of this section, we will take the nonrelativistic limit of this 

equation and observe that all the terms from the nonrelativistic equation of a particle 

moving in an electromagnetic field can be recovered. Now that we have written the 

equation, we are ready to discuss the expression that will tell us how the probability 

density behaves with time. We left-multiply equation (60) by 1jJ+ and right-multiply 

the conjugate of this same equation by (1jJ+) t, and take the difference of the two, to 

obtain (after simplifying) 

(61) 

atP + divj = 0 (62) 

where j = 1jJ t CYi1jJ is called the probability current, where P = 1jJ t 1jJ is the probability 

amplitude, i indicates a sum that runs from 0 to 3, and the CYi stands for the Dirac 

matrices times ,D. Integrating equation (62) over all space and using Green's theorem, 

we find that 

at J d3x1jJ t 1jJ = 0 (63) 

Equation (62) says that the divergence of the current plus the time change in probability 

density is zero. In literal terms, equation (62) is telling us that the change in time of the 

probability density at a point is equal to the difference between the inflow and outflow 

of the probability density in three space from that point. Equation (63) indicates that 
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expectation values of conserved physical quantities remain unchanged, if the system 

is left undisturbed. For further insight into Dirac's equation, let us discuss the free 

particle solutions. 

4.2 Solutions for free particles 

We guess the solution to be a plane wave of the form 

(64) 

Since we are dealing with a matrix of size 4 x 4, the solutions have four components. Be

fore plugging these into equation (60) , let us rewrite the above two solutions separately 

in the form [10] 

1jJ+ = C+ e-i(Et-p.r)u(E, p) (65) 

(66) 

where u and v are assumed to have the required matrix form and are called Dirac's 

spinors for the positive and negative energy solutions respectively. Putting the positive 

energy solutions in equation (60) , we obtain, [8] 

(67) 

But, 

-p ' (J ) 

-E 
(68) 
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Thus we have, with U = ( uUab ) 

( 
E-m 

p.o-
-p.o- ) ( U a ) 

-E-m Ub 
(69) 

( 
(E-m)ua-p·o-Ub ) (70) 

p . o-Ua - (E + m c)ub 

Setting equation (69) equal to zero gives two equations relating Ua and Ub. 

(71) 

Substituting one into the other 

(72) 

now (p. 0-)2 = p2 [8], which implies that 

(73) 

as we expected. The I matrices in the Dirac equation are thus structured to give this 

relation when we solve the equation for a free particle . If we pick the first component 

of the solutions, U a , to be 

(74) 

alternatively and solve equation (71) for Ub we get two solutions respectively of the 

form 
1 0 

u (l) = 
0 

u (2) = 1 
, 

Px-ipy 
(75) 

pz 
E +m E +m 

(Px+ipy) (- pz) 
E +m E + m 
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with E = Jm2 + p2. These two vectors are called Dirac's spinors for the positive 

energy free particle solutions. They describe spin up and spin down states of the 

particle. The same set of calculations gives the spinors for the negative energy solutions 

pz px-ip" 
E-m E-m 

(Px+ipy) (-pz) 

v(l) = E-m v(2) = E-m (76) , 
1 0 

0 1 

with E = -Jm2 + p2. It is important to understand what the negative energy of an 

electron means. As we will show letter in section (5), the Feynman-Stuckelberg negative 

energy solution interpretation is crucial in the understanding of how the relativistic 

propagator is applied in the calculation of annihilation rates for positronium. Consider 

an electron of energy E, momentum p, and charge -e. The charge-current density of 

the electron can be written in the form [6], 

(77) 

where - e is the electron charge and 1jJ is the wave function for the electron. Using this, 

Halzen and Martin calculate the electromagnetic four current to be 

(78) 

where (E , p) = pM. If we take a positron with the same E and p, we obtain 

(79) 

Therefore, in a measurement, a positron is considered as an electron with a reversed 

momentum and a negative energy. This interpretation comes handy later on when we 

analyze positron-electron pair creation and annihilation using propagator theory. 
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4.3 The Klein paradox and the hole thery 

One might wonder about the significance of the negative solutions. In other words, 

one might ask why it is not possible to drop the negative energy solutions and just use 

the positive energy solutions. What happens if we stick to only the positive energy 

solutions? Imagine a wave propagating towards a square potential barrier, with the 

energy of the wave less than the barrier. At the boundary, two waves arise, a reflected 

wave and a transmitted wave. It turns out that if we assume positive energy solutions in 

all areas, the current from the reflected wave can be made bigger than the current from 

the incoming wave. Moreover, the transmitted current has a negative sign. Classically, 

we would expect the transmitted wave to die off exponentially in the region where the 

potential is bigger than the energy. This is not happening here. What is going on? 

The complete solution to the Dirac equation for the step potential is given in appendix 

D. 

We can get around this by hypothesizing that all states with E < -m are occupied 

with electrons. This hypothesis permits the following explanation: The potential V > 

m + E raises the electron energy in the potential region sufficiently for there to be an 

overlap between the negative continuum and the positive continuum. In the case of 

V > m + E the electrons striking the potential barrier from the left are able to knock 

additional electrons out of the vacuum on the right, leading to positron current flowing 

from left to right in the potential region. From this notion, it is understandable that 

there occur free plane wave solutions in the potential region, called positron waves. 

Furthermore, according to the hole theory, the negative continuum states are occupied, 

so that it is now possible to understand the sign of the negative current in the solution 

by assuming that the electrons entering the free region from the potential region are 

coming from the negative continuum. 7 

7For more see Greiner, Relativistic Quantum Mechanics, p . 226 
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4.4 N onrelativistic limit 

Equation (57) can be written in a more explicit form as [10] 

(SO) 

where A is the four-vector potential and ,i-L = ({3, (3ai) and {3 = ,0. This is a matrix 

equation requiring a solution of the form 

(SI) 

plugging this in equation (SO), we obtain a simultaneous equation of the form, 

(S2) 

(S3) 

where 7r = P - eA. Solving the second equation for 'l/J2, we get 

(S4) 

where we have noted that the energy is approximately equal to the rest mass in the 

nonrelativistic domain and set AO = O. Plugging this in equation (S2), we obtain 

(E )01. _ AOol. (0" . 7r)(0" . 7r) 01. 
- m 'P I - e 'P I + 2m 'P I (S5) 

Using the identity (0" . a) (0"' b) = a· b + iO" . a x b and noting that 7r x 7r = ieB 8 we get 

[ a (p - eA? e ] eA + - -0" . B 'l/Jl = T'l/Jl 
2m 2m 

(S6) 

8The cross product of a vector with itself should always be zero, what is happening here? It appears 
that operators and vectors behave differently in vector algebra. This is due to the fact that operators 
actually have arguments, i.e. they act on wave functions. This leads to the cross-product of an operator 
with itself being different from zero. 
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where T = E - m. This has the form of the Pauli equation. It describes a charged 

particle in an electromagnetic field. If we expand the momentum term, the equation 

will have the form [10] 

[ 
p2 e2 A2 e ] 

T'ljJl = e'IjJ + - + -- - -B.(L+2S) 'ljJl 
2m 2m 2m 

(87) 

where L = r x p is angular momentum and S = !17. We see that this is the equation 

for a charged particle of spin s moving in a magnetic field B , which is encouraging. We 

are not done yet though. Instead of the approximation in equation (84) if we make the 

approximation 

(88) 

which follows from equation (83) using the binomial expansion 1/(1 + x) ~ 1 + x + ... 

We then obtain an equation of the form (here we are skipping several steps of algebra) 

[10] 

This equation contains all energy terms for a charged particle moving in an electromag

netic field. The term involving the \7 2 is called the Darwin term and comes in when 

we take the Laplacian of the the scalar potential in the derivation of equation (89). It 

is caused by the fluctuating motion of the electron in the potential field. 9 

9This term is named Zitterbewegung (gittering motion) in some texts. For more on this topic see 
P . Strange, Relativistic Quantum Mechanics, p . 223-225. 
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5 Relativistic propagator theory 

We are now ready to extend the classical wave propagator to a relativistic form. Accord

ing to the already-outlined procedure for the classical case, we calculate the S-matrix, 

which contains all the information we need about scattering and annihilation rate. The 

knowledge of Dirac's equation from the previous section will be essential in our tran

sition from nonrelativistic to relativistic theory. We mainly use heuristic arguments, 

instead of exhaustive derivation of equations, to save time and space. Some of the 

calculations that can be found in [7] will be indicated. Many of the derivations are 

analogous to what we have already done in the classical scattering theory. 

5.1 The relativistic propagator equation 

In section 2.2 , we saw that the nonrelativistic propagator satisfies the shrodinger equa

tion of the form 

(90) 

Analogously, we define the relativistic propagator for a fermion to satisfy the relativistic 

wave equation with the zero replaced by the delta function as follows, 

We can compute SF(X',X) by transforming to momentum space. Noting that the 

propagator depends only on the interval (x' - x), so that 

(92) 

We can insert this into equation (91) to get 

(93) 
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where 1 stands for the identity matrix. Solving this for SF(p) gives 

p+m 
SF(p)= 2 2 

P -m 
(94) 

Plugging this in equation (92), we obtain 

J d3p . , 1 dp e-iPo(t' - t) 
SF(X' - x) = -i __ e~p·(x - x) _0 (p + m) 

(27f)3 c 27f p2 - m 2 
(95) 

where t' > t. The easiest way to do the second integration in equation (95) is to use 

complex analysis and calculate it on a path that avoids the poles of the integrand. 

A couple of alternatives arise for this contour, which we can narrow down to just 

two by looking at what solutions each gives rise to. The contour we pick can lead 

to contributions from negative-energy waves propagating into the future and positive 

energy solutions propagating into the past. It is impossible to have a free particle of 

negative energy. It also doesn't make sense to have a particle of positive energy flying 

backwards in time. One of the appropriate contours for the positive energy case is 

the case where the contour is closed in the lower half-plane and includes the positive 

frequency pole at Po = +Vp2 + m 2 = E and gives 10 

S ( ,_ ) - _. J d3p ip. (x' - x) - iE(t' - t) E,o - p., + ill 
FX x- Z (27f)3 e e 2E (96) 

where t' > t. The negative energy solutions require us to close the contour in the upper 

half-plane, including the negative energy pole. We get, 

S ( ,_ ) - _. J d3p ip. (x' -x) +iE(t' -t) _E, o - p., + ill 
FX x- Z (27f)3 e e 2E (97) 

where t' < t and for Po = -Vp2 + m 2. Combining these into a single equation using a 
±; +m 

short hand, with A± = 2m' 

SF(X' - x) = -i J d3p m [A+(p)e - ip(x' - x)e(t' - t) + A _ (p)eip. (x' - x)e(t - t')] (98) 
(27f)3 E 

lOFor complete calculation of the integral, see Greiner, Reinhardt; Quantum Electrodynamics; 2nd 
edition; p . 43-44. 
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This is the relativistic form of the free particle propagator. It is called the Feynman

Stuckelberg propagator after its creators. 

This would be a good place to discuss how propagator theory treats the negative 

and positive energy solutions of the free particle Dirac equation in accordance with the 

hole theory. The negative solutions in the hole theory are interpreted as a hole in the 

negative sea of electrons. When an electron loses energy equal to twice or more of its 

energy, it falls into this hole, thereby filling the hole, and hence destroying it. If an 

electron from the sea gets enough energy to make it to the positive energy spectrum, 

then, it leaves behind a hole in the negative sea, which amounts to the creation of 

a positron. Thus we may view the destruction of a positron at some point in space 

time as the creation of an electron with negative energy at the same point (in other 

words, an electron of positive energy loses energy and falls into the negative sea of 

electrons to fill a hole). This suggests that the amplitude for creating a positron at 

Xl and destroying it at X3 is the same as the amplitude for creating a negative energy 

electron at X3 and destroying it at Xl. This means that positrons with positive energy 

moving forward in space time can be seen as electrons with negative energy traveling 

backward in time with opposite momentum (Greiner and Reinhardt, p. 63-66 gives a 

mathematical proof of this statement for the general case of a positive energy packet 

moving forward in time and a negative energy packet moving backward in time). 

The relativistic scattering matrix element is defined in the same way as the nonrel

ativistic case (see 2.3). For example, for an electron scattering from an initial state Wi 

to a final state 1/Jj, Greiner [7] shows the matrix element to be 

(99) 

where e is the charge on the electron and A(y) is the four vector potential. 

Using the relativistic propagator in rate calculations directly is a difficult if not 

impossible task. Rather than attempting to use the propagator directly, we will write 

down rules which are derived from it. The rules are a short hand for calculating the 

relativistic scattering matrix for an initial state that scatters into different final states. 

Our familiarity with the relativistic propagator is intended to narrow the gap between 
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the rules and the theory the rules are built on. 
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6 Annihilation rate of Para-Positronium 

In this section, we present the calculation of the rate of annihilation of positronium. 

Instead of evaluating the scattering matrix integral for electron-positron scattering, 

which is hard to do, we adopt a shortcut followed by most physicists in rate calculations. 

The shortcut was outlined by Feynman and consists of a set of rules that are applied 

to "Feynman Diagrams" representing possible transition pathways. 

Before we enumerate Feynman's rules, we will give an example that bridges the gap 

between the rules and the scattering matrix. This will help to facilitate our transition 

to using the rules and grant us a sense of how the rules follow from the integral represen

tation of the scattering matrix. The example will also allow us to derive the transition 

rate formula for a spin less particle, which has a similar form with the transition rate 

for a particle with spin. We will write the transition rate formula for particles with 

spin analogously. The full derivation (not shown here) requires knowledge of quantum 

field theory. 

6.1 The transition rate for a spinless particle: an electron-positron 

scattering 

11 In section 5.1, we were able to write down the scattering matrix for a single particle 

with spin. In this section, we would like to give a simpler example showing how one 

proceeds to write down an explicit expression for the transition probability for a spin

less electron-positron scattering. Let's consider a "spinless" electron and a"spinless" 

positron that satisfy the Klein-Gordon equation. Let's rewrite the general form of this 

equation (equation 37) for the electron, in the form 

(100) 

11 Most of the calculation in this section is produced by closely following sections 3 and 4 of Halzen 
and Martin [6]. 
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where V = -ie(a/-iA/-i + A/-ia/-i) - e2 A2. As usual, let's drop terms that go as the square 

of A. The approximate form of the scattering matrix to first order is [6], 

(101) 

Where V(x) is the interaction potential. Using integration by parts and noting that 

the initial and final states are orthogonal, we can write 

(102) 

Hence, equation (101) can be written as 

(103) 

The integral contains the current for a spinless particle, namely 

(104) 

If the the scattering involves only free particles, then we can use the free particle 

solutions of the K-G equation given, which is given as 

(105) 

to obtain 

(106) 

where A, B correspond to i , f respectively. On the other hand, the 4-potential of the 

positron satisfies the covariant form of Maxwell's equations [9] given as 

(107) 
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By analogy with the electron current above, we can write for the spin less positron 

current, 

Since 

the solution of equation (107) is 
1 Ai-l = __ ji-l 

q2 2 

where q = PD - PB· If we use equation (110) in equation (103), we obtain 

which evaluates to 

where 

- iM = (ie(PA + pc)i-l)(-igi-l;)(ie(PB + PDt). 
q 

(108) 

(109) 

(110) 

(111) 

(112) 

(113) 

Equation (112) is an explicit expression for the scattering amplitude in this example. 

The square of the magnitude gives the probability for transition. As we will learn from 

Feynman rules , it turns out that we can form a correspondence between each factor 

in equation (112) and the different parts of Fig. (9) . For example, the term -i~ q 

corresponds to the wavy line and represents a photon exchanged between the two 

particles. It is called the photon propagator. The spinless particle scattering problem 

provides us with a sample calculation of transition probabilities. For particles with 

spin, these calculations are usually done following the Feynman rules given later in 

this section. The purpose of giving this example is to make the rules less mysterious 

and show their connection with the scattering matrix, from which they are derived. 

Even though we do not claim that the above calculation gives a clue to how Feynman 

came up with his rules, it is comforting to see, in a case as simple as our example, 
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Figure 9: "Spinless" electron-positron scattering. 

that doing the calculation from scratch gives a transition probability much like the 

transition probability expression one would obtain from Feynman rules. 

Before giving the rules, we would like to take the calculation we began a bit further 

and show how we can relate the cross-section to the S-matrix. It is to be remembered 

from section 2.5 that the cross section is related to the rate of transition of the process 

with a simple formula. We will now consider annihilation as a transition and use 

equation (28) to evaluate the rate of annihilation of positronium. 

If we use a solution of the form 

1jJ = N eip·x-iEt (114) 
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in equation (104) we get 

p = i( -2iE) 1 N 12= 2E 1 N 12 (115) 

where p is the probability density for the particle described by 1jJ. If we normalize the 

probability density to 2E IV to obtain a simple relationship between the volume and 

the number of particles N, we obtain 

which gives, 

!vPdV = 2E 

N=_l_ 
JV 

Now, the transition rate per unit volume is 

W . _ 1 Sfi 12 
f~ - TV 

(116) 

(117) 

(118) 

Squaring Sfi in equation (112), we obtain two delta terms, one of which multiplies with 

(21f)4 to give a TV term, hence we have 

The "cross-section" is defined as 

Wi 
"cross-section" = C . . I ~ ) ( number of final states) 

ImtIa ux 

(119) 

(120) 

[6] where the initial flux represents the flux of the incoming particles in the center of 

mass frame of the particles. We know that the number of states in momentum space 

for a particle in a box is given by V (;:)3 [25]. Since we have normalized V to have 2E 

particles, we have 
number of final states 

particle 
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For two different particle final states, we get 

(122) 

Hence the number of particles passing through unit area per unit time is I VA I 2~A. If 

the target is moving with a velocity VB , the flux in the center of mass frame is given 

by 
2EA2EB 

L=IVA-VB I-V V 
(123) 

This is the same as V4((PaPb) - m~m~). Hence, the cross-section can be written as 

(124) 

This has the form of the Golden rule for scattering [8]. Our purpose in this exam

ple has been to show how the nonrelativistic Golden rule can be derived, using the 

scattering matrix. In our calculation of the lifetime of positronium, we will be using 

a formula obtained from Griffiths that is the result of the relativistic Golden rule for 

scattering, which requires quantum field theory for its derivation. Griffiths starts from 

the relativistic-Golden rule and shows the differential cross section in the center of mass 

frame to be 
dJ C S I M 12 I PI I 
dO 81f (El + E 2 )2 I Pi I 

(125) 

where S is a statistical factor (for e.g. S = 1jj! for a group of j identical particles) and 

PI,Pi are momentum of outgoing particles and momentum of incoming particles. 

The most general expression for the transition rate is given by [8] 

. . 21f 2 
transltlOn rate = n I M I x (phase space) (126) 

where M is the amplitude for the process and phase space is the phase space available 

for the transition process. Equation (126) is telling us, for example, that the transition 

rate is bigger for masses which can decay into large number of smaller particles than 

for small particles which don't have much room in phase space to decay into. In other 
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words, a heavy particle decay, such as C060 , would involve many secondary products 

which indicates that the phase space factor in the rate formula is big, while a light 

particle such as a neutron would decay into only three particles, namely a proton, an 

electron, and a neutrino, indicating a very small phase space factor for the transition 

rate and hence a small transition rate[8]. Next, we will discuss the Feynman rules that 

help us figure out the exact form of M. 

6.2 The Feynman rules for quantum electrodynamics 

12 The scattering matrix in equation (112) was derived for spinless leptons. We will now 

skip ahead and write some rules that will help us calculate the transition amplitudes 

for particles with spin. Our example has shown us how one would go about calculating 

the differential cross-section from the scattering matrix for the nonrelativistic case. [8] 

1. Notation: Label the incoming and outgoing four-momenta P1 ,P2, ... ,Pn, and the 

corresponding spins 81, 82 , .. , 8n · Label the internal four momenta Q1 , Q2 , ... Assign 

arrows to the lines as follows: the arrows on the external fermion lines indicate 

whether it is an electron or a positron; arrows on internal fermion lines are as

signed so that the" direction of the flow" though the diagram is preserved (i.e., 

every vertex must have one arrow entering and one arrow leaving) . The arrows 

on external photon lines point "forward"; for internal photon lines the choice is 

arbitrary. 

2. External Lines contribute factors as follows: 

Incoming electrons : u 

Outgoing electrons: u 

Incoming positrons: v 

Outgoing positrons: v 

Incoming photons: E/-i 

Outgoing photons: E~ 

12These rules are taken as they appear in Griffiths, with some explanations and changes added in a 
few places. 
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were the spinors u and v are as given in section 64 and EI-i is the photon spin state 

we will explain shortly. 

3. Each vertex contributes a factor ige,,/I-i The dimensionless coupling constant ge 

is related to the charge of the positron: ge = ev47ra, where a = 1/137 in a.u. 

(c= 137) 

4. Each internal line contributes a factor as follows: For electrons and positrons, 

we write a corresponding electron propagator by i(~~f!~;:) For photons, we write 

the photon propagator: -~f!V 

5. For each vertex, write a delta function of the form (27r) 454 (k1 + k2 + k3) where the 

k's are the three four-momenta coming into the vertex (if arrow leads outward, 

then k is minus the four-momentum of that line, except for external positrons). 

This factor enforces conservation of energy and momentum at the vertex. 

6. For each internal momentum q, write a factor (g:j4 and integrate over q. 

7. The result will include a factor (27r)454(pl + P2 + ... - Pn) corresponding to over

all energy-momentum conservation. Cancel this factor , and what remains is - iM. 

8. Include a minus sign between diagrams that differ only in the interchange of two 

incoming (or outgoing) electrons (or positrons), or of an incoming electron with 

an outgoing positron (or vice versa). 

There are important differences between the rules for particles with and without spin. 

One such difference is reflected in the propagator, which is the direct result of the 

wave equation we use in our calculation. Also, the factors associated with the vertices 

will be 4 x 4 matrices for particles with spin, reflecting the nature of the equation 
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(Dirac's equation) used, unlike the scalar factor in the case for spinless particles. Here 

is the pivotal example of how these rules are used: We will write down the amplitude 

expression for diagram on e shown in figure (10) of the pair annihilation process (e- + 
e+ --+ I + I) · We begin by applying rule number one: 

Figure 10: Electron-positron pair annihilation. This is one of the two first 
order contributing diagrams. 

Figure 11: Electron-positron pair annihilation second contributing dia
gram. 

1. label the arrows 

2. Assign external factors: For the electron going into the vertex, we assign a spinor 
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u, for the incoming positron, we assign a v , for the two outgoing photons, we 

assign E/-L* 

3. The two vertices each are assigned iger/-L 

4. The internal line is assigned a factor i( rqr +)Zc) 
q - mc 

6. Integrate over q after multiplying by (g:j4 Putting together what we have done 

so far, we obtain 

J[;;;(82
) (2)(iger/-L)E~(4)l i(r;q/-Lt ~~) [E~(3)(iger/-L)u(81)(pd l 

q - me 

X (21f)\)4(Pl - P3 - q)(21f)404(q + P2 - p4)d4q 

7. Cancel the last delta function and integrate over q. This gives us 

This can be rewritten as 

(128) 

where we have usd the notation I- = E~(r/-L) = r/-L(E~) = (. 
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6.3 Lifetime of para-Positronium (pair annihilation) 

The same procedure we followed above is applied to the second Feynman diagram of 

the annihilation process (fig. 11) to obtain 

(129) 

The total amplitude, M, then is 

(130) 

As prescribed by the rule, the photons have to come out in opposite directions to 

conserve momentum and we may pick the z-axis to be the photon propagation direction. 

The initial particles are assumed to be at rest. Then, 

PI = mc(l, 0, 0, 0) , P2 = mc(l, 0, 0, 0), P3 = mc(l, 0, 0,1), P4 = mc(l, 0, 0, -1) 

(131 ) 

and hence, the denominators in equations (128) and (129) satisfy 

(132) 

Using the association rule for slash products [8] 

(133) 

we see that 

(134) 

where E is the polarization state of the photon which has the property that [8] EO = ° 
and E . P = 0 , and hence 

(135) 

Similarily, 

(136) 
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Therefore 

(137) 

But (PI - me)u(l) = O. So, we have 

(138) 

By the same token 

(139) 

Therefore, equations (128) and (129) can be written in a simplified form involving only 

"3 and " 4· Hence, for M = M I + M 2 , we have 

(140) 

Now "3 = P3f.t'f.t = (P30,O - P3nI - P32,2 - P33,3) = meho - ,3), smce P3 

(me , 0, 0, me). SimilarlY' ''4 = meho + ,3) . So the expression in square brackets 

can be written as 

(141) 

but 

( 
0 (J .E) 

1= -E·, = -
- (J·E 0 

(142) 

and therfore, 

(143) 

From equation (143) , it follows that 

(144) 

and 

(145) 
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( CYo ~). where ~ = v Therefore equation (141) can be written as 

(146) 

equation (146) can be used in equation (140) to obtain 

(147) 

Our aim is to calculate the annihilation rate for a singlet state, which means that we 

are interested in an equation of the form 

1 
Msinglet = v'2 (Mr 1 - Ml r ) 

The spinor for the spin up state of the electron is (see section 64) 

u(l) = J2m 

1 

o 
o 
o 

And the spin down for the positron is 

V (2) = J2m (0 0 1 0) 

Therefore, 
- 0 - 3 -> 

V(2) , u(l) = 0 V(2)~' u(l) = -2m z 

(148) 

(149) 

(150) 

(151) 

If we use this result to rewrite equation (147), we see that the first term of the equation 

is zero and the second term has only a z-component (due to equation (151)). We get 

(152) 
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On the other hand, for Ml r, we have 

u(l) = v2m 

From which it follows that 

o 
1 

o 
o 

V (2) = -v2m (0 0 0 1) 

The total amplitude is then, according to equation (148) 

(153) 

(154) 

(155) 

just two times equation (152). Note that the scattering amplitude for the triplet state, 

(M = ~(MH + Mil) vanishes. In order to get the lifetime of the triplet state, we have 

to compute the amplitude of scattering using second order Feynman diagrams. 

The polarization states of the photons moving in the z-direction is given by [8] 

(156) 

These correspond to right and left circular polarization of the photons respectively. 

Hence, 

(157) 

using this, equation (155) becomes 

Msinglet = -49; (158) 

We arrive at a simple formula after we have used much expertise available to us. We 

have the formula that relates the amplitude we just calculated to annihilation rate. 

In the center of mass frame of positronium, the differential cross-section is given by 
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equation (125) [8], Since El = E2 = me2 , we set 1 Pf 1= me in the equation. Also since 

the collision is nonrelativistic, we have 1 Pi 1= mv where v is the incident electron or 

positron speed. Hence, the differential cross-section becomes 

(159) 

Since there is no angular dependence, the total cross section is 47r times this: 

(J = 47r (.::.) 2 
ev m 

(160) 

This is the cross section for pair annihilation. Going back to the equation we derived 

in section 2.4 we see that 
d(J 1 dN 

dO. Ldo. 
(161) 

which indicates that (or we can use equation (159) directly) 

(162) 

But the luminosity, L, for particles with velocity v and density pis 

L=pv (163) 

For a single atom, the electron density is 1 ~(O) 12. N is the number of particles per 

unit time passing through area (J, which is the same as the number per unit time of 

annihilation events. Thus 

(164) 

where r is the rate of annihilation. From the wave function for the hydrogen atom, 

using the appropriate Bohr radius (apos = 2ahydr) , we have 

(165) 
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The expression for '"'( then becomes 

r = _1_ 47ro:2 

3 7rapos c 

where we have set apos = 21m and m = me = 1. Using this, we get 

T = r- 1 = 5.15 x 107 a.u. = 1.25 x 10- lOs 

(166) 

(167) 

A similar calculation gives a lifetime of 142 ns for ortho-Positronium [5]. Experi

mental measurement of the lifetime of p-Ps is difficult due to its fast annihilation rate. 

On the other hand, the lifetime of o-Ps can be measured with very good accuracy. For 

example, Griffith et. al. calculate the annihilation rate for p-Ps to be 7.045 ± 0.006 fJ 

s-l [28] which roughly corresponds to the theoretical lifetime. 
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7 Stark effect in positronium 

So far we have been concerned with the theoretical calculation of the lifetime of a free 

positronium. Our computer simulation focused on answering the question how this 

lifetime changes when the positronium is placed in an electric field which, hopefully, 

models part of the effect of a solid environment on Ps. The numerical results of this 

study will be given in section 8. As a check to our simulation code, we first calculated 

the polarizability of positronium and compared it with the well known theoretical value. 

This section is devoted to the theoretical derivation of the polarizability of positronium 

and the discussion of some of the methods used in the simulation to find this same 

quantity. 

When we place positronium in an electric field, its energy is changed slightly due to 

the extra potential energy coming from the interaction between the electric field and 

the charged components of positronium. 

Perturbation Hamiltonian = b.H = eEr cos () (168) 

where E is the electric field strength and r is the relative position of the electron with 

respect to the positron and () is the angle between the electric field and the relative 

position vector. 

According to perturbation theory, the second order energy correction is given as 

(169) 

Where b.H is given in equation (168), and In) is the nth energy wave function. It can 

be shown [26] that if 

(170) 

we can write the first order perturbed wave function equation as 

(171) 
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where Ho, Eo are the unperturbed hamiltonian and energy respectively while El is the 

perturbed energy. From this follows that [26] 

(172) 

This is evaluated to be 0 for positronium. The second order perturbed energy is 

(173) 

In order to compute E 2 , we need to find the first order perturbed wave function, 'l/Jl. 

This can be done either by expanding a guessed solution of the appropriate form in 

power series or by separating the wave equation in parabolic coordinates [26]. According 

to Schiff, the corrected wave function to first order in E can be written as 

(174) 

where the purely exponential part represents the unperturbed ground state. Using this 

in equation (173) gives for the second order perturbed energy 

Which can be evaluated to give 

9 23 
E2 = --E a 4 0 

7.1 Polarizability of positronium 

(175) 

The energy we obtained in equation (175) can be used to find the polarizability of 

positronium. 

aE = eb.r (176) 
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where a is the polarizability, tlr is the separation between the charges, and e is the 

electronic charge. For a charge distribution, the first order energy correction can be 

written in terms of the polarizability as 

1 2 
E2 = --aE 

2 

Comparing equations (177) and (175), we obtain 

9 3 
a = -aD 

2 

(177) 

(178) 

where ao = apos = 2ahydr is the bohr radius of positronium. If we set ahydr = 1, then, 

the polarizability is 36 a.u. 

7.2 Simulation of the stark effect in positronium 

Computer simulations are done for the purpose of predicting experimental outcomes. 

In Ps simulations, a most useful quantity of interest from a practical point of view 

is the rate of annihilation for Ps in different environmental conditions . An important 

question to answer would thus be: how does the rate depend on electric field? The 

material in the rest of the thesis is going to feed into a calculation of T( E), given the 

knowledge of T(E = 0) as derived (for p-Ps) in equation 167. In solids, we may though 

want to use T(E = 0) for o-Ps, which is 142 ns. This is achieved by finding the overlap 

integeral defined as 

(179) 

The lifetime for positronium placed in electric field E is then given by 

1 
T(E) = ",(E) T(E = 0) (180) 

The simulation is accomplished using the Path Integeral Monte Carlo (PIMC) 

method. This method uses a random number generator to simulate quantum sys

tems. A computationally suitable form in the PIMC algorithm is a form that allows 

direct sampling of electron and positron positions. We will first set up the theory and 
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then discuss how the numerical algorithm works. 

The expectation value for any observable is given by 

(181) 

where e( -(3H) is the density of states matrix and f3 = k~ is proportional to the inverse 

of the temperature. 

Z = Tr[exp( - f3H) ] 

= J dr (r lexp ( -f3H) I r) 

= J dr1'" J drp (r1 le-
i3
: I r2) (r2 1···1 rp) (rp le-

i3
: I r1)' (182) 

where we have inserted P - 1 complete sets of states and integrated over all space. 

Using the fact that in the high temperature limit, the potential and the kinetic energy 

commute (since [f3V,f3p] = f32[V,p] goes to zero), and since e-{3v Ir) = e-{3V(r) Ir), 

il!:!:.. -ipr' 

13 ( () (')) J .:t2... 13 e Ii e Ii = e- 2P v r +V r e- 2mP ----dp 
v27rn v27rn 

= e-2P(V(r)+V(r ))--e 21i2i3 e 2mP P 13 Ii dp 13 , 1 _ mP (r_r')2jOO _ _ 13_ ( _ mPi(r-r'») 2 

27rn -00 

= __ e-21i2i3(r-r) e- 2P (V(r)+V(r)) . ( 
mP ) 1/2 mP , 2 13 , 

27rf3n2 
(183) 
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Substituting this result into Eq. (182) for the partition function gives 

where k = !/;J;2' This is the same partition function as the partition function for a 

two ring classical harmonic polymer13. The expression is exact for the polymer but is 

approximate (since P is fininte) for a quantum particle, in our case, an electron or a 

positron. 

We simulated the electron and the positron in positronium as two chains of beads. 

This is possible because the partition function of positronium as calculated from the 

Feynman path integral and the partition function of a classical polymer of two rings 

of beads are the same, as mentioned above. Equation (184) might seem to be too 

complicated to sample directly because each bead's position depends on the positions 

of all the other beads. It turns out that we can rewrite it with a form that can be 

directly sampled. We can rewrite the integrand in Equation (182) [1] as 

where we have used the notation Z(ri' ri+l;;3) for each matrix element and 'I stands for 

f3j! . Note that the added terms cancel each other out. The terms in large parentheses 

are conditional probabilities for picking the next point based on the present point and 

the final point, r/ [23]. The expressions in the parentheses are shown to be Gaussians 

[4]. For example, 

[Z(r ,r1;T)Z(r1,r/;;3-T)] [1 ]3N/2 [( *)2 ] ~ 2~(J2 x exp - rl ~~1 + 0('1) 
Z(r,r';;3) " 

(186) 

13The partition function for a two ring classical polymer can be found in Larrimore's thesis, p. 50 
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where rl * and (J are constants that depend only on the initial and final positions, r, r' 

and j3 and T, N is the number of particles (just 1 in our case). We use a method 

of sampling called the Metropolis algorithm [21] to produce the correct distributions. 

This is a sampling algorithm which chooses positions according to a weighting function, 

based on the Monte Carlo sampling philosophy [19]. At certain sampling points in our 

program, we use a more specific method called "Box-Muller" good for Gaussians. The 

implementation of the Metropolis algorithm is shown in appendix B. 

So far we have been talking about a single particle and how its partition fucntion 

can be sampled. The coulomb interaction between the beads on two separate chains, 

each of which would be dictated by equation (184), in the limit P --+ 00, is calculated 

using the Pollock propagator. E.L. Pollock published some subroutines to compute 

the Coulomb density matrix (equation 182) [23]. The alternatives to using the Pollock 

propagator are the primitive coulomb and the primitive Yukawa propagators. In the 

first case, we run into trouble since an infinite minimum of the energy is attained at 

the origin. The electron and the positron both collapse to the origin in search of the 

most favorable minimum energy position, because the potential is: 

(187) 

To prevent this, a modified potential was suggested by Muser and Berne [18], which 

goes to a constant value at the origin: 

(188) 

Using the Yukawa potential suggested by Muser et. al. [18] (equation 188), we run 

into quantitative trouble near r = 0 since the value of the this potential from this 

propagator deviates from the actual value appreciably. 

It has been shown that as a --+ 0 and P --+ 00 this propagator gives a result that 

agrees with the Pollock propagator[18]. The Pollock propagator has the advantage that 

it can generate the correct potential data even for a small number of beads, P, where 

the Yukawa propagator fails, and can find distribution potential near the origin (i.e. 
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r - r' close to zero) with great accuracy [16]. 

The beads are initially placed in a gaussian distribution around the origin by the 

subroutine tryboth (see appendix B), according to equation (186). In subsequent 

runs, we move part of the beads and recalculate the energy of the new distribution. In 

each pass, the "Box-Muller" and Metropolis algorithms are employed to replace part 

of the beads of the two particles between two fixed points with a new set of beads 

with the same end points. The new bead distribution is constructed with a priori 

Gaussian (equation (186)) probability, called the "drifting random walk" procedure. 

The propagator is recalculated based on the new positions of the beads. If the weight 

of the new configuration is lower than that of the previous configuration, the move will 

be accepted. Otherwise, a random number r between 0 and 1 is generated, and the 

move is accepted if e(-j3oE) > r, where oE is an effective energy difference (This is what 

the Metropolis algorithm does). 

The number of beads moved is adjusted at each pass to keep the acceptance ap

proximately equal to 50 percent. As more moves are rejected, fewer beads are moved. 

After a certain number of steps, the positronium tends to settle in a specific region. 

If we start from a new set of positions for the beads, the code is run for quite a large 

number of passes before taking data so that the configuration is close to the minimum 

energy configuration. 

In our code, V(r) = t1H as given in equation (168). To find V, we first obtain the 

average z position of the positron and the electron separately by averaging over all the 

z position of all the beads. The energy is then, 

(189) 

The total energy is the sum of this, the Coulomb energy and the kinetic energy. The 

value of the Pollock propagator is read from a table based on values of {J, rl, and r2. 

As we mentioned at the beginning of this section, we calculated the polarizability 

of positronium as a test to our simulation code. To do this, the difference in the z 

positions of the positron and the electron is calculated in the subroutine RadSep (see 

appendix A). The separation between each bead of the electron and its partner bead 
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from the electron chain is found at each pass and averaged over the number of beads 

P. This is again averaged over a large number of passes in four blocks. For example, if 

the total number of passes is 100, 000, the variable where the averaged value is stored 

is zeroed at the 25, OOOth step. In this way, we obtain 4 values averaged over 25, 000 

steps. The average separation is saved in a file along with the electric field. The electric 

field is increased in small steps, until the positronium is completely ionized. The data 

values well below this ionization field are used to find the polarizability. This is done 

by plotting the electric field against the average electron-positron separation and using 

a linear fit, according to equation (176). 
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8 Results 

Our simulation of positronium is carried out using the algorithm described in section 7. 

We used the exact coulombic propagator as calculated by Pollock's method explained in 

section 7. Our study focused on a spatially free positronium under the effect of electric 

field, that provides the only external potential. An electric field in the z-direction 

should alter the energy of the positronium by an amount given in equation (175). 

Also importantly, the electric field should polarize the positronium. As indicated in 

equation (176) , the polarization is expected to show a linear dependence on the electric 

field. We present the results of our simulation here. The electric field was increased 

in steps, storing the average separation between the electron and positron (averaged 

over 4 million passes) at each step (see section 7.2 for detail). The average separation 

is then plotted against the electric field. The polarizability is found by using equation 

(176). 

It turns out that obtaining K, is complicated by the noisy behavior of data one 

obtains for the probability distribution of positronium close to the origin (i.e. where 

the relative coordinate of the electron and positron is zero). We go around this problem 

by plotting the probability distribution as a function of the variable most affected by 

the electric field, namely, z. 

Our simulation result gives a dependence to second order of K, on E. This dis

agrees with the claim made by Dupasquier [2] that K, varies linearly with electric field. 

According to equation (180), the dependence of K, on E2 indicates that the rate of 

self-annihilation of positronium decreases in proportion to E2 too. 

Before presenting our results for the polarizability and K" let's take a step back and 

look at other behaviors of Ps in Electric field that we were able to study alongside 

polarizability. 

Figure (12) shows the radial wave function for the ground state Ps. The data is 

taken at f3 = 50 and after equilibrating for a long enough number of passes so that the 

beads are in an energetically favorable distribution. In order to find P (r) , the relative 

distance between corresponding beads is thrown into a bin corresponding to radius r. 

The plot in figure (12) is the number of hits in each bin normalized to unity divided 
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Figure 12: The wave function of Ps is obtained by dividing the probability 
density P(r) by r2. Theory shows that the ground S state is given by 
0.5e- r [16]. The fit we have obtained is in an excellent agreement with the 
theoretical wave function (they superimpose exactly). 

by the corresponding bin radius squared. 

When electric field is introduced, the value of the wave function at the origin de

creases. This is a reflection of the decrease in the overlap of the charge clouds of the 

positron and the electron, which are pulled apart by the field. The effect of the elec

tric field can be observed more pronouncedly if we plot the x , y , and z components 

separately for different electric field values. 
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Figure 13: Average separation plotted against the number of passes for E 
= 0.0 a.u. The separation between the electron and positron at zero electric 
field is centered at zero. A spike occurs as the previous average is zeroed 
and new averaging is started. 
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In the zero electric field case, the difference in the x , y , and z components of the 

electron and positron are equally probable to be any number. Also, this difference is 

equally distributed between negative and positive values. Therefore , averaging over all 

the separations for each pass gives a value of zero. If an electric field in the z direction 

is introduced it should not affect the separations in the x and y directions but should 

increase 1 (z) I· 

0.15 l-- , .............. + 1 + ··············· t· . ················+·············· +. . ............. ·t·············· -:I 
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Figure 14: Average separation for E = 0.003 a.u. When electric field is 
introduced in the z direction, the average z separation decreases. 
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Figure 15: Average separation for E = 0.005 a.u. (with a bigger y-scale). 
The positron and the electron are being pulled apart even more. 

Figures (13) , (14) , and (15) show that the positronium gets progressively polarized 

68 



as the electric field gets stronger. This information can be used to find the polarizability 

for positronium. By plotting (z) as a function of E, we obtain a polarizability of 36 ± 3 
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Figure 16: Separation between e- and e+ in the z direction plotted against 
electric field. The slope gives the polarizability of positronium according 
to equation 176. 

(for error analysis, see [22]) . The ground state polarizability for Ps is calculated in 

section 7 to be 36. Polarizability of the right order is observed only if the thermal 

kinetic energy is not too big compared to the magnitude of the energy shift due to 

the electric field. If this is not the case, the violent vibration of the electron and the 

positron masks the polarization signal in the simulation data. The plot in figure (16) 

is obtained at f3 = 100, at which point the temperature (l/kf3 = 3160K) hence the 

kinetic energy is low enough to enable us to effectively observe the polarizability to a 

good order of accuracy for electric fields less than 0.01 a.u. 

As the Ps gets polarized, the probability density at the origin decreases. Plotting 

the wave function as a function of the radial coordinate, r, reveals this trend. However , 

as we stated earlier , this does not provide us with a convenient way to calculate the 

overlap integral, "" , since the data gets noisy for small r. To solve this problem, one 

can use the fact demonstrated in figures (14) and (15). There, the z component of 

the separation is seen to depend significantly on the electric field. So, if we look at 

the probability density as a function of z for fixed values of p = J x 2 + y2, we should 

observe noticeable differences between plots for different electric fields. Figures (17) , 
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(18), and (19) are provided to illustrate this dependence of P(po, z) on electric field. 
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Figure 17: Probability density for p = 0.3 a.u. plotted as a function of z 
for E = O.Oa.u. The maximum is centered at the origin. 
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Figure 18: Probability density for rho p = 0.3 a.u. as a function of z for 
E = 0.005a.u. Note that the maximum is shifted to the left compared to 
figure (17) 

To find a reliable value of 1/J(0) , a series of Taylor expansions of the wave function 

were made around the origin, enabling us to extract the information from clearly visible 

dependence on electric field of the probability density plotted against z . The details of 

the expansions are given in appendix C. Using this method, we find a K, value of less 

than 1 for all electric fields (fig. 20) 

The order of dependence on the electric field is to be contrasted with Dupasquier's 

comment that the [2] overlap integral should depend on E to first order. Equation (174) 

from section 7 can be used to see that K, does not depend on E to first order, since E 
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Figure 19: Probability density for p 0.3 a.u. as a function of z for 
E = 0.01 a .u. The maximum has a bigger shift than shifts for lesser electric 
fields. 
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Figure 20: Kappa as a function of electric field. Kappa shows second 
order dependence on electric field. 

disappears from the first order wave equation when we set r = O. Therefore, to see the 

dependence on E of ri" we need to find the perturbed wave function to second order in 

E. The second order dependence becomes more evident if one compares Kaleidagraph 

™ fit equations, one involving only a second order term and another involving both a 

first order and a second order term. For equation of the form 

ri, = mO + m1 * E + m2 * E2 , (190) 

the values of the three constants with their respective errors are listed in table (8). 
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mO ml m2 
fit without linear term 0.97298 ± 0.011289 N.A. -4751.9 ± 224.36 

fit with linear term 0.97786 ± 0.019707 -2.7398 ± 8.7853 -4498.8 ± 845.75 

Table 1: Linear and quadratic fit constants for Kappa vs. E 

The first order term is swamped by a big error of about 300%. In general, the 

errors in the fit containing a linear term are bigger than the errors in the fit without 

the linear term. This strongly suggests that the first order term should not be there, 

in other words, K, does not depend on E to first order. Making a connection between 

K, and lifetime using equation (180), we arrive at the conclusion that the lifetime of 

positronium placed in an electric field depends on the magnitude of the field to second 

order. 

9 Conclusion 

Our two main objectives in this thesis have been to calculate the lifetime of free positro

nium and to summarize the results of computer simulations of positronium in electric 

field. The calculation of para-Positronium lifetime was accomplished using the Feyn

man rules, which hinge on relativistic propagator theory. Our understanding and appli

cation of the rules was facilitated by our discussion of introductory relativistic quantum 

mechanics and classical and relativistic propagator theories. We calculated the lifetime 

of o-Ps to be 1.25 x 10- 10 s. We also discussed Stark effect in positronium. Using 

perturbation theory, we found a theoretical value of 36 a.u. for the polarizability of 

positronium placed in electric field. 

Our simulation results indicate that the overlap integral of the electron-positron 

pair in positronium placed in electric field decreases with E2, contrary to claims made 

by Dupasquier that the dependence is linear [2]. The simulation is done using Path 

Integral Monte Carlo (PIMC) method, where the electron and positron constituting 

the positronium are thought as two rings of beads. The coulomb density matrix was 

calculated directly using the Pollock propagator. Our simulation algorithm was first 

put to test by the calculation of the polarizability of positronium. The result was 

a polarizability of 36 ± 3 a.u. , which is a range centered at the exact value of the 
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polarizability. 
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Appendices 

A Subroutine RadSep 

Author: Melaku Muluneh (August 2002) 

RadSep - Is a subroutine in the simulation code" CartZnewrho.f90," used to find the 

polarizability of positronium. It calculates the average separation between the electron 

and the positron. At each run, four average values are calculated over passes of length 

blokpass. 

subroutine RadSep{xnew} 

implicit none 

real(dp) :: ZeP, YeP, XeP 

real(dp) :: sume, sump, avsumeP 

real (dp) , dimension(3) :: SepSum, AvZSep 

real, intent (IN) , DIM ENSION(:,:,:) :: xnew 

integer :: counter, ierror, blokpass 

character(len = 20) :: filenum 

if (irun.gt. nequil)then 

sume = O.OdO 

sump = O.OdO 

AvZSep = O.OdO 

SepSum = O.OdO 

doib = 1, nb 

ZeP = xnew(ib, 1,3) - xnew(ib, 2, 3) 

YeP = xnew(ib, 1, 2) - xnew(ib, 2, 2) 

XeP = xnew(ib, 1, 1) - xnew(ib, 2,1) 

SepSum(3) = SepSum(3) + ZeP 
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SepSum(2) = SepSum(2) + YeP 

SepSum(l) = SepSum(l) + XeP 

enddo 

blokpass = (npass - nequil)/4 

if( irun == nequil + l.or. irun == nequil + blokpass + l.or.irun == nequil + 2 * 
blokpass + l.or.irun == 

nequil + 3 * blokpass + 1 )then 

AvZSepSum = O.OdO 

print* ,' * * * * * * **', AvZSepSum,' * * * * * * * *' 
endif 

AvZSep = SepSum/ float(nb) 

AvZSepSum = AvZSepSum + AvZsep 

if(irun == nequil + l)then 

open(unit = 41 , file =' filenumber', status =' old', action =' read') 

read( 41, * ) counter 

rewind(41) 

read( 41, * )filenum 

close( 41) 

open(unit = 41 , file =' filenumber', status =' replace' , action =' write') 

write( 41, * ) counter + 1 

close( 41) 

TempFort =' AvZsep' / / filenum 

open(unit = 40, file = TempFort , status =' replace' , action =' write') 
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endif 

if(irun == nequil + l)then 

write(40, *)Efield 

endif 

if(mod(irun, 100) == O.and.irun <= nequil + blokpass)then 

write(40, * )AvZSep, AvZSepSum/ float(irun - nequil) 

endif 

if(irun == nequil + l)then 

print* , AvZSepSum(3) 

print* , AvZsep(3) , AvZSepSum(3)/ float(irun - nequil) 

endif 

if(mod(irun , lOO) O.and.irun > nequil + blokpass.and.irun <= nequil + 2 * 
blokpass )then 

write( 40, * )AvZSep, AvZSepSum/ float( irun - (nequil + blokpass)) 

endif 

if(irun == nequil + blokpass + l)then 

print* , AvZsep(3) , AvZSepSum(3)/ float(irun - (nequil + blokpass)) 

endif 

if(mod(irun , lOO) == O.and.irun > nequil + 2 * blokpass.and.irun <= nequil + 3 * 
blokpass )then 

write(40, *)AvZSep, AvZSepSum/ float(irun - (nequil + 2 * blokpass)) 

endif 

if(irun == nequil + 2 * blokpass + l)then 
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print* , AvZsep(3) , AvZSepSum(3)/ float(irun - (nequil + 2 * blokpass)) 

endif 

if(mod(irun, 100) == O.and.irun > nequil + 3 * blokpass)then 

write( 40, * )AvZSep, AvZSepSum/ float( irun - (nequil + 3 * blokpass)) 

endif 

if(irun == nequil + 3 * blokpass + l)then 

print* , AvZsep(3) , AvZSepSum(3)/ float(irun - (nequil + 3 * blokpass)) 

endif 

endif 

end subroutine RadSep 
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B The Metropolis Algorithm 

The following is an implementation of the Metropolis algorithm in our simulation. It is 

modified from Lisa Larrimore's thesis work entitled "Path Integral Monte Carlo Sim

ulations of Positronium in Argon," Swarthmore Collge, Department of Physics and 

Astronomy, 2002. 

subroutine move - This is where the main body of the implementation lies. A distri

bution function exp(-beta*E) is used to decide whether a move should be accepted or 

not (see subroutine below for detail). 

subroutine tryboth - This is used to pick a new bead distribution according to a gaus

sian distribution. 

subroutine move ( ac) 

use vcGrid 

use types 

implicit none 

real, intent(out) :: ac 

real :: vsum, vsumnew, vchange, de, det, gsum, gsumnew, gchange, gtest 

real :: vee, energy , yukEpoo 

real :: ef f Beta! beta divided by number of beads 

real(dp) :: potl ! electron pseudopotl 

real(dp) :: relec(3)! electron coordinates 

real(dp) :: Raver! center of mass separation of electron and positron 

real :: disl(3), dis2(3), disl2(3)real :: rdisl, rdis2, rdisl2!sep 's for electron-positron interaction 

real :: qep(2)! charges on electron and positron 

! temporary testing variables 

real(dp) :: sume , sump 

integer :: ibb, bnum, eorpo 

qep(l) = -1.0; qep(2) = 1.0 

effBeta = beta/float(nb) 
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ac = O.OO/set acceptance rate for this step equal to zero 

/ do a staging move on the beads {re-pick from a gaussian distribution} 

/ do electron and positron moves serially 

/temporary testing steps 

sume = O.OdO 

sump = O.OdO 

doibb = 1, nb 

sume = sume + xn(ibb, 1,3) 

sump = sump + xn(ibb, 2, 3) 

enddo 

!print* ,' sumeandsum~, sume/ float(nb), sump/ float(nb) 

if (irun.gt. nequil)then 

call RadS ep( xn ) 

endif 

if(mod(irun,10).eq.O)then 

callmovecm(xn) 

else 

call try both ( xn) 

endif 

if(irun == O)then 

open(unit = 42, file =/ Efield' , status =/ old',action =/ read') 

read(42, *)Efield 

close( 42) 

open(unit = 42, file =/ Efield' ,status =/ replace',action =/ write/) 
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write(42, *)Efield + AddToE 

close( 42) 

endif 

if(irun == nequil + 1)print*,' * * *Efield * **/, Efield 

! DP are variable for the thermal density propagator 'potential '. 

DPoid = 0.0 

DPNew = 0.0 

if(irun == O)then 

dobnum = 1, nb 

doeorpo = 1, 2 

xEnergyOld(bnum, eorpo) = ((-1) * *( eorpo + 1)) * xn(bnum, eorpo, 3) * E field 

enddo 

enddo 

endif 

doi = 1, nb 

if(xchanged(i, 1).OR.xchanged(i, 2))then 

! If a bead has been moved, recalculate its energies ... 

dis1 = x(i, 1,:) - x(i, 2,:) 

dis2 = x(i + 1,1,:) - x(i + 1,2,:) 

dis12 = dis1 - dis2 

rdis1 = sqrt(sum(dis1 * *2)) 

rdis2 = sqrt(sum(dis2 * *2)) 

rdis12 = sqrt(sum(dis12 * *2)) 

if(U sePolluck)then 

DPoid = DPoid - LookUpTable(rdis1, rdis2, rdis12, ef f Beta) 

else 
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DPold = DPold + vfun1(rdis1, qep, aep) * ef f Beta 

endif 

xper = xn(i, 2,1) 

yper = xn( i, 2, 2) 

zper = xn(i, 2, 3) 

relec = (jxn(i, 1, 1) , xn(i, 1,2) , xn(i, 1,3)/) 

dis1 = xn(i, 1, :) - xn(i, 2,:) 

dis2 = xn(i + 1,1 , :) - xn(i + 1, 2,:) 

dis12 = dis1 - dis2 

rdis1 = sqrt(sum(dis1 * *2)) 

rdis2 = sqrt(sum(dis2 * *2)) 

rdis12 = sqrt(sum(dis12 * *2)) 

if(U sePolluck)then 

DPNew = DPNew - LookUpTable(rdis1, rdis2 , rdis12 , ef f Beta) 

else 

DPNew = DPNew + vfun1(rdis1, qep, aep) * ef f Beta 

endif 

doeorpo = 1, 2 

if(xchanged(i, eorpo))then 

! electric field also modifies the energy as follows 

xEnergyNew(i , eorpo) = ((-1) * * (eorpo + 1)) * xn(i, eorpo, 3) * Efield 

endif 

enddo 

endif 

enddo 

! Now we can sum up old and new potentials 
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vsum = 0.0 

vsumnew = 0.0 

!if(U seExternal)then 

doi = 1, nb 

vsum = vsum + sum(xEnergyOld(i, :)) 

vsumnew = vsumnew + sum(xEnergyNew(i, :)) 

enddo 

!endif 

vchange = (vsumnew - vsum) * effBeta + DPNew - DPold 

det = - vchange 

de = dlog(ranl(rank) + 1.0d - 10) 

ac = O.OdO 

accm = O.OdO 

! We accept the move only if exp(-beta*deltaE} 6 eta, or 

! -beta*deltaE 6 log(eta}. In these variables, this means 

! that we accept if "det" 6 "de" 

if(det> de)then 

gsum = 1.0 !dispense with cavity 

if(mod(irun, lO).eq.O)then 

accm = 1.0dO 

write(*, *)"CMMOVEACCEPTED!" 

else 

ac = 1.0dO ! Flag the fact that a move has been accepted 

endif 

vee = vsumnew 
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doi = 1, nb 

doj = 1, 2 

if(xchanged( i, j) )then 

x(i,j, :) = xn(i,j,:) 

if(i == l)x(nb + l,j,:) = xn(nb + l,j , :) 

xEnergyOld( i, j) = xEnergyN ew( i, j) 

endif 

enddo 

enddo 

else 

vee = vsum 

doi = 1, nb 

doj = 1, 2 

if(xchanged( i, j) )then 

xn(i , j , :) = x(i,j,:) 

if(i == l)xn(nb + l , j,:) = x(nb + l ,j, :) 

xEnergyN ew( i , j) = xEnergyOld( i, j) 

endif 

enddo 

enddo 

endif 

yukEpoo = 0.0 

! Added up the coulombic energy in the beads, using the Yukawa potential. 

doi = 1, nb 

rdisl = sqrt(sum((xn(i, 1,:) - xn(i , 2, :)) * *2)) 

yukEpoo = yukEpoo + vfunl(rdisl, qep, aep) 

enddo 

vee = (vee + yukEpoo) / float( nb) 

! Do some energy calculations ... 
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if (irun.gt. nequil)then 

energy = 1.5/beta * nb * 2 - vquantO * nb * amass/2/beta * *2 + vee 

!vir = virialO 

!energyV = vir 

energycount = energycount + 1 

energYave = energYave + energy 

energyVave = energyVave + vee 

energy2ave = energy2ave + energy * *2 

!energyV2ave = energyV2ave + energy V * *2 

if(mod(irun, jump) == O)then 

I no virials now 

write(13, * )energy2ave/ energycount 

write(14, * )energy, vee 

write(15 , * )energYave/ energycount, energyVave/energycount 

I alternate versions of the above with virials 

!write(13, * )energy2ave/ energycount, energyV2ave/energycount 

!write(14, * )energy, energy V 

!write(15, * )energYave/energycount, energyVave/energycount 

endif 

endif 

luncomment to analyze with acf.fgO: 

!if((90000 <= irun).and.(irun < 100000))write(30, *)energy, energy V 

!if((190000 <= irun).and.(irun < 200000) )write(31 , * )energy, energyV 

end subroutine move 
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subroutine tryboth( xnew} 

implicit none 

integer :: is = l!(rightnow , adummy)variableforgaussianRNG 

real, intent(INOUT) , DIMENSION(:,:,:) :: xnew 

doubleprecision :: const, g 

const = 2.0dO * wave * wave/dfloat(nb) 

xchanged( :, :) = .F ALSE. 

! pick new bead positions according to gaussian distn 

! id is the axis direction 

charge: doic = 1, 2 

dim: doid = 1, 3 

! we go from the j bead to the j+mb bead 

! (j is selected at random) 

j = int(nb * ran1(rank)) + 1 

beads: doi = 1, mb 

ib = j + mb - i + 1 

! account for periodicity in the chain 

if(ib.GT.nb)ib = ib - nb 

! the gaussian width depends on which bead we are at 

g = const * dfloat(mb - i + l)/dfloat(mb - i + 2) 

xnew(ib, ic, id) = (xnew(ib + 1, ic, id) * (mb - i + 1) + xnew(j, ic, id))/ float(mb - i + 
2) + gauss(g, is) 

! flag the fact that this bead has been moved 

xchanged(ib,ic) = .TRUE. 

! close the chain if we have moved the 1st bead. 
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if(ib == 1)then 

xnew(nb + 1, ie, id) = xnew(1 , ie, id) 

endif 

end do beads 

end do dim 

end do charge 

end subroutine tryboth 
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